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PREFACE 



This book constitutes an in-depth treatment of the subject of multicomponent 
distillation. It begins with first principles and goes to the frontiers of the subject. 
Each topic is introduced in an elementary and fundamental manner which makes 
the book suitable for the undergraduate student, the graduate student, and the 
practicing engineer. The subject matter is presented in the order of increasing 
difficulty and complexity. 

The gap between the treatment of binary and multicomponent mixtures is 
closed in Chap. 1. This chapter is initiated by presenting the fundamental 
relationships and techniques needed for making bubble-point and dew-point 
calculations, and it is concluded by the presentation of techniques for solving 
a variety of special types of problems such as the separation of a multicomponent 
mixture by a single-stage flash process and the separation of a multicomponent 
mixture by use of multiple stages at the operating condition of total reflux. 

In Chaps. 2 through 5, the theta methods and variations of the Newton- 
Raphson method are applied to all types of single columns and systems of 
columns in the service of separating both ideal and nonideal solutions. Applica- 
tions of the techniques presented in Chaps. 2 through 5 to systems of azeotropic 
and extractive distillation columns are presented in Chap. 6. An extension of 
these same techniques as required for the solution of problems involving energy 
exchange between recycle streams is presented in Chap. 7. Special types of 
separations wherein the distillation process is accompanied by chemical reactions 
are treated in Chap. 8. 

In Chap. 9, all of the techniques developed in Chaps. 1 through 8 are brought 
to bear in the design and operation of conventional and complex distillation 
columns. To complete the in-depth treatment of multicomponent distillation, 
the special topics of total reflux, minimum reflux, design of valve and sieve 
trays, plate efficiencies, design of packed columns, thermodynamic relationships, 
and selected numerical methods are presented in Chaps. 10 through 15. A Solu- 
tions Manual may be obtained (without cost) by Faculty members by writing 
directly to me or to McGraw-Hill. 
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CHAPTER 

_^__ ONE 

INTRODUCTION TO 
THE FUNDAMENTALS OF DISTILLATION 



In this chapter, the fundamental principles and relationships involved in making 
multicomponent distillation calculations are developed from first principles. To 
enhance the visualization of the application of the fundamental principles to this 
separation process, a variety of special cases are considered which include the 
determination of bubble-point and dew-point temperatures, single-stage flash sep- 
arations, multiple-stage separation of binary mixtures, and multiple-stage sepa- 
ration of multicomponent mixtures at the operating conditions of total reflux. 

The general objective of distillation is the separation of compounds that 
have different vapor pressures at any given temperature. The word distillation as 
used herein refers to the physical separation of a mixture into two or more 
fractions that have different boiling points. 

If a liquid mixture of two volatile materials is heated, the vapor that comes 
off will have a higher concentration of the lower boiling material than the liquid 
from which it was evolved. Conversely, if a warm vapor is cooled, the higher 
boiling material has a tendency to condense in a greater proportion than the 
lower boiling material. The early distillers of alcohol for beverages applied these 
fundamental principles. Although distillation was known and practiced in an- 
tiquity and a corhmercial still had been developed by Coffey in 1832, the theory of 
distillation was not studied until the work of Sorel 14 in 1893. Other early wor- 
kers were Lord Rayleigh 11 and Lewis. 8 Present-day technology has permitted 
the large-scale separation by distillation of ethylbenzene and p-xylene, which 
have only a 3.9°F difference in boiling points (Ref. 1). 
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Clear or 
vapor- free liquid 



Figure 1-1 Interior of a column equipped with sieve trays. 



A distillation column consists of a space for contacting vapor and liquid 
streams for the purpose of effecting mass transfer between the two phases. 
Although the contacting of two phases is generally effected by a series of plates 
(or trays), packed columns are becoming more widely used as discussed in 
Chap. 13. However, in the development of the fundamentals of the various calcu- 
lational procedures in this and subsequent chapters, it is supposed that the 
column is equipped with plates. 

In normal operation, there is a certain amount of liquid on each plate, and 
some arrangement is made for ascending vapors to pass through the liquid and 
make contact with it. The descending liquid flows down from the plate above 
through a downcomer, across the next plate, and then over a weir and into 
another downcomer to the next lower plate as shown in Fig. 1-1. For many 
years, bubble caps were used for contacting the vapor with the liquid. A variety 

^pf -designs of bubble caps are shown in Fig. 1-2. These contacting devices pro- 
mote the production of small bubbles of vapor with relatively large surface areas. 
Over the past 20 years, most of the bubble-cap trays have been replaced by 
other types of contacting devices. New columns are usually equipped with either 

A mhe^rgjsJsQQ Fig. 1-3) or swje£JfaM(seG Fig. 1-1), sometimes called perforated 
trays. In valve trays, the valve opens wider as the vapor velocity increases and 
closes as the vapor velocity decreases. This feature of opening and closing allows 
the valve to remain immersed in liquid and thereby preserve a liquid seal over 
wide ranges of liquid and vapor flow rates. lo2 , v> 

Distillation columns have been built as high as 338 feet. Diameters as large 
as X) feet have been used. Operating pressures for distillation columns have been 
reported which range from 15 mmH g to 500 lb/in 2 abs. A typical commercial in- 
stallation is shown in Fig. 1-4. i 
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Figure 1-2 Various types of bubble caps used in distillation columns. {By courtesy of Glitsch, Inc.) 
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Figure 1-3 Portion of a Glitsch V-l ballast tray. (By courtesy of Glitsch, Inc.) 
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^ 8 ,^ !"! TypiCal ViCW ° f dlstl,,al,on coIumns at the Gulf refinery at Alliance, Louisiana. (By courtesy 
(julj Oil Corporation and Glitsclu Inc.) 
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As indicated in Fig. 1-5, the overhead vapor K 2 , upon leaving the top plate, 
enters the condenser where it is either partially or totally condensed. The liquid 
formed is collected in an accumulator from which the liquid stream L { (called 
reflux) and the top product stream D (called the distillate) are withdrawn. When 
the overhead vapor V 2 is totally condensed to the liquid state and the distillate D 
is withdrawn as a liquid, the condenser is called a total condenser. If V 2 is 
partially condensed to the liquid state to provide the reflux L x and the distillate 
D is withdrawn as a vapor, the condenser is called a partial condenser. The 




Figure 1-5 Sketch of a conventional column in which the total-flow rates are constant within the 
rectifying and stripping sections. 
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amount of liquid reflux is commonly expressed in terms of the reflux ratio, L^ /D. 
Although the internal liquid-to-vapor ratio L/V is sometimes referred to as the 
internal reflux ratio, the term reflux ratio will be reserved herein to mean L^/D. 
The liquid that leaves the bottom plate of the column enters the reboiler, 
where it is partially vaporized. The vapor produced is allowed to flow back up 
through the column, and the liquid is withdrawn from the reboiler and called the 
bottoms or bottom product B. In practice, the reboiler is generally located ex- 
ternally from the column. 



1-1 FUNDAMENTAL PRINCIPLES INVOLVED 
IN DISTILLATION 

To compute the composition of the top product D and the bottom product B 
which may be expected by use of a given distillation column operated at a given 
set of conditions, it is necessary to obtain a solution to equations of the follow- 
ing types: 

1. Equilibrium relationships 

2. Component-material balances 

3. Total-material balances 

4. Energy balances 

Consider first the subject of equilibrium relationships. 



Physical Equilibrium 

A two-phase mixture is said to be in physical equilibrium if the following condi- 
tions are satisfied (Ref. 3). 

1. The temperature T v of the vapor phase is equal to the temperature 
T L of the liquid phase. 

2. The total pressure P y throughout the vapor phase is equal to the 

total pressure P L throughout the liquid phase. (1-1) 

3. The tendency of each component to escape from the liquid phase to 
the vapor phase is exactly equal to its tendency to escape from the 
vapor phase to the liquid phase. 

In the following analysis it is supposed that a state of equilibrium exists, 
T v = T L = T, P v = P L = P, and the escaping tendencies are equal. 

Now consider the special case where the third condition may be represented 
by Raoult's law 

Pyi = Pi*i (1-2) 
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where x, and y t are the mole fractions of component / in the liquid and vapor 
phases, respectively, and P, is the vapor pressure of pure component / at the 
temperature T of the system. 

The separation of a binary mixture by distillation may be represented in 
two-dimensional space while /1-dimensional space is required to represent the 
separation of a multicomponent mixture (/ > 2). The graphical method proposed 
by McCabe and Thiele 9 for the solution of problems involving binary mixtures 
is presented in a subsequent section. The McCabe-Thiele method makes use of 
an equilibrium curve which may be obtained from the "boiling-point diagram." 



Construction and Interpretation of the Boiling-Point Diagram 
for Binary Mixtures 

When a state of equilibrium exists between a vapor and a liquid phase composed 
of two components A and B, the system is described by the following set of 
independent equations 



Equilibrium 
relationships 



Py A = p a *a 

Py B =Ps*s (13) 

yA + y B = i 

X A + X R = 1 



where it is understood that Raoult's law is obeyed. Since the vapor pressures P A 
and P B depend upon T alone, Eq. (1-3) consists of four equations in six un- 
knowns. Thus, to obtain a solution to this set of equations, two variables must be 
fixed. [Observe that this result is in agreement with the Gibbs phase rule: 
g> + i ^ = c + 2. For the above case, the number of phases J> = 2, the number of 
components c = 2, and thus the number of degrees of freedom V = 2, that is, 
the number of variables which must be fixed is equal to 2.] In the construction of 
the boiling-point diagram for a binary mixture, the total pressure P is fixed and 
a solution is obtained for each of several temperatures lying between the boiling- 
point temperature T A of pure A and the boiling-point temperature T B of pure B 
at the total pressure P. That is, when T = T A , P A = P and when T = T B , P B = P- 
The solution of the set of equations [Eq. (1-3)] for x A in terms of P A , P B , 
and P is effected as follows. Addition of the first two equations followed by the 
elimination of the sum of the y's by use of the third expression yields 

P = P A x a + PbXb ( M) 

Elimination of x B by use of the fourth equation of the set given by Eq. (1-3) 
followed by rearrangement of the result so obtained yields 

**-i=^- (1 " 5) 
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P = 1 atm 




0.0 x 3 

(y 3 > 

Mole fraction of A 
Figure 1-6 The boiling-point diagram. 



From the definition of a mole fraction (0 < x A < 1), Eq. (1-5) has a meaningful 
solution at a given P for every T lying between the boiling-point temperatures 
T A and T B of pure A and pure B, respectively. After x A has been computed by use 
of Eq. (1-5) at the specified P and 7, the corresponding value of y A which is in 
equilibrium with the value of x A so obtained is computed by use of the first 
expression of Eq. (1-3), namely, 



■-(*> 



(1-6) 



By plotting T versus x A and T versus y A , the lower and upper curves, respec- 
tively, of Fig. 1-6 are typical of those obtained when component A is more 
volatile than B. Component A is said to be more volatile than component B, if 
for all T in the closed interval T A < T < T B , the vapor pressure of A is greater 
than the vapor pressure of B, that is, P A > P B . TMMx^m^J^^J^cha^CE 
thai join . equi^ at a g j ven T and p by use of 

Eqs. (1-5) and (1-6)^ are commonly called tie lines. 

Example 1-1 (Taken from Ref. 6 by courtesy Instrument Society of America). 

By use of the following vapor pressures for benzene and toluene [taken 

from The Chemical Engineer's Handbook, 2d ed, J. H. Perry (ed.) McGraw- 
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Hill, New York, 1941], compute the three equilibrium pairs (x, y) on a 
boiling-point diagram which correspond to the temperatures T = 80.02°C, 
T = 100°C, and T = 110.4°C. The total pressure is fixed at P = 1 atm. 
Given: 



Temperature 


P A (benzene) 


P B (toluene) 


(°C) 


(mmHg) 


(mmHg) 


80.02 


760 


300.0 


84.0 


852 


333.0 


88.0 


957 


379.5 


92.0 


1078 


432.0 


96.0 


1204 


492.5 


100.0 


1344 


559.0 


104.0 


1495 


625.5 


108.0 


1659 


704.5t 


110.4 


1748 


760.0 



t In the more recent editions, the vapor pressure 
of 704.5 mm for toluene at 108°C is inaccurately listed 
as 740.5 or 741 mm. 



Solution At T = 80.02°C, P A = 760, P B = 300, and P = 760. Then Eq. (1-5) 
gives 

P-P R 760 - 300 



Thus 



XA Pa-Pb 760-300 1 



P ^ 1 



Therefore at the temperature T = 80.02°C, the curves T versus x A and T 
versus y A coincide at (1, 80.02). 

At T = 110.4°C, P A = 1748, P B = 760, and P = 760. Then by Eq. (1-5) 

_ 760-760 _ 

Xa " 1748 - 760 
and thus 



"-(£)*>" 



Hence, the curves T versus x A and T versus y A again coincide at the point (0, 
110.4). 

At any temperature between T A and T B , say T = 100°C, the calculations 
are carried out as follows 

760-559 201 n ^ cr 
X ^ = 1344- 559 = 785 =0256 
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and 

H^) (a256)=o - 453 

These results give the point (0.256, 100) on the T versus x A curve and the 
point (0.453, 100) on the T versus y A curve. Other points on these curves for 
temperatures lying between T A and T B are located in the same manner. 

A boiling-point diagram is a most convenient aid in the visualization of 
phase behavior. For definiteness, suppose P is fixed at 1 atm. Consider first the 
case of the liquid mixture of A and B at a temperature T , at a pressure of 1 atm, 
and with the composition .v., = x u x B = 1 - x t . As indicated by Fig. 1-6, such a 
mixture is in the single-phase region. Suppose the pressure is held fixed at 1 atm 
throughout the course of the following changes. First, suppose the mixture is 
heated to the temperature T t . At this temperature, the first evidence of a vapor 
phase, a "bubble of vapor," may be observed. The temperature T x is called the 
bubble-point temperature of a liquid with the composition x v The mole fraction 
of A in the vapor in equilibrium with this liquid is seen to be y v As the mixture 
is heated from T x to T 2 , vaporization continues. Since A has a greater escaping 
tendency than £, the liquid becomes leaner in A (x 2 < x t ). The relative amounts 
of A and B vaporized also depend on their relative amounts in the liquid phase. 
As the liquid phase becomes richer in £, the vapor phase also becomes richer in 
B (yi < yiY Point D (the intersection of the horizontal line passing through T 2 
and the vertical line passing through Xj) is seen to lie in the two-phase region. As 
outlined in Prob. 1-22, it can be shown that the ratio of the moles of vapor to 
the mol es of liq uid formed from a feed of composition x x at T 2 is equal to the 
ratio of CD/DE. Also, note that all initial liquid mixtures (at the temperature T ) 
with the mole fraction of A lying between x 2 and y 2 will have the same equilib- 
rium composition (x 2 , y 2 ) at the temperature T 2 and pressure P = 1 atm. If the 
particular mixture x A = x x at T is heated until point F is reached, the equili- 
brium mixture (x 3 , y 3 ) at T 3 is obtained. The temperature T 3 is called the dew- 
point temperature. At F. the last point in the two-phase region, all of the liquid is 
vaporized with the exception of, say, one drop. Thus, the dew-point temperature 
is seen to be that temperature at which the first drop of liquid is formed when a 
vapor with the composition v 3 = x 2 is cooled from a temperature greater than 
its dew-point temperature to its dew-point temperature, T 3 . 

Generalized Equilibrium Relationships 

Unfortunately, the phase behavior of many mixtures is not adequately described 
by Raoult's law. A more precise statement of the third condition cf Eq. (1-1) is 
that the partial molar-free energy of each component in the vapor phase is equal 
to its partial molar-free energy in the liquid phase (see Chap. 14). From this 
condition the following alternative but equivalent statement may be deduced 

fi=n (i-7) 
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where f] and/'' are the fugacities of component / in the vapor and liquid phases, 
respectively, evaluated at the compositions of the respective phases and at the P 
and T of the system. Equation (1-7) may be restated in the following equivalent 
form 

y\'f\yi = yifiXi (1-8) 

where f\\f\ = fugacities of pure component / in the liquid and vapor states, 
respectively, evaluated at the total pressure P and temperature T 
of the system 
a,, y t = mole fractions of component i in the liquid and vapor phases, 

respectively 
y/; y\ = activity coefficients of component / in the liquid and vapor 
phases, respectively. y l { = yf(P, T, x t , ..., x c )\ y\ = y\(P, T, y^ 

• ••,*) 

If it may be assumed that the vapor forms an ideal solution, then y ( - = 1 for each 
/, and Eq. (1-8) reduces to 

y i = y!'K i x i (i-9) 

where X, = /7'//T, the ideal solution K value. The expression given by Eq. (1-9) 
is recognized as one form of Henry's law. If the liquid phase also forms an ideal 
solution (y[ = 1 for all i), then Eq. (1-9) reduces to 

y i = K i x i (l-io) 

In some of the literature, the activity coefficients yf and y l { are absorbed in K t , 
that is, the product yfX,/yf is called K { and an equation of the form of Eq. (1-10) 
is obtained which is applicable to systems described by Eq. (1-8). 

If the effect of total pressure on the liquid fugacity is negligible in the 
neighborhood of the vapor pressure of pure component /, then 



ft 



=n 



p, r 






(l-n) 

Pi, T 



where P, is the vapor pressure of pure component / at the temperature T. If in 
addition to the assumptions required to obtain Eqs. (1-10) and (1-11), one also 
assumes that the vapor phase obeys the perfect gas law (Pv = RT), then 
Eq. (1-10) reduces to Raoult's law, Eq. (1-2). 



Determination of the Bubble-Point and Dew-Point Temperatures 
of Multicomponent Mixtures 

In the interest of simplicity, the equilibrium relationship given by Eq. (1-10) is 
used in the following developments. The state of equilibrium for a two-phase 
(vapor and liquid) system is described by the following equations where any 
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number of components c are distributed between the two phases 



Equilibrium 
relationships 



2>-l <i-1.2,...,c) (M2) 

1=1 

Since iC, is a function of the total pressure P and the temperature T 
[K t = Ki(P, T)], it is evident that the expressions represented by Eq. (1-12) con- 
sists of c + 2 equations in 2c + 2 unknowns. Thus, to obtain a solution to these 
equations, c variables must be fixed. 

For the particular case where c - 1 values of x, and the total pressure P are 
fixed, the temperature T required to satisfy these equations is called the bubble- 
point temperature. The cth mole fraction may be found by use of the (c - 1) fixed 
values of x, and the last expression given by Eq. (1-12). When the first expression 
is summed over all components and the sum of the y.'s eliminated by use of the 
second expression given by Eq. (1-12), the following result is obtained 

c 

I K.x. = 1 (1-13) 

1= 1 

Equation (1-13) consists of one equation in one unknown, the temperature. The 
form of the implicit function K { {T) generally requires that the solution of 
Eq. (1-13) for the bubble-point temperature be effected by a trial-and-error 
procedure. Of the many numerical methods for solving such a problem, only 
Newton's method 2 ' 5 is presented. In the application of this method, it is con- 
venient to restate Eq. (1-13) in functional forrn as follows 

f(T)= tK iXi -l (1-14) 

i= 1 

Thus, the bubble-point temperature is that T that makes /(T) = 0. In the solu- 
tion of this problem by use of Newton's method, an expression for f'(T) is 
needed. Term-by-term differentiation of Eq. (1-14) yields 

/m-,f>§ (.-.5) 

Newton's method is initiated by the selection of an assumed value for T, say T n . 
Then the values of f(T H ) and f'(T n ) are determined. The improved value of f, 
denoted by T n+ x is found by application of Newton's formula (see Prob. 1-6) 

The value so obtained for T n+1 becomes the assumed value for the next trial. 
This procedure is repeated until \f(t)\ is less than some small preassigned 
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positive number e. Observe that when the T has been found that makes 
/(T) = 0, each term K,x, of the summation in Eq. (1-14) is equal to y { . In 
illustrative Example 1-2 as well as those which follow, synthetic functions for the 
K values and the enthalpies were selected in order to keep the arithmetic simple. 

Example 1-2 (a) If for a three-component mixture, the following informa- 
tion is available, compute the bubble-point temperature at the specified 
pressure of P = 1 atm 'by use of Newton's method. Take the first assumed 
value of T n to be equal to 100°F. 

(b) Find the composition of the vapor in equilibrium with the liquid 





K t = C, 


exp 


(-EJT), Tin °R 


Component 


C, 




E i Xi 


1 

2 

3 


4 x 10 3 /Pt 
8 x 10 3 /P 
12 x 10 3 /P 




4.6447 x 10 3 1/3 
4.6447 x 10 3 1/3 
4.6447 x 10 3 1/3 



f P is in atm. 



Solution (a) The formula for/'(T) which is needed in Newton's method is 
obtained as follows 

df(T) <_dK, ' .„ _ /; , m /£,\ 



dT -,^'dT _ ,4 ' V 


** W 


= I (K, 

1=1 


Xi){EJT 2 ) 


Trial 1. Assume T = 100°F = 560°R 




K t (a, 560°R 




Component and 1 atm £.*. EJT 2 


(K t xMEJT 2 ) 


1 1 1/3 0.0148 


0.00493 


2 2 2/3 0.0148 


0.00986 


3 3 3/3 0.0148 


0.0148 


6/3 = 2 


0.0296 



Thus 



/(560)=£K,x,.-l=2-l = l 



/'(560)= £x,-^ i =0.0296 



14 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 

Then 

T 2=Ti _I<Jj± =560 l 



Trial 2. Assume T = 526°R 



0.0296 



526°R 



K t ift 526°R 
Component and 1 atm 



K iXi EJT 2 (KiX&EJT 2 ) 



1 


0.585 


2 


1.170 


3 


1.755 



0.195 0.0168 0.00328 

0.390 0.0168 0.00655 

0.585 0.0168 0.0099 3 

1.170 0.0197 



Thus 



Then 



/(526) = 1.17- 1=0.17 
/' (526) = 0.0197 



T, = 526 



(017) 
(0.0197) 



= 517.4°R 



Trial 3. Assume T = 517.4°R and repeat the steps shown above. TJjp 
results so obtained are as follows 

/(517.4) = 1.0102- 1=0.0102 

/'(517.4) = 0.0175 



Then 



r 4 = 517.4- g« = 516.8°R 



(0.0175) 

Trial 4. Assume T = 516.8°R 

/(516.8) = 0.999 - 1 = -0.001 

which is within the desired accuracy of the calculations. Thus, the bubble- 
point temperature is 516.8°R = 56.8 °F. 
(b) At equilibrium y ( = A^x,. Thus 



K, d 516.8°R 
Component 1 atm y t = K { x t 



0.5 
1.0 
1.5 



0.167 
0.133 
0.500 
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When the {y ( } and P are fixed rather than the {x,} and P, the solution 
temperature of the expressions given by Eq. (1-12) is called the dew-point temper- 
ature. By rearranging the first expression of Eq. (1-12) to the form x, = y,//C ( and 
carrying out steps analogous to those described above, the dew-point function 
F(T) is obtained 

The dew-point temperature is that T that makes F(T) = 0. In this case 

rm=-tjf (I-.8) 

When the T is found that makes F(T) = 0, each term y./K, of the summation in 
Eq. (1-17) is equal to x,. 

Now observe that if after the bubble-point temperature has been determined 
for a given set of x,'s, the set of y-s so obtained are used to determine the 
dew-pokit temperature at the same pressure, it will be found that these two 
temperatures are equal. For a binary mixture, this result is displayed graphically 
in Fig. 1-6. For example, a bubble-point temperature calculation on the basis of 
the {x lt } yields the bubble-point temperature T x and the composition of the 
vapor {y u }. Then a dew-point temperature on the set {y u } yields the dew-point 
temperature T { and the original set of x 1( 's. 



Use of the K b Method for the Determination of Bubble-Point 
and Dew-Point Temperatures 

Robinson and Gilliland 12 pointed out that if the relative values of the K-s or 
P/s are independent of temperature, the expressions given by Eq. (1-12) may be 
rearranged in a manner such that trial-and-error calculations are avoided in the 
determination of the bubble-point and dew-point temperatures. The ratio KJK h 
is called the relative volatility a f of component i with respect to component /?, 
that is, 

where K t and K b are evaluated at the same temperature and pressure. Compo- 
nent b may or may not be a member of the given mixture under consideration. 
When the {x,} and the pressure P are given and it is desired to determine the 
bubble-point temperature, the formula needed may be developed by first rewrit- 
ing the first expression of Eq. (1-12) as follows 



Hf:) 



K b Xi — ctiK b Xi 



(1-20) 
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Summation of the members of Eq. (1-20) over all components i, followed by 
rearrangement yields 

K b = ~^— (1-21) 

Z a,-*,- 
i = i 

Since the a/s are independent of temperature, they may be computed by use of 
the values of K { and K b evaluated at any arbitrary value of T and at the specified 
pressure. After K b has been evaluated by use of Eq. (1-21), the desired bubble- 
point temperature is found from the known relationship between K b and T. 

If the y/s are known instead of the x/s, then the desired formula for the 
determination of the dew-point temperature is found by first rearranging 
Eq. (1-20) to the following form 

ai- 
and then summing over all components to obtain 

*»-!£' 0-22) 

This equation is used to determine the dew-point temperature in a manner 
analogous to that described for the determination of the bubble-point tempera- 
ture by use of Eq. (1-21). 

Many families of compounds are characterized by the fact that their vapor 
pressures may be approximated by the Clausius-Clapeyron equation, and by the 
fact that their latent heats of vaporization are approximately equal. The loga- 
rithm of the vapor pressures of the members of such families of compounds fall 
on parallel lines when plotted against the reciprocal of the absolute temperature. 
For any two members / and b of such a mixture, it is readily shown that a, is 
independent of temperature. 

Although there exists many systems whose a/s are very nearly constant and 
Eqs. (1-21) and (1-22) are applicable for the determination of the bubble-point 
and dew-point temperatures, respectively, the greatest use of these relationships 
lies in their application in the iterative procedures for solving multicomponent 
distillation problems as described in Chap. 2. 

Example 1-3 Use the K b method to solve Example 1-2. 

Solution Since K b may be selected arbitrarily, take K b = K,. Assume 
T = 100°F = 560°R. 



Component 


*i 


K, a 560°R 
1 atm 


a i 




a,x, 


1 


1/3 


1 


1 




1/3 


2 


1/3 


-> 


2 




2/3 


3 


1/3 


* 


3 




3/3 
6/3 = 2 
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Thus 

i= i 

Since K { = C x e~ lxll \ it follows that 

E { 4.6447 x 10 3 

7 = , n ir = ~T~o TKT = 516.8°R 

In CJK b In 8 x 10 3 



1-2 SEPARATION OF MULTICOMPONENT MIXTURES 
BY USE OF ONE EQUILIBRIUM STAGE 

Each of the separation processes considered in Sees. 1-2 and 1-3 consist of 
special cases of the general separation problem in which a multicomponent 
mixture is to be separated into two or more parts through the use of any number 
of plates. 

The boiling-point diagram (Fig. 1-6) is useful for the visualization of the 
necessary conditions required for a flash to occur. Suppose that feed to be 
flashed has the composition X { = x u (x u A and x u «), and further suppose that 
this liquid mixture at the temperature T and the pressure P = 1 atm is to be 
flashed by raising the temperature to the specified flash temperature T F = T 2 at 
the specified flash pressure P = 1 atm. First observe that the bubble-point tem- 
perature of the feed T BP at P = 1 atm is T v The dew-point temperature, T DP , of 
the feed at the pressure P = 1 atm is seen to be T 3 . Then it is obvious from 
Fig. 1-6 that a necessary condition for a flash to occur at the specified pressure 
is that 

T BP <T F <T DP (1-23) 

In practice, the flash process is generally carried out by reducing the pressure on 
the feed stream rather than by heating the feed at constant pressure as described 
above. 

To determine whether the feed will flash at a given T F and P, the above 
inequality may be used by determining the bubble-point and dew-point tempera- 
tures of the feed at the specified pressure P. In the determination of the bubble- 
point temperature of the feed at the specified P of the flash, the {*,} in Eq. (1-14) 
are replaced by the {X t } of the feed, and in the determination of the dew-point 
temperature at the specified pressure, the {y t } in Eq. (1-17) are replaced by the 
{X t }. Alternatively, the inequality given by Eq. (1-23) is satisfied if at the specified 
T F and P 

f(T F )>0 

F(T F )>0 (1-24) 
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VF*Fi 



FX: 




Figure 1-7 The flash process. 



where 



f(T,,)= £K,,X,-1 






1 



(1-25) 



The symbol K Fi represents the K value of component i evaluated at T F and P. 

The two types of flash calculations which are commonly made are generally 
referred to as isothermal and adiabatic flashes. 



Isothermal Flash Process 

The name " isothermal flash " is commonly given to the single-stage separation 
process shown in Fig. 1-7 for which the flash temperature T F and pressure P are 
specified as well as the total flow rate F and composition {X,} of the feed. The 
name " isothermal flash " originated, no doubt, from the fact that the tempera- 
ture of the contents of the flash drum as well as the vapor and liquid streams 
formed by the flash is fixed at T F . The flash temperature T F is not necessarily 
equal to the feed temperature prior to its flashing. 

For the set of specifications stated above, the problem is to find the total 
flow rates V F and L F and the respective compositions {y Fi } and {x Fi } of the vapor 
and liquid streams formed by the flash process. 

In addition to the c + 2 equations required to describe the state of equilib- 
rium between the vapor and liquid phases [see Eq. (1-12)], c additional 
component-material balances which enclose the flash chamber are required to 
describe the isothermal flash process. Thus, the independent equations required 
to describe this flash process are as follows 



Equilibrium J ,-ri 
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y Fi = K Fi x Fi (i= 1, 2, ..., c) 



relationships 



(1-26) 



Material balances FX, = V F y Fi + L r x fl - (/ = 1, 2, . . ., c) 
Equation (1-26) is seen to represent 2c + 2 equations in 2c + 2 unknowns \V F , 

L,Ayii}A x Fi)l 

This system of nonlinear equations is readily reduced to one equation in one 
unknown (say V F ) in the following manner. First observe that the total material 
balance expression (a dependent equation) may be obtained by summing each 
member of the third expression of Eq. (1-26) over all components to give 

F t X k = V F t y Fi + I, t x Fi or F = V F + L F (1-27) 

i=i i=i i = i 

The relationships given by Eq. (1-26) may be reduced to one equation in one 
unknown in a variety of ways, and a variety of forms of the flash function may 
be obtained. One form of the flash function is developed below and a different 
form is developed in Chap. 4 in the formulation of multiple-stage problems. 
Elimination of the y Fi 's from the last expression given by Eq. (1-26) by use of the 
first expression, followed by rearrangement, yields 



X : 



Xk = 



Fi L F /F+V P K Fi /F 
Elimination of L F from Eq. (1-28) by use of Eq. (1-27) yields 

X, 



X F i = 



(1-28) 



(1-29) 



1 - ¥(1 - K Fi ) 
where 

When each side of Eq. (1-29) is summed over all components i and the result 
so obtained is restated in functional form, the following expression of the flash 
function is obtained 



and 



P 'Ap) = y *i(l-Kn) (1-31) 

[} k [i - *(! - k f ,)Y y 
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A graph of the branch of the function P(*F) which contains the positive root is 
presented in Fig. 1-8. An examination of this curve shows that Newton's method 
always converges to the desired root when *F = 1 is taken to be the first assumed 
value of the root. After the positive root that makes P(*F) = has been found, 
both V F and L F may be calculated by use of the fact that *F = V F /F and the total 
material balance given by Eq. (1-27). Also, a comparison of Eqs. (1-29) and 
(1-30) shows that each term in the summation of P(*F) = is one of the solution 
values of x Fi . After the solution set of x Fi 's has been computed, the correspond- 
ing set of y Fi 's is found by using the first expression of Eq. (1-26), y Fi = K Fi x Fi . 

Example 1-4 (Taken from Ref. 6 by courtesy Instrument Society of America.) 
It is proposed to flash the following feed at a specified temperature 
T F = 100°F and a pressure P = 1 atm. 



Component K t X k 



10" 2 7t 

K: = 1/3 

3Pt ' 

2 x 10~ 2 7 

K 2 = 1/3 



7 x 1(T 2 T 

K, = 1/3 

3 IP ' 



T is in °F and P is in atm. 



If the feed rate to the flash drum is F = 100 mol/h, compute the vapor and 
liquid rates V F and L F leaving the flash as well as the respective mole 
fractions {y Fi } and {a>,} of these streams. 

Solution First, the specified value of T F will be checked to determine 
whether or not it lies between the bubble-point and dew-point temperatures 
of the feed. 



Component 


K Fi a P = 1 


x i 


K Fi X { 


*, 




T F = 100°F 






K Fi 


1 


1/3 


1/3 


1/9 


1 


2 


2 


1/3 


2/3 


1/6 


3 


7/2 


1/3 


7/6 
1.94 


2/21 
1.262 
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P> 




ire 1-8 Graphical representation of the flash function P(*¥). 



Thus 



f(T t ) = £ K Fi X t - 1 = 1.94 - 1 = 0.94 > 



f ( t f) = t T^ ~ l = L262 ~ l = ° 262 > ° 



and thus T BP < 100 < T DP . 
Trial 1. Assume *F = 1. 



Component K, 1 - /:„ T(l - X F| ) 1 - *F(1 - K F| ) 



1/3 2/3 2/3 1/3 

2-1-1 2 

7/2 -5/2 -5/2 7/2 
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Components 


x i 




*i 




Xt\ - K t ) 


1 - 4>(1 - 


" K n ) 


[1 - *(1 - 


- K n )Y 


[1-(1-K„)] 2 


1 


1.0000 




3.0000 




2.0000 


2 


0.1667 




0.0833 




-0.0833 


3 


0.0952 
1.2619 




0.0272 




-0.0680 

1.8487 



P(l) = 1.2619-1=0.2619 
P'(l)= 1.8487 

*-- &™ 

Trial 2. Assume ¥ = 0.8583 and repeat the steps shown in the first trial. 
The results so obtained are as follows 

P(0.8583) = 1.0651 - 1 = 0.0651 
P'(0.8583) = 1.0358 

Continuation of this procedure gives the solution value of *F = 0.787. Thus, 
V F = 78.7, L F = 21.3, and the solution sets {x Fi } and {y Fi } are as follows 



Compo- 


1 - K Fi 


*(1 - Kft) 


1 - ¥(1 - 


-K Fi ) 




x t 


y Fi = K Fi x Fi 


nent 


x «-l_ 


- ¥(1 - K Fi ) 


1 

2 
3 


0.667 
-1.000 
-2.500 


0.525 
-0.787 
- 1.968 


0.475 
1.787 
2.968 




0.701 
0.187 
0.112 




0.234 
0.374 
0.392 



Up to this point no mention has been made of the manner of satisfying the 
energy requirement of the flash. The specification of T F implies that the feed 
either possesses precisely the correct amount of energy for the flash to occur at 
T F at the specified P or that energy is to be added or withdrawn at the flash 
drum as required. It is common practice to adjust the heat content of the feed 
before it reaches the flash drum such that the flash occurs adiabatically; that is, 
the heat Q added at the flash drum is equal to zero. 

After the solution [V F , L F , {y Fi }, {x Fi }] has been found for a given isothermal 
flash problem, the heat content H that the feed must possess in order for the 
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flash to occur adiabatically [Q = at the flash drum] may be found by use of the 
enthalpy balance which encloses the entire process 

FH= V F H F +L F h F (1-32) 

When the vapor V F and liquid L F form ideal solutions, the enthalpies //,. and h F 
of the vapor and liquid streams, respectively, may be computed as follows 

H, = t H Fi y Fi and h F = £ h Fi x Fi (1-33) 

i = 1 i = 1 

The above procedure may also be used in the solution of adiabatic flash 
problems as described below. 



Example 1-5 (Holland, 6 by courtesy Instrument Society of America.) On the 
basis of the solution to Example 1-4, compute the enthalpy H which the feed 
must possess in order for the flash to occur adiabatically. 

Given: 



Component (Btu/lb mol) (Btu/lb mol) 

1 h x = 10,000 + 307f H l = 17,000 + 307t 

2 h 2 = 8,000 + 207 H 2 = 13,000 + 207 

3 h 3 = 500 + 7 H 3 = 800 + 7 

t 7 is in °F. 



Solution Calculation of the enthalpy H of the feed: 



Component 


x Fi 


y Fi 


h Fi (w T F = 


100°F 


h Fi x Fi 


H Fi (a) T F = 


100°F 


H Fi y Fi 


1 
2 
3 


0.701 
0.187 
0.112 


0.234 
0.374 
0.392 


13,000 

10,000 

600 




9,113 

1,870 

67 

11,050 


20,000 

15,000 

900 




4,680 

5,610 

353 

10,643 



Then h F = 11,050 Btu/lb mol and H F = 10,643 Btu/lb mol, and thus 



H = 



V F H 



F xi F 



+ hlh : = (0.787X10,643) + (0.2 i 3 )( 11,050) 



F F 

10,730 Btu/lb mol 
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Adiabatic Flash Process 

The term adiabatic flash is used to describe the problem wherein the following 
specifications are made: P, Q = [no heat is added at the flash drum], H, {X,}, 
and F. In this case there are 2c + 3 unknowns [T F , K F , L F , {y Fi }, {x Fi }]. The 
independent equations are also 2c + 3 in number, the 2c + 2 given by Eq. (1-26) 
plus the enthalpy balance given by Eq. (1-32), that is, 

(i=l,2,...,c) 



Equilibrium 
relationships 




(1-34) 



Material balances: FX t = V F y Fi + L F x Fi (i = 1, 2, ..., c) 
Enthalpy balance: Ftf = K F // F + L F h F 

One relatively simple method for solving an adiabatic flash problem consists 
of the repeated use of the procedure described above whereby an H n is computed 
for each assumed T Fn where n denotes the trial number. The problem then 
reduces to finding a T Fn such that the resulting H n is equal to the specified value 
H; that is, it is desired to find the T F „ such that S(T Fn ) = 0, where 

5(T F „) = 8„ = H n -H (1-35) 

One numerical method for solving such a problem is called interpolation regula 
falsi (see Probs. 1-7 and 1-8). This method consists of the linear interpolation 
between the most recent pair of points (7> n , S n ) and (T FtH + u <5„ +1 ) by use of the 
following formula 

rT* Tf? „ +l 0„ — T F „ 0„ +l , .v 

?>,„+2= o c l 1 " 36 ) 

To initiate this interpolation procedure, it is necessary to evaluate S for each of 
two assumed temperatures T Fl and T F1 . Then Eq. (1-36) is applied to obtain 
T F3 . After <5 3 has been obtained, the new temperature T F4 is found by interpola- 
tion between the points (T F2 , <5 2 ) and (T F 3 , S 3 ). When \S\ has been reduced to a 
value less than some arbitrarily small, preassigned positive number, the desired 
solution is said to have been obtained. 

It should be pointed out that the equations required to describe the adiaba- 
tic flash are of precisely the same form as those required to describe the separa- 
tion process which occurs on the plate of a distillation column in the process of 
separating a multicomponent mixture. 

Other methods for solving the adiabatic flash problems are presented in 
Chaps. 4 and 5. The method presented in Chap. 5 is recommended for the solu- 
tion of problems involving highly nonideal solutions. 
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1-3 MULTIPLE-STAGE SEPARATION OF BINARY MIXTURES 

Although all of the separation problems involving binary mixtures may be 
solved by use of the general methods presented in subsequent chapters for multi- 
component mixtures, it is, nevertheless, rewarding to consider the special case of 
the separation of binary mixtures because this separation may be represented 
graphically in two-dimensional space. Many of the concepts of distillation may 
be illustrated by the graphical method of design proposed by McCabe and 
Thiele. 9 

The McCabe-Thiele Method 

In the description of this process, the following symbols are used in addition to 
those explained above. The mole fraction of the most volatile component in the 
feed is represented by X, in the distillate by X D , and in the bottoms by x B . The 
subscript j is used as the counting integer for the number of the stages. Since 
the distillate is withdrawn from the accumulator (j = 1) and the bottoms is 
withdrawn from the reboiler (j = JV), the mole fractions in the distillate and 
bottoms have double representation; that is, I ft = x u (for a column having a 
total condenser) and x Bi = x Ai . For the case where the column has a partial 
condenser (D is withdrawn as a vapor), X Di = y u . 

The rectifying section consists of the partial or total condenser and all plates 
down to the feed plate. The stripping section consists of the feed plate and all 
plates below it including the reboiler. When the total molar flow rates do not 
vary from plate to plate within each section of the column, they are denoted by 
V r (vapor) and L r (liquid), in the rectifying section and by V s and L s in the 
stripping section. The feed rate F, distillate rate D, bottoms rate £, and reflux 
rate Lj are all expressed on a molar basis. 

The design method of McCabe and Thiele 9 is best described by solving the 
following numerical example. 

Example 1-6 It is desired to find the minimum number of perfect plates 
required to separate an equal molar mixture of benzene and toluene into a 
distillate product containing 96 percent benzene (X D = 0.96) and a bottom 
product containing no more than 5 percent benzene (x B = 0.05) at the fol- 
lowing operating conditions: (1) the column pressure is 1 atm, and a total 
condenser is to be used (D is a liquid), (2) the thermal condition of the feed 
is such that the rate L s at which liquid leaves the feed plate is given by 
L s = L r + 0.6F, and (3) a reflux ratio LJD = 2.2 is to be employed. The 
equilibrium sets {x A , y A } of benzene used to construct the equilibrium curve 
shown in Fig. 1-9 were found by solving Prob. 1-1. 

This set of specifications fixes the system; that is, the number of independent 
equations that describe the system is equal to the number of unknowns. Before 
solving this problem, the equations needed are developed. First, the equilibrium 
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x, Mole fraction of benzene in liquid 
Figure 1-9 Graphical solution of Example 1-6 by the McCabe-Thiele method. 



pairs {x, y} satisfying the equilibrium relationship y = Kx may be read from a 
boiling-point diagram (see part (a) of Prob. 1-1) and plotted in the form of y 
versus x to give the equilibrium curve; see Fig. 1-9. Observe that the equilibrium 
pairs {x, y} are those mole fractions connected by the tie lines of the boiling- 
point diagram; see Fig. 1-6. 

A component-material balance enclosing the top of the column and plate j 
(see Fig. 1-5) is given by 



(LA DX D 



(1-37) 



Similarly, for the stripping section, the component-material balance (see 
Fig. 1-5) is given by 



y^-(y}j 



Bx R 



(1-38) 
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The component-material balance enclosing the entire column is given by 

FX = DX D +Bx B (1-39) 

The total molar flow rates within each section of the column are related by the 
following defining equation for q, namely 

L s = L r + qF (1-40) 

By means of a total material balance enclosing plates/- 1 and/ it is readily 
shown through the use of Eq. (1-40) that 

V r -K = (l-q)F (1-41) 

By means of energy balances, it can be shown that q is approximately equal to 
the heat required to vaporize one mole of feed divided by the latent heat of 
vaporization of the feed (see Prob. 1-22). 

Since Eqs. (1-37) and (1-38) are straight lines, they intersect at some point 
(x,, y,), provided of course they are not parallel. When the point of intersection 
is substituted into Eqs. (1-37) and (1-38) and L r , K r , L s , V s , x B , and X D are 
eliminated by use of Eqs. (1-37) through (1-41), the following equation for the q 
line is obtained 



J>/ 



Ht^Mt^)* <-> 



Solution of Example 1-6 With the aid of the above equations, the number 
of plates required to effect the specified separation may be determined. To 
plot the operating line [Eq. (1-37)] for the rectifying section, the y intercept 
(DX D /V r ) is computed in the following manner. Since V r = L r + D, and 
L x = L r , it follows that 

DX D= X D ^0.96 
V r (LJD)+1 3.2 

Since y 2 = X D (for a total condenser), the point (y 2 , X D ) lies on the 45° 
diagonal. The y intercept and the point (y 2 , X D ) locate the operating line for 
the rectifying section as shown in Fig. 1-9. 

When Xj = X is substituted in Eq. (1-42), the result y t = X is obtained, 
and hence the q line passes through point (X, X) which in this case is the 
point (0.5, 0.5). Since q = 0.6, the y intercept of the q line [Eq. (1-42)] is 
computed as follows 

X ° 5 L25 



1-q (1-0.6) 

Since the operating line for the stripping section [Eq. (1-38)] passes 
through the point (x B , x B ) = (0.05, 0.05) and the intersection of the q line 
with the operating line for the rectifying section, it may be constructed by 
connecting these two points as shown in Fig. 1-9. 
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The number of perfect plates required to effect the specified separation 
may be determined graphically as indicated in Fig. 1-11. It is readily 
confirmed that the construction shown in Fig. 1-11 gives the desired solu- 
tion. Since y 2 = X D = Xl (for a total condenser) and since y 2 is in equilib- 
rium with x 2 , the desired value of x 2 is determined by the point of 
intersection of line 1 and the equilibrium curve as shown in Fig. 1-9. Line 1 
also represents plate 1. When x 2 is substituted into Eq. (1-37), the value of 
y 3 is obtained. Since (x 2 , y 3 ) lies on the operating line for the rectifying 
section, this point is located by passing a vertical line through (jc 2 , y 2 ). The 
ordinate y 3 obtained is displayed graphically in Fig. 1-9. When the first 
opportunity to change operating lines is taken, the minimum number of 
total plates needed to effect the specified separation at the specified operat- 
ing conditions is obtained. When the feed is introduced on stage number 8, 
a total of 14 stages are required, 12 plates plus the reboiler and a total condenser 
(see Fig. 1-9). 

It should be noted taat if the operating line for the rectifying section is used 
indefinitely instead of changing to the operating line for the stripping section, the 
specified value of x B = 0.05 can never be attained even though infinitely many 
plates are employed. 

Minimum Reflux Ratio 

As the specified value of the reflux ratio (LJD) is decreased, the intersection of 
the two operating lines moves closer to the equilibrium curve and the minimum 
number of plates required to effect the specified separation (x fi =0.05 X D = 
0.96) increases. On the other hand, as LJD is decreased, the condenser and 
reboiler duties decrease. The minimum reflux ratio is the smallest one which can 
be used to effect the specified separation. This reflux ratio requires infinitely 
many plates in each section as demonstrated in Fig. 1-10. It should be noted that 
for this case, the plates at and adjacent to the feed plate have the same composi- 
tion. (In the case of multicomponent systems, these limiting conditions do not 
necessarily occur at and adjacent to the feed plate as discussed in Chap. 11). From 
the standpoint of construction costs, this reflux ratio is unacceptable because 
infinitely many plates are required, which demands a column of infinite height. 

Total Reflux 

At total reflux, the operating lines coincide with the 45° line. This gives the 
smallest number of plates needed to effect the separation. As pointed out by 
Robinson and Gilliland 12 two physical interpretations of total reflux are 
possible. From a laboratory or plant operational point of view, total reflux is 
attained by introducing an appropriate quantity of feed to the column and then 
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0.0 X B 0.1 



0.7 0.8 0.9 X D I.O 



x.Mole fraction of benzene in liquid 



Figure 1-10 At the minimum reflux ratio (LJD\ infinitely many plates are required to effect the 
specified separation (X D , x B ). 



operating so that F = D = B = 0. From the standpoint of design, total reflux can 
be thought of as a column of infinite diameter operating at infinitely large vapor 
and liquid rates, and with a feed that enters at a finite rate F and with distillate 
and bottoms that leave at the rates D and £, where F = D + B. Thus, infinite 
condenser and reboiler duties are required as well as a column having an 
infinitely large diameter. At total reflux, six plates, a total condenser, and a reboiler 
are required to effect the specified separation as shown in Fig. 1-1 1. A graph of the 
total costs per year versus the reflux rate L x at a fixed set of specifications is shown 
in Fig. 1-12 for reflux rates over the range from minimum to total reflux. 

The set of equations required to describe a distillation column in the process 
of separating a binary mixture is merely an extension of the sets stated 
previously for the boiling-point diagram [Eq. (1-3)], bubble-point and dew-point 
temperatures [Eq. 1-12)], and the flash process [Eq. (1-26)]. The complete set of 
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. 0.7 



8 0.4 




0.0 , 

0.0 X B 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 X D 1.0 

x, Mole fraction of benzene in liquid 

Figure 1-11 Determination of the total number of plates required to effect the specified separation at 
total reflux. 

equations solved above by the McCabe-Thiele method are as follows 



^ji *^ji X ji 



Equilibrium 
relationships 



i=l 



Material 
balances 



/I- 1.2 ) 

\j=l,2,...,Nf 

(j=U2,...,N) 
(j=U2,...,N) 

1 = 1 

Ky i+ , i = L rXji + ox m (JlliwJ 

{ FX t = DX K + Bx Bi (i = 1, 2) 



(1-43) 
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0.0 
(total reflux) 



D/L, 



Figure 1-12 Total costs (capital plus operating costs) per mole of product D (or B) for a specified 
separation. 

The counting integer j for stage number takes on only integral values. Examina- 
tion of Eq. (1-43) shows that it consists of 6N independent equations. This result 
could have been obtained as follows. Since a single-equilibrium stage [Eq. (1-26)] 
is represented by 2c + 2 independent equations and since the column repre- 
sented by Eq. (1-43) has N equilibrium stages [the condenser j - 1, plates; = 2, 
3, . . ., N - 1, and the reboilery = N], then one would expect to obtain (2c + 2)N 
independent equations for a distillation column. Thus, a column in the service of 
separating a binary mixture is represented by 6N equations. Also, in the 
McCabe-Thiele method as presented above, it is assumed that the behavior on 
the feed plate may be represented by model 1, Fig. 1-13. 




Figure 1-13 Model 1. Assumed in 
the McCabe-Thiele method. 
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For the case where the total flow rates V } and L, vary throughout each 
section of the column, these flow rates may be determined by solving the 
enthalpy balances simultaneously with the above set of equations. For binary 
mixtures, the desired solution may be found by use of either graphical methods 
(Refs. 10, 13) or the numerical methods proposed in subsequent chapters for the 
solution of problems involving the separation of multicomponent mixtures. 



1-4 SEPARATION OF MULTICOMPONENT MIXTURES 
AT TOTAL REFLUX 

The topic of total reflux is considered briefly in this chapter for the purpose of 
developing the well-known Fenske equation (Ref. 4) which is needed in Chaps. 2 
and 3. A more general treatment of the subject area of total reflux is presented in 
Chap. 7. 



Development of the Fenske Equation 4 

From the standpoint of design, the most useful definition of total reflux consists 
of the one in which the total flow rates [L } (j = 1, 2, ..., N - 1), V ■ (j = 2, ..., 
N)] are unbounded while the feed and product rates are finite. More precisely ' 

lim — i- = 1 - hm — - = 1 
and 

F = D + B (1-44) 

where F, D, and B are all nonzero, finite, and positive. The corresponding 
component-material balances are given by 

)>,+ !, , = *;.• | lim tH- +*« Km ~\ = x ji (1-45) 

As a consequence of the results given by Eqs. (1-44) and (1-45) it follows that the 
component-material balance is given by 

yj+i.i = x Ji (1-46) 

By repeated use of Eq. (1-46) and the equilibrium relationship 

y Jt = K jiXji (1-47) 

the Fenske equation 4 

b t B/D 

J = -*r— MS) 

7=2 
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[for a column having a total condenser] is obtained. An abbreviated develop- 
ment of this equation follows. The component-material balance enclosing the 
condenser-accumulator section (stage 1) is given by 

y2i = x u (1-49) 

for component i, and for the case of a total condenser 

y 2 i = x Di (1-50) 

The equilibrium relationship for stage 2 is 

y 2i = K 2i x 2i (1-51) 

Elimination of y 2i from Eqs. (1-50) and (1-51) gives 

*«-£* (1-52) 

For stage 3, the component-material balance and equilibrium relationship for 
component i are as follows 

y 3 i = *2i (1-53) 

yii = K 3i x 3i (1-54) 

Elimination of x 2i and y 3i from Eqs. (1-52) through (1-54) gives 



^2i^3i 



(1-55) 



Continuation of this procedure for stages; = 4 through N (the reboiler) yields 



^2i^3i * ' " K-N- 1, i^Ni 



(1-56) 



Since x Ni = x K , it is evident that Eq. (1-48) is obtained upon multiplication of 
both sides of Eq. (1-56) by B/D. The steps of this derivation (which consist of the 
alternative use of material balances and equilibrium relationships) are seen to be 
the same as those involved in the graphical solution for a binary mixture (see 
Fig. 1-11). 

An alternative form of Eq. (1-48) which reduces to an exact solution when 
the relative volatilities are constant is obtained as follows. First, state Eq. (1-48) 
for the base component b, then divide the members of Eq. (1-48) by the corre- 
sponding members for component b and rearrange the result so obtained to give 

£_ b!h — (1 . 57) 

where 

a jt = K ji/ K jb di = DX m and b t = Bx Bi 
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If the <x,/s are independent of temperature, then Eq. (1-57) reduces to 

^ = 5V"-n (1-58) 

For the case of a partial condenser (y u = X Di ), the appropriate expression for 
bjdi is obtained by replacing the exponent (N - 1) in the above expression by 
the exponent N; that is, the partial condenser counts as an additional equilib- 
rium stage. 

At a fixed number of stages N, the set of bjdt's relative to b b /d b may be 
computed for a given system by use of Eq. (1-58). Then for any specified value 
of b b /d b9 the corresponding set of <//s and D may be computed by use of 
Eqs. (1-60) and (1-61), respectively. These formulas are obtained by first solving 
the component-material balance 

Fx 4 = d t + b t = d{\ + bjd] (1-59) 

for d t 

di = Tvtd i (^ 

and then summing over all components 

Fx, 



In summary, Eq. (1-58) may be used to compute the best possible separation 
(the lightest possible distillate and heaviest bottoms) which may be achieved 
with a fixed number of plates at the limiting condition of total reflux; provided, 
of course, that the a/s are constant throughout the column. At this limiting 
condition of total reflux, the column diameter as well as the reboiler and conden- 
ser duties become infinite. Equation (1-58) may be used to compute the compo- 
sition of the distillate and bottoms of a column operating at total reflux as may 
be demonstrated by solving Prob. 1-24. Examination of Eq. (1-58) shows that at 
a given N, a set of bjd^s may be found for every specified value of b b /d b . 
Furthermore, the natural logarithm of bjdi versus the natural logarithm of a ( 
plots as a straight line for each choice of the intercept b b /d b . This characteristic 
of the Fenske equation forms the basis of the proof of the proposition that the 9 
method constitutes an exact solution of certain problems involving columns at 
total reflux as demonstrated in the next chapter. 

Determination of Bubble-Point and Dew-Point Temperatures of 
Mixtures Containing Inert Gases and Inert Liquids 

In many industrial applications, the mixtures contain inert gases and liquids. 
Modifications needed to make bubble-point, dew-point and flash calculations 
are presented in this section. An "inert gas" component is one which appears in 
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the gas phase alone because it is insoluble in the liquid phase. An "inert liquid" 
component is one which appears in the liquid phase alone. The inert liquid is 
miscible in the liquid phase and does not exhibit a detectable vapor pressure. 
More precisely, an inert gas (denoted by the subscript L) is defined as a compo- 
nent for which l/K L = and x L = while an inert liquid (denoted by the sub- 
script H) is defined as a component for which K H = and y H = 0. 

Components which appear in both phases are called " volatile " components. 
Volatile components are defined more precisely as those components having K 
values which are nonzero, finite, and positive. The bubble-point and dew-point 
functions are given in Prob. 1-11. 

When a feed which contains both inert gases and an inert liquid is flashed at 
a specified temperature and pressure, the expression given by Eq. (1-30) for the 
flash function reduces to the expression given in Prob. 1-17. 



NOTATION 

b t molar flow rate of component i in the bottoms 

B total molar flow rate of bottoms 

c total number of components 

d ( molar flow rate of component i in the distillate 

D total molar flow rate of the distillate 

ft,f\ fugacities of components i in the liquid and vapor phases (composed 

of any number of components), respectively; evaluated at the total 
pressure and temperature of the two-phase system and at the com- 
positions of the respective phases, atm 

ft, f\ fugacities of pure component i in the liquid and vapor phases, re- 

spectively; evaluated at the total pressure and temperature of the 
two-phase system, atm 

f(T) bubble-point function; defined by Eq. (1-14) 

F(T) dew-point function; defined by Eq. (1-17) 

F total molar flow rate of the feed 

h Fi , H Fi enthalpies of pure component i; evaluated at the temperature T F 
and pressure P of the flash, Btu/lb mol 

c 

hj Yj hjiXji, for an ideal solution; evaluated at the temperature 7}, 

i=l 

pressure and composition of the liquid leaving the jth plate 

c 

Hj £ Hjiyji* f° r an ideal solution; evaluated at the temperature 7}, 

i=l 

pressure, and composition of the vapor leaving the jth plate 
H enthalpy per mole of feed, regardless of state 

Kji equilibrium vaporization constant; evaluated at the temperature 

and pressure of the liquid leaving the ;th stage 
Lj total flow rate of liquid leaving any stage of j (j = 1, 2, . . ., N — 1, 

JV), mol/h 
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K total-flow rate of liquid leaving stages; = 1, 2, ...,/- 2,/ - 1 

L s total-flow rate of liquid leaving stages; = //+l, ...,N-1, N 

N total number of stages 

Pi vapor pressure of component i, atm 

P total pressure, atm 

P(¥) flash function; defined by Eq. (1-30) 

q a factor related to the thermal condition of the feed- defined by 

Eq. (1-40) 
Qc condenser duty, Btu/h 

Q R reboiler duty, Btu/h 

T temperature. 7 BP = bubble-point temperature, and T DP = dew-point 

temperature 
T F flash temperature 

Vj total-flow rate of vapor leaving the ;th stage (/ = 2, 3, . . . , N), mol/h 

V r total-flow rate of the vapor leaving stages; = 2, 3, ...,/-' 1,/ mol/h 

K total-flow rate of vapor leaving stages; = / + i, / + 2, . . . , N — 1 N 

mol/h 
x Fi mole fraction of component i in the liquid leaving a flash process 

xji mole fraction of component i in the liquid leaving the;th stage 

x Bi mole fraction of component / in the bottoms 

x, abscissa of the point of intersection of the operating lines for a 

binary mixture 
X t total mole fraction of component i in the feed (regardless of state) 

X Di total mole fraction of component i in the distillate (regardless of 

state) 
yji mole fraction of component i in the vapor leaving plate; 

yi ordinate of the point of intersection of the operating lines for a 

binary mixture 
Greek Letters 

<Xji relative volatility, a,,- = K n IK jb 

$ function of T t ; defined by Eq. (1-35) 

yt, y\ activity coefficients for component i in the liquid and vapor phases, 

respectively 

¥ moles of vapor formed per mole of feed by the flash process- 

V=V F /F 
Subscripts 

/ feed plate 

F variables associated with a partially vaporized feed 

H inert liquid components 

' component number, i = 1, 2, ..., c 

J stage number;; = 1 for the accumulator; for the top plate; = 2, for 

the feed plate; =/ for the bottom plate; = N, and for the reboiler 
; = N; that is,; + 1,2, . ..,/..., N- 1, N 9 or (; = 1,2, ...,N) 

k trial number 

L inert gas components 
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n trial number 

N total number of stages 

r rectifying section 

5 stripping section 

Superscripts 

L liquid phase 

V vapor phase 

Mathematical Symbols 

exp (x) e x 

c 

£ x, sum over all values *,• , i = 1, 2, . . . , c 

i= 1 

{xj} set of all values Xj belonging to the particular set under 

consideration 

c 

n (1 + Xj) product of the factors (1 + *,) from; = 1 through; = c 
j= l 

PROBLEMS 

1-1 (a) Calculate the equilibrium pairs {x, y} for each of the .temperatures given in Example 1-1. 

(b) From the plot obtained in part (a\ construct the equilibrium curve; that is, construct a 
graph in which the /s of the equilibrium pairs {x, y] are plotted on the ordinate and the correspond- 
ing x's are plotted on the abscissa. 

1-2 (a) Repeat Example 1-2 for the case where the first assumed value of T n is taken to be equal to 
40°F. 

Answer: 56.8 °F. 

(b) After the bubble-point temperature has been determined, compute the corresponding values 
of y.'s which are in equilibrium with the x,'s. 

Answer: y x = 1/6, y 2 = 1/3, y 3 = 1/2. 
1-3 Repeat Prob. 1-2 where the following vapor compositions are known instead of the liquid 
compositions. In this case determine the dew-point temperature at a specified total pressure of 
P = 1 atm. For the first trial, assume 7 = 560°R. Use the K values given in Example 1-2. 

Given: y l = 1/6, y 2 = 1/3, and y 3 = 1/2. After the dew-point temperature has been determined, 
compute the corresponding x.'s which are in equilibrium with the ^,'s. 

Answer: T DP = 56.8°F, x t = 1/3, x 2 = 1/3, x 3 = 1/3. 
1-4 If the a/s are not independent of temperature, then the temperature found at the end of the first 
trial by use of the K b method depends upon the component selected as the base component as well as 
the tempeiature assumed to evaluate the a/s. These facts are illustrated by solving the following 
problems. 





K ( = C, exp 


(-EJT\T is in °R 


Component 


Ci 


E i x t 


1 

2 
3 


4.0 x 10 3 //>+ 
6.0 x 10 3 /P 
12.0 x 10 3 /P 


4.6 x 10 3 1/3 

4.7 x 10 3 1/3 

4.8 x 10 3 1/3 



t P is in atm. 
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(a) Find the correct bubble-point temperature by use of the Newton-Raphson method at a 
specified total pressure of 1 atm. Assume an initial temperature of 520°R. 

Answer: 531.52°R. 

(b) Make one trial by use of the K b method. Evaluate the a,'s at an assumed temperature of 
100°F and P = 1 atm. Take component 1 as the base component. 

Answer: 530.7°R. 

(c) Repeat part (b) for the case where component 2 is selected as the base component. 
Answer: 531.3°R. 

(d) Repeat part (b) for the case where the a/s are evaluated at an assumed temperature of 50°F 
rather than 100°F. 

Answer: 532°R. 
1-5 Any iterative process in which the calculated values of the variables are used without alteration 
to make the next trial calculation is referred to herein as direct iteration. This calculational procedure 
is known by a variety of names such as iteration, successive iteration, and successive substitution. 

(a) Suppose that it is required to find the x which satisfies the following equation 

x - \x - 2 = 

Although x = 4 is seen to be the correct answer, solve this problem by direct iteration by rearranging 
it to the following form 

X k+ 1 = 2 X k + ^ 

where the subscript k denotes the trial number. To initiate the procedure, let x k = 1. Then 
x k+1 = 5/2. For the next trial take x k = 5/2. Continue the process and show that the calculational 
procedure converges to the solution value x = 4. Prepare a graph of x k+l versus x k . Use the 45° line 
to transfer the calculated values of x from the ordinate to the abscissa. 

(b) Repeat part (a) for the case where the original equation is solved as follows 

x k+l = 2x k — 4 

Begin with x k = 3 and also with x k = 5. 

(c) Let the right-hand sides of the expressions given in parts (a) and (b) be denoted by f(x). 
Then describe the convergence characteristics of a function for which 



df(x) 



dx 
and a function for which 

df(x) 



dx 



< 1 



> 1 



1-6 (a) Show that the formula for Newton's method given by Eq. (1-16) may be obtained by equat- 
ing the derivative of the function /(x) at x k , denoted by/'(x k ), to the slope of the tangent line at x k , 
namely, 



where x k+l is the point of intersection of the tangent line and the x axis. 
(b) Use Newton's method to find the positive x that makes /(x) = 

f(x) = x 2 - 4x - 4 

Begin with x = 3. Prepare a graph of f(x) versus x, and on this graph show the path of the 
calculational procedure. [Hint: Newton's method may be regarded as a linear extension of the 
function from the point (x t ./(x k )) to the point (x k + lf 0). The slope of this line is/'(x k )]. 
1-7 For any two assumed values of x denoted by x k and x k+1 , the corresponding values of the 
function, /(x k ) and/(x k+1 ) are readily computed. Let these two points (x k ,/(x k )) and (x k+ ^f(x k+ J) 
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be connected by a straight line. The equation of this line may be represented by the equation 

f(x)-f(x k ) f(x k )-f(x k+l ) 



x k ~ •** + 



(A) 



Extend this straight line until it intersects that x axis at the point (.Y k + 2 , °)- [™ s procedure amounts 
to the assumption that the function is linear over the range of the extrapolation.] Show that at 
x = x k + 2 and/(x) = 0, Eq. (A) may be solved to give the interpolation regula falsi formula 

_ xj(x k+l )-x k+i f(x k ) 
f(x k+l )-f(x k ) 

1-8 (a) Repeat Prob. 1-6 for the case where the positive value of x is found by interpolation regula 
falsi (see Prob. 1-7). Take the first assumed value of x to be x k = 2 and x k + , = 6.5. After the first 
trial, find the new assumed value of x by applying the method of interpolation regula falsi to the 
most recent pair of x values and their corresponding functional values. 

(b) Produce a graph of/(x) versus x, and on this graph indicate the path followed by the 
method of interpolation regula falsi in the solution of this problem. 

1-9 Solve Example 1-2 by use of the method of interpolation regula falsi. Take T k = 580°R and 
T k+1 =680°R. 

1-10 (a) For mixtures which contain all volatile components, show that after K b has been 
determined by use of the bubble-point formula [Eq. (1-21)], the y/s which are in eqilibrium with x/s 
are given by 



yt = - — 

i=l 

(b) Similarly, show that after K b has been found by use of the dew-point formula [Eq. (1-22)], 
the following expression may be used to compute the x/s which are in equilibrium with the y,'s 



I yj*i 

1-11 Consider a mixture which contains both inert liquid components H and inert vapors L. For an 
inert vapor, \/K L - 0, and for an inert liquid, K H -0. For convenience, suppose that component 1 of 
a given mixture is an inert liquid, components 2 through c — 1 are volatile, and component c is an 
inert gas. The equilibrium relationships for this mixture are as follows 

y u = y x = K lXl = K H x H 

y 2 = K 2 x 2 

y c -i — ^ c -i x c-i 
yi. = y c = K c x c = K L x L 

X H + X 2 + *3 + " ' + X c- I + X L = 1 

y H + y 2 + y^ + • • • + y c - 1 + y t . = l 

{a) Show that the bubble-point function is given by 

f(T)= t K tXl -(l-y L ) 

i = i 

ifll.L 
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{b) Show that the dew-point function is given by 

1-12 For the case where inert gases L and inert liquids H are present in addition to volatile 
components (i = 2, 3, ..., c - 2, c - 1), show that the following formulas for K„ apply instead of 
those given by Eqs. (1-21) and (1-22) 

c — 1 

1 - y, 2 *A 

K » - n *» = -: 

I".*. " 

i=2 

1-13 Find the bubble-point temperature of the following mixture. 



Component x, 


Ki 


Other specifications 


1 1/4 

2 1/4 

3 1/4 

4 1/4 

5 


0.0 

0.01 T/Pf 
0.02 7/P 
0.03 T/P 
l/K 5 = 


P = 1 atm 

y 5 = 0.2 


t T is in °F and P is in atm. 





/Irtswer; 53.33°F. 

1-14 Find the dew-point temperature of the following mixture. 



Component y. K t Other specifications 



1 0.0 P = 1 atm 

2 0.1333 0.01 T/Pt x„ = 0.25 

3 0.2667 0.02 T/P 

4 0.4000 0.03 T/P 

5 0.2000 i/K 5 = 



t T is in °F and P is in atm. 



Answer: 53.33°F. 



1-15 Show that by elimination of the x Fi from the component-material balance FX t = V F y F . + L F x r 
by use of the equilibrium relationship y Fi = K Fi x Fi , the following form of the flash function may be 
obtained 

pw= i x> 



\-ni- w„)] 

where ^ = L F /F. 
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1-16 A feed having the composition given in Example 1-4 and the enthalpies given in Example 1-5 is 
to be flashed adiabatically at a pressure of 1 atm. The enthalpy of the feed is 10,730 Btu/lb mol. 
Make one complete trial by use of the procedure described in the text [see Eqs. (1-35) and (1-36)1. 
For the first trial take T n = 95°F and T l2 = 105°F. 

1-17 For the case where the feed to be flashed contains both inert gases (K n -* oo) and inert liquids 
(K F „ = 0), show that the flash function given by Eq. (1-30) takes the following form 



[l-VO-K,,)] 

1-18 Repeat Example 1-4 for the case where 25 moles per hour of an inert liquid component are 
added to the given feed of 100 moles per hour. 

(a) Show that the maximum value of 4* = V t /F which is physically possible is equal to 0.8. 

(b) Find the solution to this problem by use of Newton's method. 

1-19 Find the minimum reflux ratio (LJD) required to effect the following separation of an equimo- 
lar mixture of A and B. The feed is 50 percent vaporized, and the specified values of the product mole 
fractions for component A are as follows 

X„ = 0.95 

x B = 0.06 

Given the following equilibrium data for component A. 



X 


y 


0.1 


0.43 


0.2 


0.63 


0.3 


0.79 


0.5 


0.905 


0.9 


0.995 



Answer: (LJD)^^ 0.418 

1-20 Find the minimum total number of stages required to effect the separation of Prob. 1-19 for the 
following conditions 

1. Column pressure = 1 atm. 

2. Total condenser. 

3. Use an operating reflux ratio LJD equal to twice the minimum reflux ratio found in Prob. 1-19. 

Answer: Four plates plus the reboiler. The feed plate is the stage 3. 
1-21 For the case where the distillate is withdrawn as a vapor, the partial condenser represents an 
additional separation stage. In this case 

X D = y x = K lXl 

where y x is the mole fraction of the vapor in equilibrium with the liquid reflux having the mole 
fraction x x in the accumulator. The material balance enclosing the condenser-accumulator section is 
represented by 



*-(£MS)*» 
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EQUILIBRIUM STAGE CORRESPONDING 
TO THE PARTIAL CONDENSER 



y, =X D 




x n=y, 



Figure Pl-21 Graphical representation for a partial condenser. 



The graphical representation on a McCabe-Thiele diagram is given in Fig. Pl-21. 

Repeat Prob. 1-20 for the case where a partial condenser rather than a total condenser is used 
and the distillate is withdrawn as a vapor with the vapor composition X D = 0.95 rather than as a 
liquid with this same composition. 

Answer: Three plates plus the reboiler plus the partial condenser. The feed plate is stage 2. 
1-22 (a) On the basis of the following assumptions, show that q is approximately equal to the heat 
required to vaporize one mole of feed divided by the latent heat of vaporization of the feed. 

1. Assume model 1 of Fig. 1-13 for the behavior of the feed plate. 

2. Assume H r = H 5 , h r = h s . where these are the vapor and liquid enthalpies which appear in the 
enthalpy balance enclosing the feed plate and any number of plates above or below it. 

V,H S + FH + L r h r - \' r H r - L s h s = 

The total heat content of the feed regardless of state is denoted by H. 

3. The latent heat of vaporization of the feed is equal to H r - h r = k r . 

(b) Use the boiling-point diagram (Fig. 1-6) and the component-material balance 
FX = V F y F 4- L F x F to show that the ratio of the moles of vapor V F to the moles of liquid L F formed 
from the flash of the feed F at the flash temperature T F is given 

V, = X- x F 
L, y F -X 
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where X is the mole fraction of a given component in the feed and x t and y f are the mole fractions in 

the liquid and vapor formed by the flash. 

1-23 Show that for a column possessing a partial condenser, the Fenske equation becomes 

di d h 

1-24 A given column has two plates, a reboiler, a partial condenser, and a feed F of 100 moles per 
hour. The composition of the feed and the relative volatilities which are independent of temperature 
are as follows: 



Component 


x i 


a, 


1 


1/3 


1 


2 


1/3 


2 


3 


1/3 


3 



Find the distillate rates D which must be employed for the above column in order to achieve the 
following separations of the base component (component 1) 

(a) b b /d b =\6 

(b) b b /d b = 8 

at total reflux. Also find the set of bjdjs at each D. 
Answer: 



(«) 



Component 


bt/di 


(b) 


Component 

1 

2 
3 


bjd, 


1 
2 
3 


16.0000 
1.0000 
0.1975 


8.0000 
0.5000 
0.09875 


D = 46.4632 




D = 56.2629 





1-25 (a) By use of the logarithmic form of Eq. (1-58) and a variety of choices of b b /d b (or D\ show 
that for a given mixture and a fixed value for (N — 1), a family of parallel straight lines is obtained. 
(b) Show that the ratio of each bjd t found in part (b) of Prob. 1-24 to the corresponding value 
found in part (a) is equal to 0.5. 
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CHAPTER 

TWO 

DEVELOPMENT AND APPLICATION OF 

THE THETA METHOD OF CONVERGENCE TO 

CONVENTIONAL DISTILLATION COLUMNS 



Three general methods for solving distillation problems are presented in this 
book. The first of these, called the "0 method of convergence" (Refs. 11, 12) is 
recommended for solving problems involving any type of distillation column; 
provided that the mixtures do not deviate too widely from ideal solutions. For 
such columns, the method is one of the fastest known methods (Refs. 2, 3). For 
columns which do not have both a reboiler and an overhead condenser, such as 
absorbers and reboiled absorbers, the IN Newton-Raphson method is recom- 
mended for separations which either form ideal solutions or do not deviate 
widely from them. If the mixture to be separated forms an ideal solution, the IN 
Newton-Raphson method constitutes an exact application of the Newton- 
Raphson method. The convergence characteristics of the Newton-Raphson 
method are presented in App. A. For solving problems involving any type of 
column in the service of separating highly nonideal solutions, the third method, 
called the "Almost Band Algorithm," is recommended. The IN Newton- 
Raphson method is presented in Chap. 4 and the Almost Band Algorithm is 
presented in Chap. 5. 

In this chapter, the method is developed and applied to conventional 
distillation columns. In Sec. 2-1, the equations required to describe conventional 
distillation columns are presented. The formulation and application of the 
method of convergence, the K b method for computing temperatures, and the 
constant-composition method for solving the enthalpy balances for the total-flow 
rates are presented in Sec. 2-2. 

45 
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2-1 EQUATIONS REQUIRED TO DESCRIBE 
CONVENTIONAL DISTILLATION COLUMNS 



A conventional distillation column is defined as one that has one feed and two 
product streams, the distillate D and the bottoms B. Such a column has the same 
configuration as the one shown in Fig. 1-5. First consider the case where the 
following specifications are made for a column at steady-state operation: (1) the 
number of plates in each section of the column, (2) the quantity, composition, 
and thermal condition of the feed at the column pressure, (3) the type of over- 
head condenser (total or partial), (4) the column pressure (or the pressure at a 
given point in the column where the variation of the pressure throughout the 
column is not negligible), (5), the reflux of ratio, LJD, or V 2 or L A , and (6) the 
temperature of the distillate or the total distillate rate. (The first three of these 
are specifications of the geometry of the column and the feed, and the second 
three are the specification of operating variables.) Steady-state operation means 
that no process variable changes with time. For this set of operating conditions, 
the problem is to find the compositions of the top and bottom products. The 
set of equations required to represent such a system fbr all components 
(i = 1, 2, . . . , c) are as follows 



Equilibrium 
relationships 



!>,•. = i 

i = i 

c 



Material 
balances 



*j+ 1 ) 'j+ i,i — LjXji + DX m 
y f y fi + V F y n = L,_ ,x,_ ,, , + DX K 

Vj+ 1 .V/+ 1, i = ^j-^ji ~~ v^bi 



(J=l,X...,N) 
(j=l,2,...,N) 

U=12,...,N) 
(/=1, 2,...,f- 2) 

(/=//■+ 1,...,JV-1) 



(2-1) 



— LjXji — Bx E 
FX t = DX m + Bx m 
V j+l H J+l = Ljhj + DH D +Q C (/= 1, 2, ...,/- 2) 
Enthalpy . V / H / + v fH f = L f . , h f _ , + DH D + Q c 
balances] v J+l H j+1 = Lj hj - Bh B + Q R (j = f,f + 1, ..., N - 1) 
FH = Bh B +DH D + Q c -Q R 

Inspection of this set of equations shows that they are a logical extension of 
those stated in Chap. 1, Eq. (1-43), for the binary system. A schematic represen- 
tation of the component-material balances is shown in Fig. 2-1. The behavior 
assumed on the feed plate is demonstrated by model 2, which is shown in 
Fig. 2-2. 

The above enthalpy balances may be represented by the same enclosures 
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V j-H yj+i, 



Vj + i yj+u 




Figure 2-1 Representation of the component-material balances given by Eq. (2-1). (Taken from 
Holland: Introduction to the Fundamentals of Distillation, Proc. 4th Ann. Educ. Symp. Instrument Soc. 
Am., Apr. 5-7, 1972, Wilmington, Delaware.) 



FX: 




f-1 



Figure 2-2 Model 2 for the behavior of the feed plate. (Taken from Holland: Introduction to the 
Fundamentals of Distillation, Proceedings of the Fourth Annual Education Symposium of the Instrument 
Society of America, April 5-7, 1972, Wilmington, Delaware.) 
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shown in Fig. 2-1. As in the case of the material balances for any one compo- 
nent, the number of independent energy balances is equal to the number of stages 
(j = 1, 2, ..., N - 1, N). In this case the total number of independent equations 
is equal to N(2c + 3), as might be expected from the fact that an adiabatic flash 
is represented by 2c + 3 equations. 

For a column whose geometry [the total number of stages, the feed plate 
locations, and the type of condenser (partial or total)] and feed have been 
specified, the remaining variables to be specified are as follows: 



Variable 


Number 


Vapor and liquid mole fractions 

Total-flow rates 

Temperatures 

Reboiler and condenser duties 

Column pressure 


2cN 

2N 

N 

2 

1 

N(2c + 3) + 3 



Since the number of variables exceeds the number of equations by three, it is 
necessary to fix three variables in order to obtain a solution to the N(2c + 3) 
equations. For example, the distillate rate D, reflux rate L u and the column 
pressure may be specified. 

When it is supposed that the vapor and liquid streams form ideal solutions, 
the enthalpy per mole of vapor and the enthalpy per mole of liquid leaving plate 
j are given by the following expressions (as shown in Chap. 14) 

c 

Hj = £ Hjtyji (vapor) 

T (2-2) 

h j= T, h ji x ji (liquid) 

i=l 

where the enthalpy of each pure component i in the vapor and liquid streams 
leaving plate; are represented by H j{ and h ji9 respectively. These enthalpies are 
of course evaluated at the temperature and pressure of plate j. The meaning of 
H D depends upon the type of condenser employed. For a total condenser, D is 
withdrawn from the accumulator as a liquid at its bubble-point temperature T x 
at the column pressure, and y 2i = x u = X Di . Thus 

H D = th li X Di = th u x u = h Y (2-3) 

i=i i=i 

For a partial condenser, D is withdrawn from the accumulator as a vapor at its 
dew-point temperature 7\ at the column pressure, and y u = X Di . Thus 

H D = tH li X Di = t^uyu^H, (2-4) 
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The enthalpy per mole of bottoms has double representation, h B and h N , that is, 

c c 

h tt = Z *«*« = Z hnXn = /i.v (2-5) 

i = i i=i 

The symbols Q c and Q K are used to denote the condenser and reboiler duties, 
respectively. The condenser duty Q c is equal to the net amount of heat removed 
per unit time by the condenser, and the reboiler duty Q R is equal to the net 
amount of heat introduced to the reboiler per unit time. 

A wide variety of numerical methods have been proposed for solving the 
set of equations represented by Eq. (2-1). Two fundamentally different iterative 
procedures have been proposed for solving these equations; namely the Lewis 
and Matheson method 10 and the Thiele and Geddes method. 14 In the Lewis and 
Matheson method, the terminal compositions {X &} and {x Bi } are taken to be the 
independent variables, and in the Thiele and Geddes method, the temperatures 
(the temperature of each stage) are taken to be the independent variables. Up 
until about 1963, the Lewis and Matheson choice of independent variables was 
used almost exclusively, and since then, the Thiele and Geddes choice of the 
independent variables has become the most popular. 

Merely the statement that the Thiele and Geddes choice of independent 
variables (or the Thiele and Geddes method) has been employed to solve a 
problem is not sufficient to describe the calculational procedure. In the solution 
of a set of nonlinear equations by iterative techniques, the convergence or diver- 
gence of a given calculational procedure depends not only upon the initial choice 
of the independent variables but also upon the precise arrangement and order in 
which each equation of the set is solved. Over a period of several years, the 
author has investigated a variety of arrangements and combinations of the ex- 
pressions given by Eq. (2-1). Of these, the calculational procedure described 
below was found to converge for almost all problems involving distillation col- 
umns. To achieve this result, it was necessary to include the 6 method of conver- 
gence in the calculational procedure. 



2-2 FORMULATION AND APPLICATION OF THE 
METHOD OF CONVERGENCE, THE K b METHOD, 
AND THE CONSTANT-COMPOSITION METHOD 

The order of presentation of the topics in this section is the same order in which 
the combined set of methods listed above are applied in the calculational 
procedure. First, the component-material balances given by Eq. (2-1) are 
restated in terms of the component-flow rates. The component-flow rates for the 
liquid phase are eliminated from this set of equations by use of the equilibrium 
relationships given by Eq. (2-1). Then the method is presented. The method 
is used to compute an improved set of compositions on the basis of the most 
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recent set of calculated values of the component-flow rates. The compositions so 
obtained are used to compute a new set of temperatures by use of the K b 
method. The new sets of compositions and temperatures are then used to com- 
pute a new set of total flow rates by use of the constant-composition method for 
solving the enthalpy balances. Numerical examples are used to demonstrate the 
application of these methods. 



Statement of the Component-Material Balances and 
Equilibrium Relationships as a Tridiagonal Matrix Equation 

Although the equations utilized in this procedure differ in form from those 
presented by Eq. (2-1), they are an equivalent independent set. In the case of 
the component-material balances, a new set of variables — the component-flow 
rates in the vapor and liquid phases — are introduced, namely, 

v ji = tyji and /,,. = LjXji (2-6) 

Also, the flow rates of component i in the distillate and bottoms are repre- 
sented by 

di = DX Di and b t = Bx m (2-7) 

and the flow rates of component / in the vapor and liquid parts of the feed by 

r fJ = V F y Fi and / f| . = L F x Fi (2-8) 

The equilibrium relationship y n = K^x^ may be restated in an equivalent 
form in terms of the component-flow rates v n and l jt as follows. First, observe 
that through the use of Eq. (2-6), the expression y Jt = K }i x }i may be restated in 
the form 

V = k j>¥ (2-9) 

or 

Vji = Sji ljt and l n = A n v n (2- 10) 

where the absorption factor A n and the stripping factor S n are defined as follows 

Aj^l/Sj^Lj/iKjtVj) (2-11) 

Instead of enclosing the ends of the column and the respective plates in each 
section of the column as demonstrated by Eq. (2-1) and Fig. 2-1, an equivalent 
set of component-material balances is obtained by enclosing each stage 
(j f = 1, 2, . . . , N — 1, N) by a component-material balance as demonstrated in 
Fig. 2-3. The corresponding set of material balances for each component i are as 
follows 
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Material 
balances 



l i-ui ~ vji - Iji + vj+ui = 0, (j = 3, 4, ...,/- 2) 

If-i.i-Vf-Li-lf-i.i + Vfi^ ~ v 'i (2-12) 

l f-ui- v fi~ l fi + v f+ui= ~ l n 

h- i. « - v ji ~ hi + V J+ 1. i = °' = / + *> 

/+2,...,N-1) 




Figure 2-3 Representation of the component-material balances given by Eq. (2-12). (Taken from 
Holland: An Introduction to the Fundamentals of Distillation, Proc. 4th Ann. Educ. Symp. Instrument 
Soc. Am., Apr. 5-7, 1972, Wilminaton, Delaware.) 
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Except for the first expression of Eq. (2-12), the T^'s may be eliminated by use of 
the equilibrium relationship, Eq. (2-11). For the case of a total condenser, l u and 
d ( have the same composition, and thus 






For a partial condenser, y u = X m , and hence y u = K u x u may be restated as 
follows 



or 



where 



hi = A u d { 



(2-14) 
(2-15) 



A U = LJ(K U D) 

The expression given by Eq. (2-15) may be used to represent both a partial 
condenser and a total condenser, provided that y4 le is set equal to LJD for a 
total condenser.f Also, the form of A Ni differs slightly from that for A n because 
of the double representation of the reboiler by the subscripts N and B. 
Thus, the equilibrium relationship y Ni = K Ni x Ni may be restated in the form 



or 
where 



v,y Ni =(^JB Xl 



b: = AsiVsi 



(2-16) 



Si V M 



A Ni = B/(K lSi V N ) 

When the //s and b t are eliminated from Eq. (2-12) by use of Eqs. (2-10), 
(2-15), and (2-16), the following result is obtained 

~(A li +l)d i + v 2i = 
A udi ~ (A 2i + l)v 2i + v 3i = 
•Vi.i^-i.f " ( A Ji + !K + *Vi,< =0 (j = 3, ...,/- 2) 
A r- 2. ti'f- 2, ,■ - Kr- 1, i + l)v f - lt ,- + v fi = - v Fi 



Material 
balances 



and 

Equilibrium 
relationships 



A f- Ui v f - Ui -{A fi + l ) v fi + v f+i,i = -hi 
a j- i, i»j- 1, i ~ (Aji + 1)^- + v J+u i = 

(/=/+l,/+2,...,AT-l) 
^ \- 1, ,■»*- 1. , - (A Si + l)i7 W = (2-17) 

t This notation of convenience should not be taken to mean that K u f = 1 for a total condenser. 
For the boiling-point temperature, T x of the distillate leaving a total condenser is computed by use of 
the equation 

i>i.-i-ZKi.*» 
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This set of equations may be stated in the matrix form 

A « v «= -/ (2-18) 

where 



A,= 



~Pu 


1 




1 





























"Pf-Ui 


1 

-Pfi 





1 
























A 


N-2, i 




~Pn- i, i 

A N _ 1 . 


1 



*i = [di "a v 3i ••• v f - Ui v fi ••• v N _ Ui v Si ] r 

/ = [00-0 v Fi l Fi •• 0] 7 

Pji = (1 + Ajd 

The remainder of the development of the calculational procedure is ordered 
in the same sequence in which the calculations are carried out. The calculational 
procedure is initiated by the assumption of a set of temperatures {7}} and a set of 
vapor rates {V } ) from which the corresponding set of liquid rates {L,} is found by 
use of the total material balances presented below. This particular choice of 
independent variables was first proposed by Thiele and Geddes. 14 On the basis 
of the assumed temperatures and total-flow rates, the absorption factors {A^} 
appearing in Eq. (2-18) may be evaluated for component i on each plate j. Since 
matrix A, in Eq. (2-18) is of tridiagonal form, this matrix equation may be solved 
for the calculated values of the vapor rates for component i [denoted by (y ;i ) c J 
by use of the Thomas algorithm 4 which follows. Consider the following set of 
linear equations in the variables x lf x 2 , ..., x N _ u x N whose coefficients form a 
tridiagonal matrix. 

b 1 x l 4- c { x 2 = d x 

a i x \ + b 2 x 2 + c 2 x 3 = d 2 

a 3 x 2 +b 3 x 3 + c 3 x 4 = d 3 

(2-19) 



a N- 1 X N~ 2 "+■ "N- 1 X N- 1 + C N _ j X N = d N - i 
a N x N- 1 + u N X N = a, v 
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These equations may be solved by use of the following recurrence formulas, 
which are applied in the order stated 

fi=c l /b l g i =d l /b l 

f k = - °±- T - (/c = 2,3,...,JV-l) 

b k -a k f k ^ l (2-20) 

dk ~ a kQk-\ /i ^ K1 \ 

t>k -^kJk-i 

After the/'s and #'s have been computed, the values of x N , x N - l9 . .., x 2 , x t are 
computed as follows 



X/v = Qs 

Xk = 9k-f k Xk + i (k = N - 1, N-2, ...,2, 1) 



(2-21) 



The development of the recurrence formulas is outlined in Prob. 2-3. An 
improved form of these expressions was recently proposed by Boston and 
Sullivan. 1 For the special case of a conventional distillation column in which 
model 2 (see Fig. 2-2) for the feed plate is assumed, the procedure proposed by 
Boston and Sullivan (see Prob. 2-3) may be used, to reduce the above formulas 
to the following form 

/i = ~ — Wj = 1 + A u 



m 



f 2 = m 2 = A 2i m 1 + 1 



m 



2 



Wfc-l 



/* = --^ m k = A ki m k _ 1 + l (/c = 2,3,...,AT-l) 



m 



01 =02 = • = 0/- 2 = O 



(2-22) 



0/-i = v Pi- 



rn 



f-2 



ri /-i 



0/=('Fi + 4/-l f i0/-l) 



m 



l /-i 



m 



/ 



0* = ^-i.,<?*-i^ (k=/+l,/+2,...,N) 

m k 

Again, after the/'s and g's have been computed, the values of x N , x /V _ i, . . ., x 2 , 
x x are computed by use of Eq. (2-21). 

After the recurrence formulas have been applied for each component / and 
the set of component vapor rates {(Vji) ca } have been found, the corresponding set 
of liquid rates {(/, f ) ca } are then found by use of Eq. (2-10). These sets of calculated 
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flow rates are used in conjunction with the method of convergence and the , K b 
method in the determination of an improved set o f temperatures. 

Formulation of the 9 Method of Convergence 

In this application of the 9 method of convergence, it is used to weight the mole 
fractions which are employed in the K h method for computing a new tempera- 
ture profile. The corrected product rates are used as weight factors in the calcu- 
lation of improved sets of mole fractions. The corrected terminal rates are 
selected such that they are both in overall component-material balance and in 
agreement with the specified value of D, that is, 

™, = (<a, +(*,)„, ( 2 - 23 ) 

and 

i(d,)» = D (2-24) 

i= 1 

These two conditions may be satisfied simultaneously by suitable choice of the 
multiplier 0, which is defined by 

diJco Ui/ca 

(The subscripts co and ca are used throughout this discussion to distinguish 
between the corrected and calculated values of a variable, respectively.) Elimina- 
tion of (bt/dilt from Eqs. (2-23) and (2-25) yields the formula for (</,) co , namely, 

Id.) = ^ (2-26) 

Since the specified values of (d,) co are to have a sum equal to the specified value 
of D, the desired value of 9 is that 9 > that makes g(9) = 0, where 

g(9)=t(d i )co-D (2-27) 

i = i 

A graph of this function for 9 > is shown in Fig. 2-4. 

In the determination of 9 by Newton's method, the following formula for the 
first derivative, g'(9\ is needed 

After the desired value of 9 has been obtained, (6,) co may be computed by use of 
Eq. (2-25). (Note, Newton's method converges to the positive root of g{9\ 
provided 9 = is taken to be the first trial value; see Prob. 2-11). For the case 
where the dew-point temperature of the distillate is specified instead of the 
distillate rate £>, the g function has the form shown in Prob. 2-13. 



i 
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0.0 



g(0) 




Figure 2-4 Geometrical Representation of the function g(0) in the neighborhood of the positive 
root 0. 

The corrected mole fractions for the liquid and vapor phases are computed 
as follows 

v _ (hildiUdilo 



(»ji/dj)Jdi)co 



(2-29) 



The development of these formulas as well as the proof of the fact that they are 
consistent with the definition of is left as an exercise for the student (see 
Prob. 2-15). V 



Determination of a Set of Improved Temperatures 
by Use of the K b Method 

On the basis of the mole fractions given by Eq. (2-29) and the last temperature 
profile (the one assumed to make the nth trial), the new temperature profile is 
found by use of the K b method 13 in the following manner. For any plate;, 
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Eq. (1-21) or (1-22) may be applied as follows 



K» 



0. - 



1 




c 
i=l 


X Jl 



K.. 



yj' 



(2-30) 



where a,-, = Kji/K Jb , the relative volatility of component i at the temperature of 
plate j. The quantity K jb is the K value of the base component, evaluated at the 
temperature of plate j. 

It can be shown that the x^'s and y/s defined by Eq. (2-29) form a consis- 
tent set in that they give the same value of K jb (see Prob. 2-7). Component b 
represents a hypothetical base component whose K value is given by 



In *,,, = - +b 



(2-31) 



where the constants a and b are evaluated on the basis of the values of K at the 
upper and lower limits of the curve fits of the midboiling component of the 
mixture or one just lighter. Thus, after K jb has been computed by use of 
Eq. (2-30), the temperature 7} n+1 to be assumed for the next trial is calculated 
directly by use of Eq. (2-31). 

The corrected compositions and the new temperatures are used in the 
enthalpy balances to determine the total flow rates to be used for the next trial 
through the column. 



Determination of a Set of Improved Total-Flow Rates 
by Use of the Constant-Composition Method 

In the constant-composition method, one of the total-flow rates (V } or L,) is 
eliminated from the enthalpy balance given by Eq. (2-1) for each stage by use of 
the component-material balances for the respective stage. The restatement of the 
enthalpy balances given by Eq. (2-1) in the form called the constant-composition 
method may be initiated by first observing that 



Vj«,= VjlH Jl y Jt =Z i Hj l Vj t 



and 



L j h j = L jl h ji x ji= EM* 
i = i i=i 

Use of relationships of this type permits the enthalpy balance to be restated in 
terms of the component-flow rates. For example, the enthalpy balance enclosing 
plate j 

V j+l H j+1 - Ljhj -DH D -Q c = (j= 1, 2, ...,/- 2) (2-32) 
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may be restated in terms of the component-flow rates as follows 

t [Hj+ ,, iVj+ u ,. - hjtljt - H Di d] -Q c = (2-33) 

/ = i 

where H Di = h lt for a distillation column having a total condenser and, 
H Di = H u for a distillation column having a partial condenser. When the 
component-material balance enclosing plate j [see Eq. (2-12)] 

<>i., = /,, + </,• 0=1,2, ...,/-2) 
is used to eliminate v j+ u , from Eq. (2-33), the following result is obtained 

t [(H J+ !, , - /i,,)/,, + (H j+ u ,- - // D ,K] - Qc = 



or 



L J I (" J+ 1. . - hjdxji + D Z (tf, + u f . - H„)^« - Gc = 

i = i i = i 

The desired expression for calculating L } is then given by 

Qc-Di(H j+Ui -H Di )X Di 

Lj = ^ C/=1.2,...,/- 2) (2-34) 

I (#,+ i, «->*;,)*/, 



Similarly 



and 



Qc-DY, (H fi - H m )X Di + V F £ (/*„■ - tf FI )j, F| . 
L,_ , = ^l— t _-i (2-35) 

I,( H fi- h f-i,i) x f-i,i 
i = i 

Gc = Li t (#2, - VK + £ t (H 2i - H Di )X Di (2-36) 



The flow rates in the stripping section may be determined by use of the 
enthalpy balances which enclose either the top or the bottom of the column and 
the given plate. When the reboiler is enclosed, the following formula is obtained 

QR-Btihn-hjfcn 

V j+l =- ill (;=//+ 1,..., N -1) (2-37) 

X^j+i.i-^j+i.. 

1 = 1 

This expression is developed in a manner analogous to that demonstrated above 
for Eq. (2-34). The above formulas are given the name "constant-composition 
method " because each of the summations appearing in Eqs. (2-34) through 
(2-37) may be represented by a thermodynamic process which occurs at constant 
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composition. The reboiler duty Q R is found by use of the overall enthalpy 
balance [the last expression given by Eq. (2-1)]. 

The total-flow rates of the vapor and liquid streams are related by the 
following total material balances 

V j+l = Lj + D 0=1, 2,...,/- 2) 

V f + V F =L f . t + D 



Lj= Vj+i + B (j=f,f+l ...,N-1) 
F = D + B 



(2-38) 



After the L/s for the rectifying section and the V/s for the stripping section have 
been determined by use of the enthalpy balances, the remaining total-flow rates 
are found by use of Eq. (2-38). These most recent sets of values of the variables 
{T jtn+l }, {Vj tn +i}, and {L Jt „ +1 } are used to make the next trial through the 
column. The procedure described is repeated until values of the desired accuracy 
have been obtained. A summary of the steps of the proposed calculational 
procedure follow. 

Calculational Procedure for Ideal Solutions 

1. Assume a set of temperatures {7}} and a set of vapor rates {Vj}. [The set of 
liquid rates corresponding to the set of assumed vapor rates are found by use 
of the total-material balances; see Eq. (2-38)]. 

2. On the basis of the temperatures and flow rates assumed in step 1, compute 
the component-flow rates by use of Eqs. (2-18) through (2-21) [or (2-22)] for 
each component i. 

3. Find the 6 > that makes g(0) = 0; see Eqs. (2-26) through (2-28). (Newton's 
method 4 always converges to the desired 0, provided that the first assumed 
value of is taken to be equal to zero.) 

4. Use Eq. (2-29) to compute the corrected x,,'s or y-s for each component i 
and plate j. 

5. Use the results of step 4 to compute the K jb for each stage; by use of either one 
of the expressions given by Eq. (2-30). Use the K^s so obtained to compute a 
new set of temperatures {T jitt+l }by use of Eq. (2-31). 

6. Use the results of steps 4 and 5 to compute new sets of total-flow rates, 
{V} tlI+1 } and {L jn+l }, by use of Eqs. (2-34) through (2-38). 

7. If 0, the Tj\ and J^'s are within the prescribed tolerances, convergence has 
been achieved ; otherwise, repeat steps 2 through 6 on the basis of the most 
recent set of 7}'s and V/s. 

In the above calculational procedure, it is supposed that the pressure drop 
from plate to plate is negligible relative to the total pressure. If this assumption 
is not valid, the calculational procedure is modified as described in Sec. 2-4. 

The solution of the component-material balances and equilibrium relation- 
ships by use of the above recurrence formulas is demonstrated by the following 
numerical example. 
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Overhead vapor, V 2 = 100 





Condenser 



^ /Accumulator A 

L| = 50 V J =i J 



Distillate 



= 50 



j = f = 3 



Bottoms 



B = 50 



Figure 2-5 Flow diagram for Example 2-1. 



Example 2-1 (a) On the basis of the initial set of temperatures (T t = T 2 = 
T 3 = T 4 = 560°R) and the total-flow rates displayed in Fig. 2-5, solve 
Eq. (2-18) for the component-flow rates by use of the above recurrence 
formulas given by Eqs. (2-20) and (2-21). (b) Repeat (a) by use of the recur- 
rence formulas given by Eqs. (2-22) and (2-21). 



K I - = C I .exp(-£ I ./rt) 



Component A', C i 



Specifications 



1/3 4 x 10 3 /P+ 4.6447 x 10 3 Total condenser, P = 1 atm, boiling point 
1/3 8 x 10 3 /P 4.6447 x 10 3 liquid feed (/,, = FX { ), N = 4, / = 3, 
1/3 12 x 10 3 /P 4.6447 x 10 3 F = 100 lb mol/h, D = L, = L 2 = 50 lb 

mol/h, L 3 = 150 lb mol/h, V 2 = V 3 = 

V 4 = 100 lb mol/h 



t T is in °R. 
+ P is in atm. 
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Solution (a) Use of Eqs. (2-20) and (2-21) The correspondence of the 
symbols in the recurrence formulas and the elements of A, and / ( follow 

b l = -(A li +l) 

a 2 = A u b 2 = -(A 2i + 1) 

a 3 = A 2i b 3 = -(A 3i + 1) 

^4 = ^3/ *>4 = ~(^4,+ 1) 



c, = l 


d t = 


c 2 =l 


d 2 =0 


c,= l 


</ 3 = -FX 




J 4 = 



Calculation of the A-s follows 



Component 


u D 


^2i' ^3i» ^4i 

(a- 560°R 
and 1 atm 


1 L > 


K3f^ 


3 


" 2t K 2i V 2 


2#C 3I 


1 

"2 
3 


1 
1 
1 


1 
2 
3 


1/2 
1/4 
1/6 


3/2 
3/4 
1/2 




Component 


B 

AM ~K Ai V A 


1 








1 
2 
3 


1/2 
1/4 
1/6 











Application of the recurrence formulas for tridiagonal matrix equations 
follows: 



Component 


*i 


c x d x 


Q 2 


b: 




c 2 


d 2 


<*3 


*3 


1 
2 
3 


-2 
-2 
-2 


1 
1 
1 


1 
1 
1 




1.50000 
1.25000 
1.16667 


1 
1 







0.50000 
0.25000 
0.16667 


-2.5 

-1.75 

-1.5 


Component 


c 3 


d, 


a 4 




b. 


c* 




f c * 


<* 2 fi 


1 

2 
3 


1 
1 
1 


-33.33333 
-33.33333 
-33.33333 


1.5 

0.75 

0.5 




-1.50000 
-1.25000 
-1.16667 









-0.5 
-0.5 
-0.5 


-0.5 
-0.5 
-0.5 


Compo- , 

/ b 2 -a 2 
nent 


/i h 


c 2 
b 2 - a 2 fi 


d 2 -<*i9\ 


n d2 ~ 
92= b 2 - 


<*2 9l 

a 2 fi 


03/2 63 - 


03/2 03 



1 -1.00000 -1.00000 

2 -0.75000 -1.33333 

3 -0.66667 -1.50000 



-0.50000 -2.00000 
-0.33333 -1.41667 
-0.25000 -1.25000 
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Component 


d 3 ~a 3 g 2 


f 






n d >~ 
b 3~ 


fl 302 

03/2 


04/3 


*>4 - 04 fi 




fi 


1 
2 
3 


-33.33333 
-33.33333 
-33.33333 


-0.50000 
-0.70588 
-0.80000 






16.6667 

23.52941 

26.66667 




-0.75000 
-0.52941 
-0.40000 


-0.75000 
-0.72059 
-0.76667 


Component 


0403 


<*4 *4 = 04 


= 




-*403 

-04/3 


/>*4 


*3 = 


= 03-/3*4 



24.99999 
17.64706 
13.33333 



33.33333 
24.48974 
17.39131 
(Note: v 4i = x 4 ) 



- 16.66667 33.33333 

-17.28687 40.81629 

-13.91305 40.57914 

{*>u = * 3 ) 



Component x 2 = g 2 -f 2 x 3 x l =g l -f l x 2 b t = A Ai v Ai bjd-, 



33.33333 


16.66667 


16.66667 


1.000000 


54.42162 


27.21087 


6.12243 


0.225000 


60.86956 


30.43477 


2.89855 


0.095238 


0-2, = -v 2 ) 


tt = *i) 







(b) Use ofEqs. (2-22) and (2-21) 


( Compo- A 
nent u 


m l = A u + 1 




A 2i A 2i m 


1 m 2 = A 2i m i 


+ 1 / 2 = l - 

m 2 


1 1 

2 1 

3 1 


2 
2 
2 


-1/2 
-1/2 
-1/2 


1/2 1 
1/4 1/2 
1/6 1/3 


2 

3/2 

4/3 


-1 

-4/3 
-3/2 


Compo- A 
nent 3 ' 


^3«™2 ™3 = 


/t 3l m 2 + 1 


™3 


A M A Ai m 3 


m 4 = ,4 4l m 3 + 1 


1 3/2 

2 3/4 

3 1/2 


3 4 
9/8 17/8 

2/3 5/3 




-1/2 

-12/17 

-4/5 


1/2 2 

1/4 17/32 

1/6 5/18 


3 

49/32 
23/18 


#! = 0, and since v Fi = 0, g 2 


= 0, and l Fi = FX t . 






Component 


™3 


^3.03 


™3 
m 4 


"4; = *4 = 04 


m 3 

1= ^3,03 

m 4 


1 

2 
3 


16.66666 
23.52941 
26.66666 


24.99999 

17.647057 
13.33333 


1.333333 
1.387755 
1.304347 


33.33333 
24.48978 
17.39130 




Compo- f 
nent h * A 


"3. = *3 


= 03-/3*4 


v 2i = x 2 = 


02 -f 2 x 3 «*,■ 


= *1 =01 ~fiX 2 


1 - 16.66666 33.33333 

2 -17.28690 40.81631 

3 -13.91304 40.57970 


1 


33.33333 
54.42175 
60.86956 


16.66666 

27.21087 
30.43478 
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The tridiagonal formulation of the component-material balances and equilib- 
rium relationships is generally preferred in computer applications because the 
method is readily applied to other types of columns such as complex distillation 
columns as shown in Chap. 3. However, for making calculations for conven- 
tional distillation columns by hand, the use of nesting equations as originally 
suggested by Thiele and Geddes 14 is generally the most convenient method 
to use. 



Solution of the Component-Material Balances and 
Equilibrium Relationships by Use of Nesting Equations 

The nesting equations are obtained by first restating those given by Eq. (2-1) 
in terms of the component-flow rates as follows 

vj + ui = hi + d i (i=l, 2,...,/- 2) 

v j+l ,i = iji-bi (;=//+ i,...,n-i) 

FXi = d ( + b k 



(2-39) 



Elimination of /,-, from the first expression of Eq. (2-39) by means of the equilib- 
rium relationship l j{ = A^v^ [Eq. (2-10)] yields the following expression upon 
rearrangement 

for j = 2, 3, ...,/— 1. For j = 1 (the condenser-accumulator section) and for a 
total condenser, the first expression of Eq. (2-39) becomes 

H + -^ +i -^ +i (2 - 4i > 

since x u = X Di . 

For a partial condenser, y u = X K , y u = K u x u or / u = A u d { , and the first 
expression of Eq. (2-39) reduces to 

V -T = A u +l (2-42) 

where A u = LJK U D. By use of Eq. (2-41) or (2-42) and Eq. (2-40), the nesting 
calculations are initiated at the top of the column and continued down toward 
the feed plate. For the case of boiling-point liquid and subcooled feeds, the 
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nesting calculations are discontinued as soon as v fi /di has been obtained. For 
the case of dew-point vapor and superheated feeds, the nesting calculations are 
discontinued as soon as l f . lti /di has been obtained. (An expression for the 
calculation of bjdi for a feed of any thermal condition is developed below.) 

The nesting equations for the stripping section are initiated at the reboiler. 
Since y Ni = K Ni x Ni = K Ni x Bi or v Ni = S Ni b h the last expression of Eq. (2-39) 
reduces to 



l N -ui_IS 



^Jfc I+ l = S w +l (2-43) 



where S Ni = K Ni V N /B). After a number value has been obtained for l N _ lt Jb h it 
is used to compute l N - 2 ,i/bi by use of the following equation which is obtained 
by eliminating v j+ u ,/6, from next the last expression of Eq. (2-39) by use of the 
equilibrium relationship v jt = S,,/,,-, that is, 

H-(Hr) +1 ^ 

which holds for j=f, f+ 1, ..., N — 2. After l fi /bi has been computed, the 
nesting calculations are ceased and the quantity v fi lb { is computed by use of the 
equilibrium relationship, namely, 



•t-°>ffl 



For the case of a boiling-point liquid or subcooled feed, v Fi = 0, l Fi = FX i9 
and hence the moles of vapor entering plate/— 1 is equal to the moles of vapor 
leaving plate j. Thus, 6, /J, may be computed from the number values found for 
Vfi/di and v fi /b ( as follows 

di v fi /bi 

Next, the overall component-material balance of Eq. (2-39) may be solved for J, 
in terms of bjd { in the following manner 

FX 
FX i = d i (l+b i /d i ) and di^j—^jj (2-46) 

After d ( has been obtained, the complete set of component-flow rates {b t , v n , l n } 
may be obtained from previously calculated results in an obvious manner. 
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For the general case of a partially vaporized feed, the expression for comput- 
ing bjdi is obtained by commencing with the second expression of Eq. (2-39) 
and rearranging it to give 

Since 

"" 1 '» A FX > 1^' 

wr 1 -^ and ~jr = l + d i 

Eq. (2-47) may be solved for bjd { to give 

b i _(l,- l , i /d i ) + (l Fi /FX i ) 



d, (Vfjbd + (v n /FX,) 



(2-48) 



When the appropriate values for l Fi and v Fi are employed, Eq. (2-48) may be 
used to calculate fr./d, for a feerl of any thermal condition. For bubble-point 
liquid and subcooled feeds, l Fi = FX t and v Fi = 0. For feeds that enter the 
column as dew-point and superheated vapors, v Fi = FX t and l Fi = 0. 



Example 2-2 Use the above nesting equations to solve Example 2-1 for the 
component-flow rates. 



Solution 1. Calculations for the Rectifying Section 



Compo- L, t' 2l _ L x K 2i {a 560°F 

nent D ~d~~~D and 1 atm 






1 1.0 2.0 1.0 0.5 1.0 2.0 

2 1.0 2.0 2.0 0.25 0.5 1.5 

3 1.0 2.0 3.0 0.1666667 0.33333333 1.33333333 



2. Calculations for the Stripping Section 



Compo- K 4 ,(a560°R $ = t^K /^ K 3i (a, 560°R = f^V, v* = s Jj* 

nent an d 1 atm *' B b { 4l and 1 atm 3 ' L 3 b t 3 ' b t 

1 1.0 2.0 3.0 1.0 0.6666666 1.999999 

2 2.0 4.0 5.0 2.0 1.3333333 6.666666 

3 3.0 6.0 7.0 3.0 1.9999999 13.999999 



66 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 



Component 



d { vjbt 



di = 



FX; 



1 + bi/di 



1. 000000 16.66666 

0.225000 27.21088 

0.095238 30.43478 



74.31232 



The next illustrative example is presented for the purpose of demonstrating 
the determination of a corrected set of mole fractions by use of the method of 
convergence as indicated by step 2 of the proposed calculational procedure. 

Example 2-3 On the basis of the calculated set of values for 6,/d, which were 
found in Example 2-2, find the that makes g(6) = by use of Newton's 
method [see Eqs. (2-25) through (2-28)]. 

Solution Determination ofO by Use of Newton's Method 
Trial 1. Assume 0j = 



Compo- 
nent 



(ll Mz) 1+0 '(i) W) - = - 



FX; 



FXfa/dX 



1 +0, 



■a \-<w i-cir 



110 1 

2 0.225 1 

3 0.095238 1 



33.33333 
33.33333 
33.33333 
100.00000 



33.33333 
33.33333 
33.33333 



33.33333 
7.49999 
3.17459 

44.00791 



9(6) = t K) co - D g'(6) = - i //f'^'tV 

Therefore, g(6) = 100 - 50 = 50, g'(0) = -44.00791 
Then by Newton's method 



1 - 6l ~W:) = ™- (-44.00791) 
Trial 2. Assume 2 = 1.13616 



= 1.13616 



Compo- 
nent 



GL <l l <l^ 



FX i 



FX t 



1 1 1.13616 2.13616 

2 0.225 0.25564 1.25564 

3 0.095238 0.10821 1.10821 



15.60432 
26.54688 
30.07853 
72.22973 



7.30485 
21.14211 
27.14154 



™.(V4L 



-•■ci Heir i'**ei. 



7.30485 
4.75697 
2.58490 
14.64672 
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c 

£ (4L = 72.22973 g'(0 2 ) = - 14.64672 g(0 2 ) = 22.22973 

i= 1 

Then by Newton's method 

#2) *„r*r 22.22973 

°* = 2- ZJFjn = 113616 - 1—TTZ7Z^\ = 265 389 
^(y 2 ) (-14.64672) 

Continuation of this process gives a = 3.687276 for which |gr(0)| < 0.0001. 

The solution value of 6 found in Example 2-3 is used to compute the cor- 
rected compositions. Then these compositions are used in the K b method to 
compute a new set of temperatures as demonstrated below. 

Example 2-4 Use the found in Example 2-3 to compute the corrected 
compositions for plates 2 and 3. Then determine the new temperatures 7\, 
T 2 , and T 3 . 



«r »& -G). »-= 



FX i y _WL «li C« 

M '""» WR "'■'- 



■6). 



1 3.68728 4.68728 7.11145 0.14223 1 0.14223 

2 0.82964 1.82964 18.21854 0.36437 2 0.72874 

3 0.35117 1.35117 24.67001 0.49340 3 1.48020 



50.00000 2.35117 



K lb = -^-i = ^1^ = 0.42532 = C b exp (-EJTJ 

2>i.-*i; 



k Di 



Thus 

£ 6 4.6447 x 10 3 

T > = WcJKT* = in (4.0 x 1 03)/(0.42532) " *"**"* = 47 " 68 ° F 

To calculate the j> 2i 's, the values of the v^s and d/s found in Example 2-1 are 
used to obtain the (i^-A^'s, and then these ratios are multiplied by the 
(d t ) co 's found above. 



Component 


(5) <*. 


i= i 


a 2. (& 
560°R 


*2i 


ft) <««>« 


1 

2 
3 


14.22290 
36.43709 
49.34002 
100.00001 


0.14223 
0.36437 
0.49340 


1 

2 
3 




0.14223 
0.18219 
0.16447 
0.48889 


14.2229 

27.3278 
32.8933 
74.4440 
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K 2b = £ — ! = 0.48889 = C b exp (-E„/T 2 ) 

i=l a 2i 



E b 4.6447 x 10 3 




1 In C„/K 2b In (4.0 x 


10 3 )/(0.48889) ~ 


Component ,•„■- ^ d ^- 
1 = 1 


a 3| . (a) 
560°R 


^31 
«3I 


1 0.19105 

2 0.36709 

3 0.44185 


1 
2 
3 


0.19105 
0.18355 
0.14728 
0.52188 



= 515.52°R = 55.52°F 



K 3» =Zf'= 0.52188 = C b exp (-£,/r 3 ) 

7 = £ fc = 4.6447 x 10 3 

3 ^ C b /K 3b In (4.0 x 10 3 )/(0.52188) = 51929 ° R = 59 29 ° F 

Example 2-5 Use the compositions and temperatures found in Examples 2-3 
and 2-4 and the enthalpy functions given in Example 1-5 to compute Q c L 7 

and V 3 . ' 

Solution (a) For a total condenser: /* lf . = H Di , x u = X Dl ., ^ 2| . = *«. 
Calculation ofQ c 

Qc = L x t (H 2i - h u )x u + Z> t (H 2l - - #„)*„ 

«=i ,=i 

« = 1 



Compo- #:,- d /i lf (a Hy {w h (a 

nent 55.5: F 47.68°F H 2i - h u (H 2i - h u \X » 59.29T 55.52°F 



1 18.665.60 11,430.40 7235.20 1029.06 18,778.7 11665 60 

2 14.110.40 8,953.60 5156.80 1878.98 14,185.8 911040 

3 855.;2 547.68 307.84 151.89 859.29 '555.52 

3059.93 



Q c = (100)(3059.93) = 305,993 Btu/h 
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Calculation of L 2 

Qc-D\i(H 3l -h u )xJ 

j — LizJ I 

I (H 3i - h 2i )x 2i 



Component 



(f)Wco *2i= l IMUd:L - (H 5i -h u ) (ff, r fc 1( pf H H 3i -h 2i 



1 7.11145 0.290927 7348.30 1045.15 7113.10 

2 9.10927 0.372657 5232.20 1906.46 5075.40 

3 8.22336 0.336415 311.61 153.75 303.77 
24.44408 3105.36 



Component (H 3i - h 2i )x 2i 



1 2069.39 

2 1891.38 

3 102.19 
4062.96 



Thus 



Then 



_(-50)[3 105.36] + 305,993 
Ll [406Z96] = 37J ° lb m ° ,/h 



K 3 = L 2 + D = 87.10 lb mol/h 



Example 2-6 Repeat the iterative procedure demonstrated by Examples 2-1 
through 2-5 until convergence has been achieved. The column has a total 
condenser, P = 1 aim, boiling-point liquid feed, N = 4,/= 3, the feed com- 
position {Xi} is given in Example 2-1, F = 100, L t = D = 50 lb mol/h. 
The K data are given in Example 2-1 and the enthalpy data are given in 
Example 1-5. 

Solution The convergence characteristics of the proposed calculational 
procedure and final results obtained for this example are shown in Table 2-1. 
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Table 2-1 Solution of Example 2-6 by use of the method, K b method, 
and the constant-composition for making enthalpy balances 







Calculated values of the temperal 
Trial 


ture, °F 




Stage 


1 


2 


3 


4 


5 


6 


1 
2 
3 
4 

D 

(calcu- 
lated) 
9 


47.67480 
55.52295 
59.28833 
68.15991 

74.31046 
3.686828 


47.57593 
55.35938 
60.60938 
68.31323 

49.53528 
0.9772162 


47.64648 
55.48169 
60.54272 
68.20361 

50.02797 
1.001385 


47.68652 
55.55078 
60.50366 
68.14209 

50.01648 
1.000813 


47.70581 
55.58423 
60.48169 
68.11208 

50.00912 
1.000451 


47.71484 
55.59985 
60.46973 
68.09814 

50.00485 
1.000240 






Calculated values of the temperat 
Trial 


ure, °F 




Stage 


7 


8 


9 


10 


11 


12 


1 

2 
3 
4 

D 

(calcu- 
lated) 



47.71924 
55.60718 
60.46313 
68.09155 

50.00258 
1.000128 


47.72119 
55.61060 
60.45972 
68.08862 

50.00131 
1.000063 


47.72217 
55.61279 
60.45801 
68.08716 

50.00060 
1.000031 


47.72241 
55.61279 
60.45728 
68.08643 

50.00290 
1.000014 


47.72266 
55.61328 
60.45679 
68.08618 

50.00014 
1.000008 


47.72266 
55.61328 
60.45654 
68.08618 

50.00005 
1.000004 


Final flow rates 


Component b d 

1 26.15640 7.176938 

2 15.14437 18.18893 

3 8.699208 24.63411 



2-3 CONVERGENCE CHARACTERISTICS OF 

THE 6 METHOD OF CONVERGENCE, THE K b METHOD, 

AND THE CONSTANT-COMPOSITION METHOD 



The method of convergence may be classified as an iterative procedure, and the 
success of such a method depends upon the proper arrangement of all equations 
involved in the entire calculational procedure. The complete calculational 
procedure was developed by trial by finding what appeared to be the best form 
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for all equations. In particular, it was found that the method was most stable 
when the temperatures were determined by the K b method and the total-flow 
rates by the constant-composition method. The use of other procedures for the 
determination of either the temperatures or the total-flow rates caused some 
problems to diverge which could be solved by use of the K h method and the 
constant-composition method as discussed below. 

In summary, it was found that if the combination of the method of conver- 
gence, the K b method, and the constant-composition method were used, conver- 
gence of almost all problems involving conventional and complex columns as 
well as systems of distillation columns could be achieved. This combination of 
calculational procedures is also one of the fastest known methods. 2, 3 

Although a proof of the convergence of the combination of the method, K b 
method, and constant-composition method cannot be constructed, it can be 
shown (and is shown below) that the method constitutes an exact solution to 
certain total reflux problems. 

To illustrate the characteristics of the combination of these three calcula- 
tional procedures, Example 2-7 was selected. The statement of this example is 
presented in Table 2-2. The temperature profiles obtained by use of the K b 
method on the basis of the corrected compositions found by use of the 6 method 
[Eqs. (2-27) and (2-28)] are presented in Table 2-3. The constants a and b in the 
expression for K b [Eq. (2-31)] were found by use of the K values for /-C 4 H 10 at 
510 and 960°R. The values of 9 and the calculated values of D at the end of 
each trial are also listed in this table. The vapor rates computed by use of the 
constant-composition method, the temperatures found by the Kp method, and 
the corrected compositions are presented in Table 2-4. The solution sets {d-\ and 
{bi} are presented in Table 2-5. To satisfy the convergence criterion, twelve trials 
were required and 2.60 seconds of computer time on an AMDAHL 470 V/6 
computer using a WATFIV compiler. 



Table 2-2 Statement of Example 2-7 



Compo- 
nent FX t Specifications 



D = 31.6, V 2 = 94.8 (all flow rates are in lb mol/h) boiling-point liquid feed, 
partial condenser, column pressure = 300 lb/in 2 abs, N = 12 and f = 5. 
Equilibrium and enthalpy data for all components are given in Tables B-l 
and B-2of the Appendix. The initial temperature profile is to be taken linear 
with plate number between T x = 610°R and T 13 = 910°R. Take the initial 
vapor rate profiles to be Vj = 94.8 (j = 2, 3, ... , 13), and the corresponding 
liquid rate profile is given by material balance. Component /-C 4 H 10 was 
taken as the base component and a and b in Eq. (2-30) were determined on 
the basis of the values for the K of t-C 4 H 10 at 510 and 960°R. 



CH 4 


2.0 


C 2 H 6 


10.0 


C 3 H 6 


6.0 


C 3 H 8 


12.5 


j-C 4 H 10 


3.5 


n-C 4 H 10 


15.0 


m-C 5 H 12 


15.2 


n-C 6 H 14 


11.3 


n-C 7 H 16 


9.0 


n-C 8 H 18 


8.5 


400t 


7.0 



t Commonly referred to as the 400°F — normal boiling fraction. 
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Table 2-3 Temperature profiles, theta, and calculated values of D 









Temperature profiles (°R) 












Trial 






Stage 


i 


2 


3 


4 


5 


6 


1 (distil- 


573.59 


567.84 


567.56 


567.56 


567.56 


567.57 


late) 














2 


596.60 


590.67 


594.54 


594.13 


594.42 


594.33 


3 


607.01 


606.81 


612.61 


611.63 


611.99 


611.89 


4 


612.65 


627.85 


631.10 


629.91 


630.26 


630.25 


5 (feed) 


617.02 


695.72 


658.24 


670.53 


665.95 


668.04 


6 


647.02 


709.68 


681.56 


691.68 


687.53 


689.20 


7 


670.05 


717.92 


697.73 


705.76 


702.37 


703.69 


8 


689.59 


724.20 


709.70 


716.11 


713.40 


714.46 


9 


707.47 


730.07 


719.35 


724.47 


722.32 


723.17 


10 


725.93 


737.58 


728.94 


732.96 


731.25 


731.92 


11 


747.73 


749.93 


742.09 


745.17 


743.78 


744.32 


12 


777.47 


774.19 


766.54 


768.84 


767.70 


768.13 


13 (bottoms) 


833.68 


833.41 


825.47 


82721 


826.36 


826.68 


D (calcu- 
lated) 


41.5475 


30.4606 


32.3414 


31.37940 


31.6940 


31.5598 


9 


22.4131 


0.303676 


2.34622 


0.835224 


1.07461 


0.968934 








Temperature 


profiles (°R) 












Trial 






Stage 


7 


8 


9 


10 


11 


12 


1 (distil- 
late) 


567.57 


567.57 


567.57 


567.57 


567.57 


567.57 


2 


594.38 


594.36 


594.37 


594.37 


594.37 


594.37 


3 


611.95 


611.92 


611.93 


611.93 


611.93 


611.93 


4 


630.27 


630.26 


630.27 


630.27 


630.27 


630.26 


5 (feed) 


667.14 


667.53 


667.37 


667.44 


667.41 


667.41 


6 

7 

8 

9 

10 

11 

12 

13 (bottoms) 


688.47 


688.79 


688.65 


688.71 


688.68 


688.69 


703.11 


703.36 


703.25 


703.30 


703.28 


703.28 


714.00 


714.19 


714.11 


714.14 


714.13 


714.13 


722.79 


722.95 


722.88 


722.91 


722.90 


722.90 


731.63 


731.75 


731.70 


731.72 


731.71 


731.71 


744.08 


744.18 


744.13 


744.15 


744.15 


744.15 


767.94 


768.02 


767.99 


768.00 


767.99 


768.00 


826.53 
31.6175 


826.59 


826.56 


826.58 


826.57 


826.57 


D (calcu- 
lated) 


31.5925 


31.6031 


31.5986 


31.60057 


31.59977 


e 


1.01356 


0.994182 


1.00243 


0.998940 


1.00042 


1.00000 
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Table 2-4 Vapor rates obtained by the constant-composition 
method for Example 2-7 









Vapor rates (lb-mol/h) 


1 


- 








Trial 






Stage 


1 


2 


3 


4 


5 


6 


2 


94.80 


94.80 


94.80 


94.80 


94.80 


94.80 


3 


94.63 


93.23 


93.06 


93.29 


93.29 


93.29 


4 


94.13 


88.11 


89.31 


89.41 


89.45 


89.41 


5 


93.13 


72.10 


82.71 


79.25 


80.51 


79.94 


6 


140.71 


108.19 


117.18 


109.35 


111.52 


1 10.55 


7 


143.80 


125.43 


129.81 


125.40 


126.79 


126.13 


8 


146.69 


137.24 


138.81 


136.34 


137.20 


136.78 


9 


148.52 


145.60 


145.39 


144.16 


144.60 


144.38 


10 


148.03 


150.07 


149.13 


148.83 


148.94 


148.87 


11 


144.63 


150.08 


149.09 


149.59 


149.43 


149.50 


12 


137.74 


143.88 


142.75 


143.97 


143.60 


143.77 


13 


120.86 


123.86 


122.24 


123.93 


123.33 


123.60 








Vapor rates 


(lb mol/h) 












Trial 






Stage 


7 


8 


9 


10 


11 


12 


2 


94.80 


94.80 


94.80 


94.80 


94.80 


94.80 


3 


93.29 


93.29 


93.29 


93.29 


93.29 


93.29 


4 


89.41 


89.41 


89.42 


89.42 


89.42 


89.42 


5 


80.18 


80.08 


80.12 


80.10 


80.11 


80.11 


6 


110.92 


110.75 


110.82 


110.79 


110.81 


110.80 


7 


126.36 


126.25 


126.29 


126.24 


126.28 


126.27 


8 


136.91 


136.84 


136.87 


136.86 


136.86 


136.86 


9 


144.44 


144.41 


144.42 


144.42 


144.42 


144.41 


10 


148.89 


148.87 


148.88 


148.88 


148.88 


148.87 


11 


149.47 


149.48 


149.47 


149.48 


149.47 


149.47 


12 


143.70 


143.73 


143.72 


143.72 


143.72 


143.72 


13 


123.49 


123.54 


123.52 


123.53 


123.52 


123.52 



By solving a wide variety of examples it was found that the boiling range, 
the thermal condition of the feed, the number of plates, the initial temperature, 
and vapor rate profiles had no appreciable effect on the number of trials 
required to achieve convergence. However, as the boiling range of the feed is 
increased, it may become necessary to average, the temperature profiles as well as 
the vapor-rate profiles for successive trials. 

The use of a component much lighter than the midboiling component of the 
mixture can introduce significant overcorrections of the temperature profiles 
while the use of a component much heavier than the midboiling component can 
lead to undercorrections of the temperature profiles. The use of the midboiling 
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Table 2-5 Solution sets of the component flow rates in 
the distillate and bottoms of Example 2-7 



Component 


<*i 


*>i 


CH 4 


0.200000 x 10 


0.11163 x 10~ 8 


C 2 H 6 


0.999990 x 10 


0.11627 x 10" 3 


C 3 H 6 


0.597230 x 10 


0.27665 x KT * 


C 3 H 8 


0.1234600 x 10 2 


0.15358 


i-C 4 H 10 


0.74216 


0.27578 x 10 


n-C 4 H 10 


0.53699 


0.14462 x 10 2 


n-C 5 H 12 


0.20153 x 10 _ 2 


0.15197 x 10 2 


«-C 6 H 12 


0.94035 x 10" 5 


0.11299 x 10 2 


n-C 7 H 14 


0.94025 x 10" 5 


0.89999 x 10 


n-C 8 H 16 


0.63427 x 10- 7 


0.84999 x 10 


400 


0.65162 x 10~ 12 


0.69999 x 10 



,2 



Qc = 3.9628 x 10 5 Btu/h 
Q R = 1.3278 x 10 6 Btu/h 
Convergence criterion: \g(\)\ <10~ 5 

component of the feed mixture or the component just lighter for the calculation 
of the constants a and b of the K b method generally give satisfactory results. 
Recently, however, improvements in the K b method were proposed by Billingsley 2 
wherein a different K b was used for each plate and composition effects were also 
included. 

To obtain the convergence characteristics exhibited in Table 2-3 through 
2-5, it cannot be overemphasized that the complete set of calculational 
procedures (the method, the K b method, and the constant-composition 
method) must be used. When the method was introduced initially, 11 other 
procedures were used for the determination of the temperatures and total-flow 
rates, and the convergence characteristics differed from those presented in Tables 
2-3 through 2-5. 

Comparison of the 6 Method with the Method of Direct Iteration 

Some of the convergence characteristics of the method are demonstrated by 
comparing the method with the method of direct iteration. The method of 
direct iteration differs from the method only by the procedure used to compute 
the compositions. Instead of the expressions given by Eq. (2-29), the following 
expressions are used in the method of direct iteration 

Xji= (hi/d,Ud,'L (2 . 49) 

I (hildXMila 

y M - .Mti-ttV. (2-50) 

I (Vji/di)cMi)ca 
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By comparison of these expressions with those given by Eqs. (2-25), (2-26), and 
(2-29), it is evident that the method of direct iteration amounts to setting == 1 
in Eq. (2-26) for all trials. The results obtained for Example 2-2 with the flow 
rates held fixed at the set stated in this example are presented in Table 2-1. When 
the method of direct iteration was used, a calculated value of 52.14 was obtained 
for D at the end of the third trial, and 11 trials were required to obtain tempera- 
tures which were correct to eight digits. 

At a set of fixed L/V\ the calculated values of D follow the same type of 
variation with respect to temperature as might be expected for an actual column. 
If the assumed temperature profile is too high, then the calculated value of D will 
be greater than the specified value; and if the assumed temperature profile is too 
low, the calculated value of D will be less than the specified value. More 
precisely, by use of the expressions presented in Prob. 2-4, it is readily shown 
that bi/di decreases with an increase in the temperature of any one plate of the 
column, and conversely. Thus, by Eq. (2-46), d t increases as any one temperature 
is increased, and conversely. 

Now consider Eqs. (2-26) and (2-27). If the sum of the calculated values of d ( 
is greater than the specified value of /), a positive value of that is greater than 
unity is required to satisfy Eq. (2-27) (that is, make g(0) = 0), and if the sum of 
the calculated values of d { is less than the specified value of D, a positive value of 
less than unity is required to satisfy Eq. (2-27). Thus, if the temperature profile 
for the previous trial was too low, a value of less than unity will be obtained; 
and if too high, a value of greater than unity will be obtained. 

The use of corrected d t 's based on values of < 1 and > 1 gives lower and 
higher temperatures, respectively, than those predicted by the method of direct 
iteration. This is readily shown by consideration of the variation of the corrected 
d/s with for very light and very heavy components. For a very light component 
bjdi is very small so that Eq. (2-26) reduces to 

(di) co ^FXi (2-51) 

For a very heavy component, bi/di is very large. Thus 

FX 

{d ^wik a < 2 - 52) 

Now consider the case where the temperature profile of the previous trial was 
too high. This condition leads to a value of 9 greater than unity. In view of 
Eqs. (2-51) and (2-52), it is seen that the formulas for the mole fractions for each 
plate [Eq. (2-29)] give sets of compositions with a relatively smaller proportion 
of heavies than those obtained by direct iteration. Therefore, the temperatures 
computed on the basis of the corrected compositions are less than the corre- 
sponding temperatures calculated by the method of direct iteration, since the 
latter are calculated on the basis of the calculated d?s. 

An Exact Solution Given by the Method of Convergence 

If a set of bi/di s corresponding to a given D are known for a column at total 
reflux and a system for which the a/s are constant, then the method of conver- 
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gence may be used to compute the solution set otbjd-s corresponding to any 
other value of D. 

That the method of convergence is applicable to a problem of this type is 
demonstrated in the following manner. Consider the case of a distillation column 
with N stages and a total condenser which is operated at two different distillate 
rates, D t and D 2 [or at two different specified values of b b /d b , denoted by 
{b b /d b )i and (b b /d b ) 2 \ For these two different sets of operating conditions at 
total reflux, the Fenske equation 4 [see Eq. (1-58)] gives 

In (ft,/4) 2 



^(b b /d b ) 2 -(N- 1)1x1^ 
In {bjd^ = In (b b /d b ) x -(N-l) In a,. 
Elimination of In a, from these two equation gives 

In (fc,A*,) 2 = In + In (bjd^ 



(2-53) 



or 



where 



;),"(*). 



(b b /d b ) 2 



(2-54) 



(b b ld b ) x 

If the subscripts 1 and 2 in Eq. (2-54) are replaced by ca and co, respectively, 
then Eq. (2-25) is obtained. A graphical representation of the expressions given 
by Eqs. (2-53) and (2-54) is presented in Fig. 2-6. That the method is an exact 




Figure 2-6 A graphical representation of is obtained by considering two arbitrarily specified values 
tor a base component b in a column at total reflux. 
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~ In (b./dj), 



Figure 2-7 Shift of the bjd i profiles by the method. 



solution for certain problems involving columns at total reflux is demonstrated 
by Prob. 2-5. 

While the method constitutes an exact solution to certain total reflux 
problems, it represents only an approximate solution to problems wherein oper- 
ating conditions other than total reflux are employed. The 6 method for a 
conventional distillation column at any operating condition other than total 
may be represented with the aid of Fig. 2-7 as the shifting of the most recently 
calculated bjd x profile up or down the same distance (|ln 0|) for each compo- 
nent as required to obtain a new set of bjdts which are in agreement with the 
specified value of D. 



2-4 OTHER TOPICS: PRESSURE EFFECTS, 

NONIDEAL SOLUTIONS, AND OTHER SPECIFICATIONS 

Pressure Effects 

In the calculational procedure demonstrated above, the effect of the varia- 
tion of the column pressure from plate to plate on the K Jt % if/s, and hj-s was 
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neglected. The effect of pressure on these variables may be taken into account 
as described below. 

For mixtures which behave as ideal solutions, the K values and the vapor 
and liquid enthalpies of the pure components {K ji9 H Ji9 h^ depend upon the 
temperature 7} and pressure P } of each plate j. Methods for taking the effect of 
pressure into account in the evaluation of the K jt \ i/,,'s, and h^s are to be 
found in standard thermodynamic texts, handbooks, and the scientific literature 
as described in Chap. 14. The effort required to account for the effect of pressure 
on the K values and enthalpies may be reduced by taking advantage of the 
following observations. First, for columns operating at relatively high pressure, 
the pressure drop across the column is small relative to the total pressure. Thus, 
in many instances, it is possible to use a single column pressure in the evaluation 
of the Kji% Hjfa and h j{ \ and these quantities may be curve fit as a function of 
temperature alone. 

For columns operated at relatively low pressures, such as vacuum distilla- 
tions, the effect of pressure on the enthalpies can be neglected because the vapor 
tends to behave as a perfect gas, but the effect of pressure on the K values cannot 
be neglected. However, the fact that the vapor behavior approaches that of a 
perfect gas gives rise to a simple method for including the effect of pressure on 
the K values. In particular, at low pressures, 

K<=7 (2-55) 

Now suppose that the K values for component / are evaluated at some pressure 
P b at each of several temperatures and that these values of K ( are curve fit as a 
function of T at the pressure P b . The value of K n at P } and 7} [K n (P Si 7})] may 
be approximated with good accuracy by use of the value given by the curve fit 
[Kji(P b , Tj)] and the following relationship which is suggested by Eq. (2-55) 

KAPj,Tj) = ^KjAP t ,Tj) (2-56) 

Nonideal Solutions 

Most problems involving the separation of nonideal solutions may be solved by 
use of the method of convergence. When used to solve such problems, the 6 
method does become slower and it may be necessary to place certain restraints 
on the calculational procedure. [The "Almost Band Algorithm" which is pre- 
sented in Chap. 5 may be used to solve any problem for which the method 
fails.] 

To apply the method to problems involving nonideal solutions, minor 
modifications of the equations presented above for ideal solutions are necessary. 
The development of the appropriate expressions for the component-material 
balances, the K b method, and the constant-composition method is outlined in 
Probs. 2-6 through 2-10. 
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Modification of the Formulas to Account for 
Separated Components and Inert Components 

The formulas for the method were developed for distributed components, 
where a distributed component is defined as one which appears in both the 
distillate and bottoms; that is, for a distributed component d ( > and b t > 0. 

A separated component is one which appears in only one product stream. A 
separated light component is defined as one which appears only in the distillate 
(fr. = 0, d t = FX), and a separated heavy component is one which appears only 
in the bottoms (d t = 0, b { = FX,). 

In order to avoid numerical difficulties resulting from the divisions by small 
values of (d { ) ca in Eqs. (2-26) and (2-29), the following expressions for (d,) co 
should be used. These expressions are obtained by a simple rearrangement of 
Eq. (2-26), namely, 

(d i )co = {d i ) ca Pi (2-57) 

where p, is defined by 

FX 

"'ul+wL (2 " 58) 

Then for a separated heavy component for which (d,) Cfl = 0, it follows from 
Eq. (2-58) that p, is finite. Since p, is finite and (d) ca = 0, Eq. (2-57) gives 

(4)co = 

Consequently, it follows by material balance that for a separated heavy com- 
ponent 

(*<)« = (*Jco = rai 

Thus, if separated heavies are present, the ratios (d^ co /(d-) ca in the formulas given 
by Eq. (2-29) for x n and y n become indeterminate. As suggested by Tetlow, 15 
these indeterminate terms may be eliminated by use of Eqs. (2-57) and (2-58). 
The resulting expressions may be used for all types of components, separated 
lights, separated heavies, and distributed components 



_ (hilcaPi 

ji c 

Z ( l Ji)caPi 



X •• = 



yji = fr )cflPf (2-59) 

Z ( V ji)caPi 



where p t is to be computed by use of Eq. (2-58). 

Similarly, the expression for g(0) may be expressed in terms of the p,'s and 
used to avoid numerical difficulties 

9(e)=t(d i U i -D (2-60) 
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Although inert gases and inert liquids may be treated as two separate classes 
of components, as demonstrated in Chap. 1, it is perhaps simpler from a compu- 
tational point of view to treat them as volatile components. This treatment may 
be carried out by assigning the inert gases a K value which is large relative to 
the light components and the inert liquid a K value which is small relative to the 
heavy components. 



Other Types of Specifications 

In all of the formulations considered, it is supposed that the following 
specifications have been made: the number of plates in each section; the quan- 
tity, composition, and thermal condition of the feed; and the column pressure. 
Two other specifications may be made in addition to these, and the formulation 
of the functions corresponding to these two additional specifications may be 
divided into three classes in addition to the class considered above (the 
specification of the reflux rate L x and the distillate rate D or the temperature of 
the distillate; see Prob. 2-13). 



CLASS 1. SPECIFICATION OF THE REFLUX RATE L t (OR THE 

BOILUP RATE V s ) AND ONE ADDITIONAL SPECIFICATION SUCH AS D, 

A PARTIAL SUM OF #s OR X K 9 s 

When any one of several specifications are made in lieu of the distillate rate D, a 
corresponding g function may be formulated. Some care must be given, however, 
to the formulation of this function in order to obtain one which has desirable 
behavior, such as monotonic behavior with respect to the variable 0. Suitable 
functions are given in Probs. 2-12 through 2-14 for a number of specifications. 



CLASS 2. TWO PURITY SPECIFICATIONS 

If instead of L x and D, two purity specifications such as {X m , x^}, {A^, x Bl }, 
{di, b h } 9 or {d h , d t } where the subscript / is used to denote the light key and h the 
heavy key component. To solve problems of this type, the optimization 
procedure described in Chap. 9 may be applied as described in Chap. 11. 



CLASS 3. SPECIFICATION OF THE REFLUX RATIO LJD 
AND THE BOILUP RATIO V N /B 

This particular set of specifications gives rise to a set of g functions which 
involve the material balances and the energy balances enclosing the column as 
well as the equilibrium relationships for the terminal streams. This application of 
the method to single columns is deferred until Chap. 7 because of its similarity 
to calculational procedures developed therein. 
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NOTATION 

Aji absorption factor; defined by Eq. (2-11) 

A, a square matrix for each component i; defined below Eq. (2-18) 

/i a feed vector in the component-material balances; defined below 

Eq. (2-18) 

g(0) a function of 0; defined by Eq. (2-27) 

H enthalpy per mole of feed, regardless of state 

H D enthalpy per mole of distillate, regardless of state. For a total con- 

denser H D = h x and H Di = h u . For a partial condenser, H D = H x 
and H Di = H u 

h B enthalpy per mole of bottoms 

Hji partial molar enthalpy of component i, evaluated at the temperature 

and vapor composition of plate j 

Hji virtual value of the partial molar enthalpy, evaluated at the temper- 

ature and vapor composition of plate / 

Iji molar flow rate at which component i in the liquid phase leaves 

the yth plate 

N total number of plates 

Pi ratio of distillate rates; defined by Eq. (2-58) 

P t vapor pressure of component i 

P total pressure 

Sji stripping factor for component /; defined by Eq. (2-11) 

Vji molar flow rate at which component / in the vapor leaves plate j 

v, column vector of components flow rates in the vapor phase; defined 

by Eq. (2-18) 



Subscripts 

ca calculated value 

co corrected value 

/ feed plate 

F variables associated with a partially vaporized feed 

i component number, i = 1, 2, . . ., c 

j stage number; for the accumulator; = 1 ; for the top plate j = 2, for 

the feed plate j = /, for the bottom plate ; = N - 1, and for the 
reboiler7 = N; that is,; = 1, 2, 3, ...,/ ..., N - 1, N 

k trial number 

n trial number 



Greek Symbols 

Pji defined beneath Eq. (2-18) 

a multiplier defined by Eq. (2-25) 
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Mathematical Symbols 

[x l x 2 x 3 ] T transpose of a row vector. The transpose of a row vector is 



equal to a column vector; that is, [x t x 2 x 3 ] 7 = 



£ summation over all components /c, where k denotes any set of 

k 

components less than the total number c, say k = 1, 2, ..., c — 1 

PROBLEMS 

2-1 (a) Complete the trial calculations initiated by Example 2-2 by obtaining the solution value of 6 
shown. 

(b) Complete the trial calculations initiated in Example 2-4 by finding T 4 , Q R , K 4 , and L 3 . 
2-2 If the following set of K values 



Component X,t 



0.01T/P 
0.0002 T 2 /P 
0.03 T/P 



t T is in °F and P is in atm. 



is used instead of the set given in Example 2-1, show that (a) = 3.687276, and (b) T^ = 42.53°F, 
T 2 = 48.89°F, T 3 = 52.19°F, 7 4 = 60.65°F. Use the K b method and take K b = K v 
2-3 The recurrence formulas given by Eqs. (2-20) and (2-21) for solving equations which are tri- 
diagonal in form may be developed as outlined below by use of the gaussian elimination. The system 
of linear equations given by Eq. (2-19) is represented by the following matrix equation 



*i 














C /V-1 





' *1 " 




[ d, 1 




x 2 




d 2 




*3 


_ 


d> 




*N-1 




d„-, 




X " _ 




I d * J 



(A) 



(a) By use of the following definitions oi f x , g v f k , and g k given in the text, show that Eq. (A) 
may be transformed to the following form 



1^000 
1 f 2 
1 f 3 



1 




1 



x l 




01 


*2 




02 


*3 


_ 


03 


*N- 1 




9n-i 


L X N . 




_ 9n J 



(B) 



(b) Commencing with the bottom row of Eq. (B), show that the matrix multiplication rule may 
be applied to give 



*\ = 9s 



■9 k -f k x k+l (/c = tf-l,N-2,...,2, 1) 



(C) 
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(c) For the special case of a conventional distillation column, bj = — (1 + A } ), c y =l, 
a } = Aj_ Uiy d f _ x = -i>„, d f = -l Fh and dj = Q(j ±f,f- 1), show that when these quantities are 
substituted successively into the formulas for f } and q i [Eq. (2-20)], the recurrence formulas given by 
Eq. (2-22) are obtained. 

2-4 Suppose that the solution set of operating conditions are known. For definiteness, suppose that 
the column has a total condenser and that the feed enters the column as a liquid at its boiling-point 
temperature at the column pressure. 

(a) Suppose that the set {6 ,/</,} and the total distillate rate D are computed by using the correct 
set of Lj/V-s and the correct Tjs except for one particular plate, say plate k, and for this particular 
plate, a temperature less than the correct one is used in making the calculations. Show that the 
calculated value of D so obtained is less than the correct value. 

(b) Repeat (a) for the case where the temperature used for plate k in the calculation of the 
bjdl* is greater than the correct temperature, and show that in this case the calculated value of D is 
greater than the correct value. 

Hint: Show that 

v fi /di = A u A 2i ••• A f _ Ui + A 2i ~- A f _ lti + --- + A f _ 2ti A f _ ui + A f _ lti + 1 

and that 

Vfi/bi = S fi S f+ i ti • • • S Ni + S fi S f+ !,,-••• S*_ !.,• + ••• + SfiS/+ 1. , + S/i 

2-5 The following set of bf/d-s were found by use of Fenske's equation in Prob. l-24(a), and the 
corresponding distillate rate was D = 46.4632. On the basis of this known set of 6,/d/s, compute the 
bi/dfS and d/s at a D = 56.2629 for the following example by use of the 9 method of convergence. 
Given: 



Other specifications 

N = 3, partial condenser, 
F = 100 mol/h, and 
total reflux operation 



This problem is based on material given in Refs. 6, and 9. For the first trial, assume = 0.5, and use 

Eq. (2-54) to explain the results obtained. 

2-6 Begin with the equilibrium relationship given by Eq. (1-8) and the definition of the ideal solution 

K value given by Eq. (1-10) and obtain the following formulas for the K b method for nonideal 

solutions 

and K »=i<iA 



Component 


*i 


a i 


U i 


2 
3 


1/3 
1/3 
1/3 


1 
2 
3 


16 
1 
0.1975 



ztw/og** J '- i[ w /7 M 



2-7 Show that the same value of K jb is obtained regardless of whether the corrected Xj-s or the 
corrected values of the y-s given by Eq. (2-29) are used. A more precise statement of the problem 
follows. 

Given: 

(0 **»•,.., —r-^ 

Z "JUT**/! 
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(2) x ;/ 's and y Jt *$ are defined by Eq. (2-29). 

Show that 

K mn m + t = Z - 

where n denotes the values of the variables assumed to make the nth trial. 

2-8 Repeat Prob. 2-7 for the case where both the vapor and liquid phases form nonideal solutions. 

That is, given: 

(1) Kjnr*. 



'>.«+! 



£ (yjiZji/yj'Xxji 

(2) x^s and y jt 's are defined by Eq. (2-29) 

(3) <U. = (-^7 )(<>)„ 

V Yji iv j v j I n 

show that 



K Wj..+ i ~ Z 



"i (yfai/yjdn 

2-9 (a) By use of the definition of the ideal solution K value 

(where/j; and/ji are the fugacities of pure component i, evaluated at the temperature and pressure of 
plate;') show that the equilibrium relationship given by Eq. (1-8) 

vifiyfl = yif}iXji 

may be restated in the following forms 

l ji = A ji v ji and ^, = 5,.,/,,. 
where 

A), = (yWdKj,Vi = i/Sii 

(b) Show that the component-material balances are of the same general form for nonideal 
solutions as those for ideal solutions, provided that the absorption (or stripping) factor has the 
definition given in (a). 

2-10 For the case of nonideal solutions, show that the expressions for the enthalpy balances are of 
the same form as those given by Eqs. (2-33) through (2-37) except for the fact that the ideal solution 
enthalpies of the pure components {h Jt , H^ are replaced by their partial molar values {K }i , H^ or 
the virtual values of their partial molar enthalpies {£,,., tf,,}; see Chap. 14. 

2-11 (a) Show that the function g(0\ defined by Eq. (2-27) has c real roots, one positive root, and 
c — 1 negative roots. 

(b) Show that if 6 = is selected as the first assumed value of 6, then Newton's method always 
converges to the positive root of g(0). 
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2-12 For the case where the reflux rate and a partial sum of the component distillation rates, 
Z*Msp«c» are specified, show that the corresponding g function, 



9(0) = ^ 



Z WL 



I ('.), 



decreases monotonically with 0. The corrected distillate rates {(^) co } are defined by Eq. (2-57). 
2-13 Show that when reflux rate L, and the dew-point temperature 7 t of the distillate are specified, 
the corresponding form of the g function is obtained 



M-T 



I WW*, 



and that it decreases monotonically with 0. The corrected distillate rate {(</,)<.„} are defined by 
Eq. (2-57) and 

2-14 If the reflux ratio L x and a partial sum of mole fractions are specified, show that the following 
form of the corresponding g function varies monotonically with 

Y.x„ 

9(0)- 



2, (X Di )spec 

k 

Sketch the function g(0) for the case where the k components are relatively light and for the case 
when the k components are relatively heavy. 

Note:X u ^(d i )JD eo . 
2-15 Let the corrected component flow rates be defined as follows 

(»x=",\a) wl 

\**i ' ca 

where r\ J and a } are undetermined multipliers which are to be picked such that 

£(w«-(u. 

i=i 

i=l 

(a) Use the definition of the mole fraction and the above definitions of the corrected flow rates 
to obtain the expression given by Eq. (2-29) for the calculation of the mole fractions by the method. 

(b) Show that if the undetermined multiplier rj N for the reboiler is denoted by 0, then the 
defining equation for [Eq. (2-25)] follows from the above definition of (/,,),.„ for j = N, the reboiler. 
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CHAPTER 

THREE 

APPLICATION OF THE 

THETA METHOD OF CONVERGENCE 

TO COMPLEX COLUMNS 

AND TO SYSTEMS OF COLUMNS 



The calculation procedures [the method, K b method, and constant composi- 
tion method] developed in Chap. 2 for conventional distillation columns are 
applied to complex distillation columns in Sec. 3-1. For solving problems involv- 
ing systems of columns interconnected by recycle streams, a variation of the 
theta method, called the "capital method" of convergence is presented in 
Sees. 3-2 and 3-3. For the case where the terminal flow rates are specified, the 
capital method is used to pick a set of corrected component-flow rates which 
satisfy the component-material balances enclosing each column and the specified 
values of the terminal rates simultaneously. For the case where other 
specifications are made in lieu of the terminal rates, sets of corrected terminal 
rates which satisfy the material and energy balances enclosing each column as 
well as the equilibrium relationships of the terminal streams are found by use of 
the capital method of convergence as described in Chap. 7. 



3-1 COMPLEX DISTILLATION COLUMNS 

A complex distillation column is defined as one which has either more feeds 
introduced or streams withdrawn or a combination of these than does a conven- 
tional distillation column. To demonstrate the application of the method and 
associated calculational procedures, the complex column shown in Fig. 3-1 
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Figure 3-1 Complex column with two feed plates and two sidestreams. 



which has two feed plates and two sidestreams (in addition to the top and bottom 
products) was selected. 

In the application of the aforementioned calculational procedures, the 
specifications commonly made are as follows: the column pressure; the number 
of plates; the rate, composition, and thermal condition of each feed; as well as 
the locations of the feed plates and sidestreams. The number of additional 
specifications that may be made is equal to the total number of streams with- 
drawn (the distillate, bottoms, and sidestreams). For the column shown in 
Fig. 3-1, the additional specifications V 2 (or L x ), D, W l9 and W 2 may be made. 
These in turn fix the dependent variable B. 

In order to make the first trial, temperature and L/V profiles for the column 
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are assumed. This allows one to solve the component-material balances for the 
component -flow rates. After the method of convergence for the complex 
column has been applied, the compositions are computed. The compositions so 
obtained are used to compute an improved set of temperatures by use of the K b 
method. These temperatures and compositions are used to find a new set of total- 
flow rates by solving the enthalpy balances after they have been stated in the 
form of the constant-composition method. 



Component-Material Balances 

The component-material balances are stated in terms of a single set of flow rates, 
the vapor rates, by use of the equilibrium relationship l j{ = A^v^ [Eq. (2-10)]. 
Except for the plates from which the sidestreams are withdrawn, the equations 
for the remaining stages of the complex column shown in Fig. 3-1 are formulated 
in precisely the same manner which was shown in Chap. 2 for conventional 
columns. 

To demonstrate the notation employed, an enlarged view of plate p (see 
Fig. 3-2) from which the liquid sidestream W x is withdrawn as shown in Fig. 3-1. 
The component-material balance enclosing plate p is seen to be 



tfp+i.i + 'p 



hi- w u = 



(3-1) 



"p+1,1 ' l p— 1, i v pi *pi 

Since w u has the same composition as l pi and since l pi = A pi v pi [Eq. (2-10)], it 
follows that 






ni = Y L i P i = 1 r A Pi v Pi 



r ' 
^p 



(3-2) 
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Figure 3-2 Notation used for the streams entering and leaving a plate from which a liquid sidestream 
is withdrawn. 
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Figure 3-3 Notation used for the streams entering and leaving a plate from which a vapor sidestream 
is withdrawn. 



Then after the equilibrium relationship [Eq. (2-10)] has been used to state liquid 
flow rates of Eq. (3-1) in terms of the vapor rates, one obtains 



Ap- 1. i V p-l, i 



1+4 



■K) 



»p.- + i>p+i,j = 



(3-3) 



An enlarged view of plate q from which the vapor sidestream W 2 is with- 
drawn is shown in Fig. 3-3. The component-material balance for plate q is 
given by 

V i. i + ', - 1. 1 - v <a " hi ~ w 2i = (3-4) 

Since W 2 and V q have the same composition, it follows that 



W 2 



(3-5) 



Then by use of this relationship and the equilibrium relationship [Eq. (2-10)], it 
is possible to restate Eq. (3-4) in terms of the vapor rates as follows 



^q-l.i V q-l, i ~~ 



l + ^ + f 



v q i + v q +i,i = 



(3-6) 



The complete set of component-material balances may be represented by a 
matrix equation of the same form as the one used to represent these balances for 
a conventional column, namely, 

A,*,--/ (3-7) 
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The elements of A, are the same as those displayed beneath Eq. (2-18) except 
that in this case, the following expressions for p M must be used for plates p and q 
from which sidestreams W t and W 2 are withdrawn 

(3-8) 
W 2 

P q i = 1 + \i + -T7 

When model 2, shown in Fig. 2-2, is used for the feed plates, the column vector / 
contains the vapor and liquid rates (v Fi and l Fi ) for each feed. The elements of v, 
and / may be displayed as follows 

V l = W- V 2i V 3i ••• V f - Ui V fi '" V t - Ui V ti '" v Ni ] T 

/i = [0'-0v FU l F u0''0v F2i l F2i 0'-0] T (3 " 9) 

The elements v f - lti and v FU , v fi and l Fli , v t - ui and v F2ii v ti and l F2i lie in rows 
/ - 1,/, t - 1, U respectively. 

The component-material balances A.v,- = -/,, may be solved for the vapor 
rates and d t by use of the recurrence formulas given by Eqs. (2-20) and (2-21) in 
the same manner as was demonstrated in Example 2-1. 

After the component-material balances have been solved for the component- 
flow rates d i9 v 2i , v 3i , ..., v Ni , the corresponding set of flow rates for the liquid 
may be calculated by use of the equilibrium relationship given by Eq. (2-10). 
Then the method is applied for the purpose of finding a set of terminal- 
component flow rates which are in component-material balance and in agree- 
ment with the specified values of the total-flow rates of the terminal streams. 

Formulation of the 9 Method of Convergence 

The formulation of the method of convergence for a complex column follows 
that originally proposed by Lyster et al. 9 First, a multiplier is defined for each 
stream withdrawn from the column which may be specified independently. For 
the column shown in Fig. 3-1, any three of the four streams D, W u W 2 , and B 
may be specified independently. For definiteness, suppose that D, W u W 2 are 
specified. Then B may be found by an overall material balance. The multipliers 
are defined by the following equations 

Ui/co \di)ca 

\di J co 2 \di ) ca 
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where O > 0, X > 0, and 2 > 0. Again the corrected rates are those which 
satisfy simultaneously, the specifications D, W u and W 2 (where B is taken to be 
the dependent variable) and the overall material balance 

F*i = Vila + K) co + (w 2l -) co + (*>,)„, (3-11) 

where 

FX i = F l X u + F 2 X 2i 

A combination of Eqs. (3-10) and (3-11) yields the following expression for the 
corrected distillate rate 

(di)co = i + WO. + M^AO, + o 2 (w 2i /d i ) €a (3_12) 

Again, in a manner analogous to that shown for conventional columns, 
numerical problems resulting from the divisions by small values for (d,) ca may be 
avoided by use of the following expression for (d h ) co 

(di) co = (dilaPi (3-13) 

where p { is defined by 

= FXt 

Pi WU + »o(*,X. + •>!,)« + « 2 KL (3 ' 14) 

When the defining equations for the 0's given by Eq. (3-10) are restated in terms 
of p i9 the following expressions are obtained for the calculation of the corrected 
terminal rates, namely, 

(6i)» = 9o(*iLPi 
(wuL-eiK^p, (3-15) 

(W2i)co = 2 (w 2i ) ca p i 

The requirement that the corrected rates satisfy the specifications D, W x , and 
W 2 leads to the g functions 



go(Bo,0»0 2 )=l i (d i ) e .-D 

i=l 

0i(0o,0i,0a)=i(wi»)L-W'i (3-16) 

i=l 



i=l 



The desired solution is the set of positive values of O , U and 2 that makes 
0o = 0i = g 2 = 0, simultaneously. When the solution set of 0's has been found, 
the set of corrected d-s (or p/s) will have been computed. These values of (t/,) co 
and pi may be used to compute the set of improved compositons. In order to 



APPLICATION OF THETA METHOD OF CONVERGENCE TO COMPLEX COLUMNS 93 

reduce numerical difficulties, in the application of the method, the g functions 
should be stated in normalized form. For example 

1 c 
0o = ^ I (di)co ~ 1 



Corrected Mole Fractions 

Expressions for the corrected mole fractions for the column shown in Fig. 3-1 
may be developed from first principles as outlined in Prob. 2-15. The expressions 
so obtained are the same as those given in Chap. 2, namely 

x,--M*L or X ,__M-*L. (3-17) 

£ MWL I (U-.P. 

1=1 i=l 

where (d) co is given by Eq. (3-13) and p t by Eq. (3-14). The formulas for y }i are 
obtained by replacing l jt in the above expressions by Vj t . 



Calculation of a Corrected Set of Temperatures 
by Use of the K b Method 

After either a corrected set of x/s or y^s has been computed as described 
above, a new set of temperatures may be computed by use of the K b method in 
the same manner that was described in Chap. 2 for conventional distillation 
columns. 



Calculation of a Corrected Set of Total-Flow Rates by Use of the 
Constant-Composition Method and the Total-Material Balances 

The development of the expressions for the constant-composition form of the 
enthalpy balances is carried out in the same manner demonstrated in Chap. 2 for 
conventional distillation columns. For example, the energy balance enclosing the 
top of the column and some plate j located between plates p and / - 1 of the 
column shown in Fig. 3-1 can be expressed as follows 

c 

I [Hj + 1. i»j+ 1. . - hjihi ~ h Pi w u ~ H Did,] -Q c = (3-18) 

1=1 

Elimination of v j+lt , by use of the component-material balance 

v J+ i.i = lji + w u + di (3-19) 

yields 

t [(H j+ 1§ f - hjfo + (H J+ u , - fc> lf + (H J+ lt , - H m )d] -Q c = 
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Since l j( = L,x 7I , w u = W x x pi , d { = DX n, the above form of the energy balance 
may be solved for L } to give 

- W, t (Hj+ lt ,- - h pi )x pi - D t (H j+ lt , - H Di )X Di + Q c 
Lj = ^ ^ (3-20) 

i= 1 

The complete set of enthalpy balances for the column which are obtained in a 
manner analogous to that demonstrated above. After the L/s have been 
computed by use of these enthalpy-balance expressions, the corresponding vapor 
rates may be computed by use of the total-material balances. 



Geometrical Representation of the g Functions 

To simplify the geometrical representation of the g functions, consider the case 
where only one sidestream W x is withdrawn in addition to the distillate D and 
the bottoms B as shown in Fig. 3-4. For this column, only two 9 multipliers 
exist, 9 and 9 V These two multipliers are defined by the first two expressions of 
Eq. (3-10). If D and W x are specified, then the corresponding g functions are 

9o(0o,8i)= i(di) co ~D (3-21) 

i= 1 

0i(0o, <M =£>»)«. -Wi (3-22) 

where 

FX, 



(dtl 



i + W4)c« + e^wjd^ 



Again, (d t ) co may be stated in terms of p t as demonstrated above by Eqs. (3-13) 
and (3-14). 

Traces of the functions g in the g 9 , g o i , and the flpflj, planes are 
shown in Fig. 3-5. and traces of g t in the g x o , g l X , and 6 t 9 planes are 
shown in Fig. 3 -6. The desired solution is the intersection of the traces of g and 
#! in the 9 9 t plane where g = g x — as shown in Fig. 3-7. Examination of 
these graphs reveals that g and g Y arc continuous, monotonic functions for all 
positive values of # an d 9 V Such behavior is desirable in the numerical solution 
of problems. 

The set of 0's that makes g — g t = may be found by use of the Newton- 
Raphson method 3 as described in App. A. The Newton-Raphson method con- 
sists of the successive solution of the equations corresponding to the linear terms 
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FXi 




J*P 



W, 



P+l 



j=f-l 



j=f 




Figure 3-4 A complex column with one sidestream. 
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Figure 3-5 Traces of the function g (9 , 0,) in the g o o ,g o x , and the o 9 x planes. 



g,(^,) 




Figure 3-6 Traces of the function g l in the g l 1 , g x O , and the X O planes. 
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c 




Trace of g Q 
The desired solution 



So 



TrQCe Of g Figure 3-7 Traces of the functions g and 

g x in the o 0i plane. 



of the Taylor series expansions of the functions g and g t about the assumed 
values of the variables o and l9 namely 

(3-23) 

Expressions for the partial derivatives are given in Prob. 3-1. The Newton- 
Raphson method is illustrated by the following example. 

Example 3-1 Make two trials by use of the Newton-Raphson method for 
the set of values x and y which make/! =/ 2 = simultaneously 

fi(x,y) = * 2 -y 2 + i 

f2(^y) = x 2 ^y 2 -2 
Take the initial values of x and y to be x = y — 1- 

Solution 

Trial 1 . For x = y = 1 

Ml i)= 1-1 + 1 = 1 

/i(l,l)=l + l-2 = 

and 

ox dy ox oy 

Thus, for x = y = 1, the Newton-Raphson equations become 

= 1 + 2 Ax - 2 Ay 

= 0-1-2 Ax + 2 Ay 

Addition of these equations yields 

= 1 + 4 Ax Ax = - 1/4 
and 

x x = x + Ax = 1 - 1/4 = 3/4 
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Substitution of this value of Ax into either of the Newton-Raphson equa- 
tions yields 

Ay = 1/4 

and 

y 1 = y + Ay = 1 + 1/4 = 5/4 

Trial 2. For x l = 3/4 and y t = 5/4 

/i(3/4,5/4)=(3/4) 2 -(5/4) 2 + l=0 

/ 2 (3/4, 5/4) = (3/4) 2 + (5/4) 2 -2 = 1/8 



Thus 



g = (2)(3/4)=3/2 ^ = (2)(3/4)=3/2 

g = (-2)(5/4) = -5/2 ^ = (2)(5/4) = 5/2 



and 



= + (3/2) Ax - (5/2) Ay 
0=1/8 + (3/2) Ax + (5/2) Ay 
Solution of these equations for Ax and Ay yields 

Ax = - 1/24 x 2 = 3/4 - 1/24 = 17/24 = 0.7083 
Av = - 1/40 y 2 = 5/4 - 1/40 = 49/40 = 1.225 
These values compare well with the solution set of values which are 

x = -L = 0.707 1 and y = ^3/2 = 1 .2247 

Convergence Characteristics of the 9 Method of Convergence 
for Complex Columns 

To demonstrate some of the numerical characteristics of the 9 method for com- 
plex columns, Example 3-2 was selected. The statement of this example is given 
in Table 3-1 and the geometry of the column is depicted in Fig. 3-4. In addition 
to the distillate and bottoms, the column has one sidestream withdrawn. Thus, 
the 9 method has two 9 multipliers, 9 and 9 l9 which are defined by the first two 
expressions given by Eq. (3-10). Since D and W x are specified (see Table 3-1) the 
two g functions to be used for computing these 0's are given by Eqs. (3-21) and 
(3-22). 

The convergence characteristics of this example are presented in Table 3-2, 
and the solution sets of 7}'s, Vfs, d t -'s, w u 's and fc/s are presented in Table 3-3. To 
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Table 3-1 Statement of Example 3-2, a complex distillation problem 



Component 



FXi 

(lb mol/h) 



CH 4 

C 2 H 6 

C 3 H 6 

C 3 H 8 

i-C 4 H 10 

rt-C 4 H 10 

«-C 5 H 12 

«-C 6 H 14 

n-C 7 H l6 

w-C 8 H 17 

400 



2.0 

10.0 

6.0 

12.5 

3.5 

15.0 

15.2 

11.3 

9.0 

8.5 

7.0 



Other specifications 



The column pressure is 300 lb/in 2 abs. The K values and enthalpies are given in Tables B-l 
and B-2. The feed enters the column on plate / = 6 at its bubble-point temperature at the 
column pressure. The column has 1 1 plates, a reboiler, and a partial condenser. The distillate is 
withdrawn at the rate D = 32.298 lb mol/h. The sidestream is withdrawn from plate p = 10 as a 
liquid at the rate W x = 25.0 lb mol/h. A reflux ratio LJD = 2.25 is to be use d. Take ;^ imtud 
temperatures to be linear between T 2 = 200°F and T l2 = 300'F, and take T =200 F and 
T 13 = 300°F. Take the initial values of LJVj = 1 for ; = 2, 3, ..., 12, and take V l3 /B = 1.0. 



Table 3-2 Convergence characteristics exhibited by the method in the solution 
of Example 3-2 









Temp, of 


Temp, of 


Calculated 


Calculated 


Trial 


0o 


«i 


D, °F 


B, °F 


value of D 


value of W v 


1 


0.7365 


0.8632 


125.79 


410.82 


31.9304 


24.4257 


2 


1.16464 


1.16219 


115.13 


443.44 


32.6193 


24.7670 


3 


0.984057 


0.962613 


114.25 


441.59 


32.2084 


24.7236 


4 


1.03172 


1.02741 


114.13 


446.36 


32.3555 


25.0021 


5 


0.984476 


0.989619 


114.13 


445.68 


32.22745 


24.95864 


6 


1.00754 


1.006039 


114.13 


446.53 


32.3110 


25.00688 


7 


0.996285 


0.997367 


114.13 


446.28 


32.29217 


24.99218 


8 


1.001739 


1.001348 


114.13 


446.45 


32.30094 


25.00218 


9 


0.9991422 


0.999384 


114.13 


446.39 


32.29664 


24.99829 


10 


1.000344 


1.000269 


114.13 


446.42 


32.29861 


25.00039 


11 


0.9998121 


0.9998789 


114.13 


446.41 


32.29772 


24.99945 


12 


1.0000 


1.0000 


114.13 


446.41 


32.29811 


24.99993 



Convergence criterion: (1) For each trial, values of O and 6 X were found such that both \g \ 
and \g x \ were equal to or less than 10" 5 . (2) Convergence for the problem was said to have been 
achieved when |^ (1, 1)1 and 1^(1, 1)| were each equal to or less than 10 5 . 

The convergence criteria were satisfied at the end of the 12th trial and 2.81 seconds on an 
AMDAHL 470 V/6 computer with the WATFIV compiler. 
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Table 3-3 Solution of Example 3-2 





1. Final temperature, 


liquid, and vapor 


profiles 




T J 


Lj 


Vj 


Stage 


(°F) 


(lb mol/h) 


(lb mol/h) 


1 


114.13 


72.671 


32.298 


2 


145.45 


61.302 


104.97 


3 


165.40 


68.080 


103.60 


4 


183.47 


58.993 


100.38 


5 


217.13 


194.95 


91.291 


6 


239.30 


212.35 


127.25 


7 


253.55 


222.45 


144.65 


8 


264.68 


227.36 


154.75 


9 


276.18 


227.38 


159.66 


10 


292.27 


196.97 


159.67 


11 


319.29 


186.10 


154.27 


12 


363.18 


164.71 


143.39 


13 


456.41 


42.702 


122.01 


2. Final product flow rates 




4 


*ll 


*>i 


Component 


(lb mol/h) 


(lb mol/h) 


(lb mol/h) 


CH 4 


0.20000 x 10 1 


0.32125 x 10" 


6 0.30273 x 10" 9 


C 2 H 6 


0.99985 x 10 1 


0.15077 x 10- 


2 0.19926 x 10" 4 


C 3 H 6 


0.59356 x 10 1 


0.61044 x 10" 


1 0.33848 x 10" 2 


C 3 H 8 


0.12224 x 10 2 


0.24742 


0.18230 x 10" ' 


i'-C 4 H 10 


0.11119 x 10 1 


0.19577 x 10 1 


0.43043 


n-C 4 H 10 


0.10242 x 10 1 


0.10428 x 10 2 


0.35483 x 10 1 


n-C 5 H 12 


0.36429 x 10" 2 


0.64835 x 10 1 


0.87129 x 10 1 


n-C 6 H 14 


0.18929 x 10" 4 


0.25252 x 10 1 


0.87747 x 10 1 


n-C 7 H 16 


0.15019 x 10" 6 


0.13819 x 10 1 


0.76181 x 10 1 


n-C 8 H 17 


0.12374 x 10" 8 


0.10969 x 10 1 


0.74031 x 10 1 


400 


0.14162 x 10" " 


0.80727 


0.61927 x 10 1 



Q c = 0.47243 x 10 6 Btu/h 
Q R = 0.15519 x 10 7 Btu/h 



satisfy the convergence criterion stated in Table 3-2, a total of 12 complete trials 
and 2.81 seconds of computer time (AMDAHL 470 V/6 WATFIV) were 
required. 



Exact Solutions Given by the 9 Method of Convergence 
for Complex Columns 

For a distillation column such as the one shown in Fig. 3-4, the 6 method 
constitutes an exact solution at total reflux; that is, the sets ofbjd^s and w u /i/s 
at two different sets of values for D and W x are related by the single multipliers 
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O and t as indicated by the first two expressions of Eq. (3-15). The proof of this 
statement is established by solving Probs. 3-3 and 3-4. That the method is an 
exact solution to certain problems at total reflux is further illustrated by solving 
Probs. 3-5 and 3-6. 



3-2 SYSTEMS OF INTERCONNECTED 
DISTILLATION COLUMNS 

The particular difficulty associated with the solution of problems involving 
systems of distillation columns becomes apparent upon close examination of the 
system shown in Fig. 3-8. First observe that the composition of the recycled 
bottoms from the second column to the first is not known until a solution to the 




4 0. 




"Do 



i-^> * 






Figure 3-8 A system of two interconnected distillation columns. 
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second column has been obtained. On the other hand, the composition of 
the feed to the second column is not known until a solution has been found for 
the first column, since the feed to the second column is the bottoms of the first 
column. 

For solving problems of this type, Tomme and Holland 10 and Tomme 1 1 pro- 
posed an extension of the method of convergence, called the "Capital Method 
for Systems." The "capital 0" is used to distinguish this method for systems from 
the 6 method for single columns. The capital method for systems is similar to 
the 6 method for complex columns in that for each external stream which may 
be specified independently, there exists a multiplier. These multipliers 
are to be picked such that the overall component-material balances and the 
specifications are satisfied simultaneously. For each component /, there exists 
one overall component-material balance per column which is independent. 
The strong convergence characteristics of the method for systems of inter- 
connected distillation columns can be attributed to the fact that there exists 
many problems for which the method for systems constitutes an exact solu- 
tion for a system of columns at total reflux. 

The capital method for systems is introduced by the formulation of the 
equations for this method for the simple system of two conventional distillation 
columns shown in Fig. 3-8. In a subsequent section, the formulation is gener- 
alized for the case of any number of columns with any number of sidestreams 
withdrawn. 



Formulation of the Equations for 

the Method for a System of Two Distillation Columns 

As shown in Fig. 3-8, the number of the column from which a stream is with- 
drawn is denoted by a subscript on D and B. To identify the variables of each 
column, the column number is carried as the last subscript. For example, d u x 
and d it 2 denote the flow rates of component i in the distillate streams withdrawn 
from columns 1 and 2, respectively. 

For the system of columns shown in Fig. 3-8, there exists one independent 
component-material balance per column, namely 

FXi + b^-d^-b^^O 

b it i - d it 2 -b if2 = 

In the interest of simplicity, the subscript co used to identify the corrected flow 
rates for conventional and complex distillation columns has been omitted in the 
above expressions and from those which follow. 

For each total-flow rate of the set D u B u £> 2 , and B 2 which may be fixed 
independently, there exists a capital multiplier. If D x is fixed, then D 2 is seen 
to be dependent since it is uniquely determined by a total material balance 
which encloses the entire system. From the total material balances enclosing 
each column, it is seen that if B t is fixed, then either D u D 2 , or B 2 may be fixed 
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independently. Thus, two multipliers may be defined as follows 



fel-^L 



"i, 2 I co \ a i, 2 lea 

where the calculated values are those found by use of the calculational procedure 
described below. The subscript co is dropped in the interest of simplicity in the 
remainder of the development. The g functions may be stated in terms of any 
two of the flow rates D l9 D 2 , B u and B 2 which may be specified independently. 
Thus, if B x and D 2 are elected as the specified flow rates, then 

0i(®i,® 2 )= ixi-*i 

'T (3-26) 

02(®1,©2)= Y.di,2~D 2 

i=l 

The desired set of 0's is that set of positive numbers that makes g x = g 2 = 0, 
simultaneously. These 0's may be found by use of the Newton-Raphson method 
in a manner analogous to that described in Sec. 3-1 for complex distillation 
columns. 

Formulas for {d, J and {^ 2 } are obtained as follows. Let the expressions 
given by Eq. (3-25) be restated in the form 

b«\2 = r,\2««,2 

where 

r M = ®l(Kl/ d i,l)ca 
ri t 2 = ®2(h2/di.2)ca 

After b it x and b it 2 have been eliminated from the component-material balances 
by use of the relationships given by Eq. (3-27), the equations so obtained may be 
rearranged to give 

-(l+r u K, 1 + r i ,A 2 =-« i 
r..i4,i-(l +r,, 2 K.2=0 
This set of equations may be solved for the corrected distillate rates to give 

d mi+jxA 9) 

1 + r i, 1 + r i, 2 
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Figure 3-9 Behavior of the function g t in the neighborhood of the positive roots. 

Graphs of the functions gi and g 2 in the neighborhood of the solution set of 0's 
are shown in Figs. 3-9, 3-10, and 3-11. An outline of the proof of the existence of 
a set of positive 0's that satisfy the g functions simultaneously is presented in 
Prob. 3-13. A proof for a more general case has been given by Billingsley. 1 - 2 



Calculational Procedure 

The calculational procedure recommended by Nartker et al. 12 consists of apply- 
ing the method of convergence (for conventional and complex distillation 
columns) one time to each column of the system in succession. The terminal 
rates so obtained for each column of the system are called the "calculated values 
for the system," and denoted by the subscript ca. To initiate the calculational 
procedure for the system, the compositions for the minimum number of streams 
are selected as the independent variables for the system. For example, to initiate 
the calculational procedure for column 1 of the system shown in Fig. 3-9 the 
composition of the stream B 2 is assumed. One complete column trial is made on 
column 1. A complete column trial consists of the application of the method 
tor single columns, the calculation of a new set of temperatures by use of the K b 
method, and the calculation of a new set of total-flow rates for use of constant- 
composition method. These temperatures and total-flow rates are stored for use 
in the next trial calculation for the system. The set of b t ,'s obtained by the 
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Figure 3-10 Behavior of the function g 2 in the neighborhood of the positive roots. 



column trial on column 1 become the set of assumed flow rates for making the 
column trial on column 2. After the column trial on column 2 has been 
completed, the capital method for systems is applied, and the set of b it 2 's so 
obtained is used to initiate the next system trial by making one column trial on 
column 1. 




Figure 3-11 Intersections of the surfaces of the functions g l and g 2 with the 0, 2 plane for the case 
where F - B x > 0. 
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W, 




'Do 



3 «,2 



dj,2 



i,2 



W 



w 2i 



b i,l b i,2 

Figure 3-12 Sketch of a system of interconnected distillation columns. 



Convergence Characteristics of the Capital Method 

To demonstrate the convergence characteristics of the capital method, 
Example 3-3 was selected. This example involves the system of two complex 
columns shown in Fig. 3-12. A statement of this example is given in Table 3-4 
and the solution is given in Table 3-5. The variation of the 0's and 0's with trial 
number is presented in Table 3-6. 

Exact Solutions Given by the Method of Convergence 
for Systems of Distillation Columns 

For systems of interconnected distillation columns, the method constitutes an 
exact solution for certain problems; provided that the a/s are constant in each 
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Table 3-4 Statement of Example 3-3 



FX i 
Component No. (kg mol/h) 



Toluene 


1 


0.80000 


Ethylbenzene 


2 


0.5100 x 10 2 


Styrene 


3 


0.4777 x 10 2 


Isopropylbenzene 


4 


0.5000 x 10~ l 


l-methyl-3- 


5 


0.1000 x 10" l 


ethylbenzene 






a-methylstyrene 


6 


0.1300 


cis- 1 -propylbenzene 


7 


0.2000 



Other specifications 



Column I. The column has 50 plates, a total condenser (stagey = 1) and a reboiler (stage 
j = N = 52). The feed F enters on plate) = 10 as a subcooled liquid at 317.75 K at 270 mmHg. 
The distillate is withdrawn as a liquid at its boiling point at the rate D x = 52 g mol/h. The 
sidestream is withdrawn as a liquid from plate j = 21 at the rate W t = 11 g mol/h. The top 
product stream of column 2 is recycled to plate j = 45 in column 1. The pressure in the 
condenser is 40 mmHg, and it may be assumed to vary linearly with plate number between 
stage) = 2 at a pressure of 50 mmHg and the reboiler at 270 mmHg. A reflux ratio I, /D = 2.5 
is to be used. Use the equilibrium and enthalpy data given in Tables B-3 and B-4. 

Initial temperature profile. Linear between 325.15 K (the boiling point of pure ethylben- 
zene at 40 mmHg) and 381.143 K (the boiling point of pure styrene at 270 mmHg). 

Initial vapor rates. Vj = 182.0 g mol/h {j = 2, 3, . . ., 52). 

Initial liquid rates. L } = 130.0 g mol/h (j = 1, 2, ..., 9), L, = 230.0 g mol/h (/ = 10, 11, 
..., 21), Lj = 219.0 g mol/h (/ = 22, 23, ..., 44), Lj = 235.0 g mol/h (/ = 45, 46, .... 51). 

Base component. Base the values of a and b in the expression for K b given by Eq. (2-37) on 
the K values for styrene at 298.15 K and 40 mmHg and at 700 K and 270 mmHg. 

Column 2. The "other specifications" for column t are the same as those stated for 
column 1 except for the following items. D 2 = 16 g mol/h, W 2 = 7 g mol/h. The sidestream 
W 2 is withdrawn as a liquid from plate; = 21. The bottoms B x of column 1 is fed to column 2 
on plate j = 31. The pressure in the condenser is 40 mmHg, and it may be assumed to vary 
linearly with plate number between stage 2 at a pressure of 50 mm and the reboiler at 
250 mmHg. A reflux ratio of L 1 /D of 2.5 is to be used. 

Initial temperature, vapor, and liquid rate profiles. Same as stated for column 1. 

Initial composition profiles for the recycle stream D 2 . To initiate the first trial for column 1, 
assume that essentially all of the ethylbenzene in the feed leaves in the stream D x , and take 

<*2.2 = 0i -FX 2 = 52 -51 = 1 
Assume the recycle stream D 2 is composed mostly of styrene, and 

<*3.2 = 02-^2.2 =16- 1 = 15 
Take d u 2 = d A2 =d 52 = d 6f 2 = d-, , 2 = 0. 
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Table 3-5 Solution of Example 3-3 





I. Final temperature and 


vapor rate profiles for column It 






Tj 


Vj 






T J 


Vj 


Stage 


(K) 


(kg mol/h) 


Stage 


(K) 


(kg mol/h) 


1 


326.69 


52.0 


27 




363.32 


204.10 


2 


332.41 


182.0 


28 




364.08 


204.42 


3 


334.80 


183.56 


29 




364.84 


204.73 


4 


336.93 


183.38 


30 




365.57 


205.03 


5 


338.86 


183.24 


31 




366.30 


205.32 


6 


340.64 


183.12 


32 




367.01 


205.60 


7 


342.30 


183.04 


33 




367.74 


205.87 


8 


343.83 


182.98 


34 




368.41 


206.13 


9 


345.28 


182.92 


35 




369.10 


206.38 


10 


346.66 


182.87 


36 




369.78 


206.62 


11 


347.96 


196.73 


37 




370.46 


206.86 


12 


349.19 


197.35 


38 




371.14 


207.08 


13 


350.35 


197.95 


39 




371.81 


207.28 


14 


351.48 


198.52 


40 




372.49 


207.48 


15 


352.56 


199.06 


41 




373.17 


207.66 


16 


353.60 


199.59 


42 




373.85 


207.83 


17 


354.61 


200.09 


43 




374.54 


207.98 


18 


355.59 


200.58 


44 




375.24 


208.12 


19 


356.54 


201.05 


45 




375.94 


208.25 


20 


357.47 


201.50 


46 




376.65 


211.97 


21 


358.36 


201.95 


47 




377.38 


212.10 


22 


35924 


202.37 


48 




378.13 


212.22 


23 


360.10 


202.74 


49 




378.91 


212.30 


24 


360.93 


203.10 


50 




379.71 


212.36 


25 


361.75 


203.44 


51 




380.55 


212.39 


26 


362.54 


203.78 


52 




381.44 


212.37 


II. Solution sets of product rates for column 1 






d ui 


w u 




Ki 




Component 




(kg mol/h) 


(kg mol/h) 


(kg mol/h) 


1 




0.8000 


0.54160 x 


10" 5 


0.14787 x 10" 14 


2 




0.40954 x 10 2 


0.57815 x 


10 1 


0.10105 x 10 2 


3 




0.10244 x !0 2 


0.51932 x 


10 1 


0.42530 x 10 2 


4 




0.20858 x 10" 2 


0.45960 x 


10" 2 


0.45430 x 10" l 


5 




0.20724 x 10" 4 


0.72101 x 


10" 3 


0.92581 x 10- 2 


6 




0.51283 x 10~ 4 


0.87917 x 


10" 2 


0.12115 


7 




0.11536 x 10- 5 


0.11275 x 


10" l 


0.18871 


I 



t The convergence criteria for the g functions g and g l for each column were the same as 
stated in Table 3-3 for Example 3-1, except that in this case the criterion of 10" 4 instead of 
10 5 was used. 



Qc, i= 0.18264 x 10 10 cal/h 
Q R< i = 0.20182 x 10 10 cal/h 
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Table 3-5 (continued) 





III. Final temperature and 


vapor rate profiles 


for column 2 






Tj 


v* 






T J 


Vj 


Stage 


(K) 


(kg mol/h) 


Stage 


(K) 


(kg mol/h) 


1 


330.55 


16.000 


27 




364.39 


56.304 


2 


336.13 


56.000 


28 




365.11 


56.270 


3 


338.27 


56.515 


29 




365.83 


56.236 


4 


240.16 


56.486 


30 




566.54 


56.200 


5 


341.85 


56.475 


31 




367.24 


56.161 


6 


343.41 


56.472 


32 




367.91 


52.425 


7 


344.86 


56.474 


33 




368.57 


52.564 


8 


346.22 


56.478 


34 




369.21 


52.700 


9 


347.51 


56.482 


35 




369.84 


52.834 


10 


348.74 


56.485 


36 




370.47 


52.966 


11 


349.92 


56.488 


37 




371.08 


53.095 


12 


351.05 


56.490 


38 




371.68 


53.// 1 


13 


352.14 


56.492 


39 




372.28 


53.345 


14 


353.19 


56.492 


40 




362.86 


53.467 


15 


354.20 


56.492 


41 




373.44 


5? 1,87 


16 


355.19 


56.490 


42 




374.02 


53.703 


17 


356.14 


56.489 


43 




374.59 


53.818 


18 


357.07 


56.486 


44 




375.15 


53.930 


19 


357.96 


56.483 


45 




375.72 


54.039 


20 


358.84 


56.479 


46 




376.29 


54.145 


21 


359.64 


56.475 


47 




376.86 


54.247 


22 


360.52 


56.470 


48 




377.44 


54.345 


23 


361.33 


56.437 


49 




378.03 


54.439 


24 


362.12 


56.404 


50 




378.64 


54.527 


25 


362.89 


56.370 


51 




379.29 


54.606 


26 


363.65 


56.337 


52 




380.01 


54.665 




IV. 


Solution sets of product rates for column 2 






d i. 


2 


W 2.i 




Ki 




Component (g 


mol/h) 


(g mol/h) 




(g mol/h) 


1 


0.13988 x 10" I4 


0.79899 x 


10" 16 


0.18892 x 10" 20 


2 


0.57999 x 10 l 


0.12848 x 


10 


0.30208 x 10 


3 


0.10198 x 10 2 


0.57079 x 


10 


0.26624 x 10 2 


4 


0.21138 x 10" 2 


0.58192 x 


io- 2 


0.37496 x 10" l 


5 


0.38839 x 10" 6 


0.21680 x 


lO" 3 


0.90409 x 10 " 2 


6 


0.13979 x 10" 6 


0.12231 x 


IO' 2 


0.11993 


7 


0.30294 x 10" 12 


0.23966 x 


10" 4 


0.18869 


<2c,2 = 


= 0.57000 x 10 9 


cal/h 










Qr,2 = 


= 0.52253 x 10 9 


cal/h 
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Table 3-6 Convergence characteristics of the method for Example 3-3 



1. Column 0*s 




Column 1 


Column 2 


Trial 


0o 


o l 


0o 


0. 


1 


435.43 


29.111 


94.863 


3.0438 


2 


0.091353 


0.11463 


0.39932 


0.48084 


3 


2.9271 


2.4237 


1.4243 


1.2706 


4 


0.56381 


0.62113 


0.89824 


0.91891 


5 


1.3090 


1.3016 


1.0657 


1.0492 


6 


0.88564 


0.89622 


0.96894 


0.97597 


7 


1.0402 


1.0449 


1.0165 


1.0126 


8 


0.98519 


0.98711 


0.99377 


0.99512 


9 


1.0066 


1.0045 


1.0022 


1.0017 


10 


0.99671 


0.99741 


0.99913 


0.99935 


11 


1.0012 


1.0014 


1.0004 


1.0004 


12 


0.99953 


0.99935 


0.99973 


0.99980 


13 


0.99995 


1.0001 


1.0001 


1.0001 


14- 


1.0 


1.0 


1.0 


1.0 


2. System €>'s 


Trial 


e, 


e>2 


®3 


©4 


1 


1.1727 


1.2217 


1.0173 


1.0521 


2 


1.0446 


1.0755 


1.0235 


1.0276 


3 


0.99716 


0.99252 


0.99827 


0.99714 


4 


1.0161 


1.0308 


1.0099 


1.0140 


5 


1.0006 


1.0013 


1.0004 


1.0006 


6 


0.99918 


0.99817 


0.9942 


0.99916 


7 


1.0008 


1.0018 


1.0006 


1.0009 


8 


1.0 


1.0 


1.0 


1.0 


9 


0.99984 


0.99965 


0.99989 


0.99985 


10 


1.0 


1.0 


1.0 


1.0 


11 


0.99953 


0.9935 


0.99973 


0.99980 


12 


1.0 


1.0 


1.0 


1.0 


13 


1.0 


1.0 


1.0 


1.0 


3. The convergence criteria were 


satisfied at the end of the 14th trial. 16.84 seconds of computer 


time were 


required on an AMDAHL 470 V/6 computer with a WATFIV 


compiler. 



The convergence criterion for the system was that the euclidean norm of the g functions for the 
system < 10 ~* that is, 



tei) 2 + (0 2 ) 2 + (0 3 ) 2 + (0*) 2 



<KT 



when the g functions are evaluated at@ 1 = @ 2 = @ 3 = 4 = 1. 



APPLICATION OF THETA METHOD OF CONVERGENCE TO COMPLEX COLUMNS HI 

column. A proof of this statement is established by solving Probs. 3-7 and 3-8, 
and a demonstration of the truth of the statement is afforded by solving 
Probs. 3-9 and 3-10. 



Systems Containing Mixers and Proportional Dividers 

The method of convergence for systems is readily extended to include other 
types of units such as mixers and proportional dividers which are commonly 
found in systems of distillation columns. To demonstrate the application of the 
method to systems containing units such as these, consider the system shown 
in Fig. 3-13. Suppose the specifications for the system are taken to be D 2 and B 3 . 
In addition to these, specifications such as the total-flow rate, the thermal condi- 
tion and composition of the feed F, the reflux rate, the column pressure, the type 
of condenser, and the plate configuration for unit 2 are made. The remaining 
flow rates, D l9 Z) 3 , and B 2 are computed from the set of three overall material 
balance equations. For any component /, the component-material balances are 
as follows 

Fl r, 3 ]\d itl ] \FX t ] 

(3-31) 

When only one stream is withdrawn from a unit such as a mixer, there exists no 
question about the product distribution for the given unit. For any choice of 
inputs to the mixer, the corresponding output is uniquely determined by the 
component-material balance for the mixer (FX i = d il -r i3 d i3 ). Thus, for a 
mixer with a single output, a does not exist. Furthermore, 3 for the propor- 
tional divider is unity. Thus, r i% 3 may be set equal to (6,-, 3 /</,-, 3 ) efl , and the 
unknown 2 found by use of the following g function 



1 





r «. 3 


Kil 




\FX 


1 


-(l+'i.2) 





4,2 


= - 








r «\2 


-(l+'l.3)J 


kaJ 








9= K4.2L-02 

1 = 1 
where the value of (d if 2 ) co is found by solving Eq. (3-31). 



(3-32) 
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Figure 3-13 A system containing a mixer, a distillation column, and a proportional divider. 
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3-3 A GENERALIZED FORMULATION FOR 
A SYSTEM OF COLUMNS IN WHICH 
THE TOTAL-FLOW RATES OF 
THE EXTERNAL STREAMS ARE SPECIFIED 



To illustrate the formulation of the capital method for the general case of a 
system having any number of columns interconnected by any number of recycle 
streams, consider the system of four columns shown in Fig. 3-14. The formula- 
tion is simplified by the introduction of a new system of notation. 

For each column added to the system, there exists an additional capital 
multiplier, and each sidestream withdrawn from a column leads to an additional 
multiplier. Thus, the number of multipliers is equal to the number of 
columns plus the number of sidestreams. The number of g functions is equal to 
the number of multipliers, and the number of overall component-material 
balances to be satisfied by the solution set of the 0's is equal to the number of 
columns. 

The treatment presented below is restricted to systems of distillation col- 
umns. Systems containing both absorbers, strippers, or reboiled absorbers and 
distillation columns may also be solved by use of the capital method of 
convergence as demonstrated in Chap. 4. 

As shown in Fig. 3-14, the column from which any stream is withdrawn is 
carried as a superscript, and the column to which an independent feed is in- 
troduced is also carried as a superscript. This notation follows closely that 
developed by Nartker et al. 12 For the system of four columns, there are four 
independent overall material balances for each component, namely 

F l X\ + df - df 



w| r 



df-wli-wl-O 
F 3 X? + df-d?-w 3 u -w 3 2i = Q 

#-<.-h4,. = o 



(3-33) 



<•■ 





l D' 


D 2 




w ?> 


F3 


V 




D« 




























r* 








F 1 


1 


r 


2 




3 


•« 


4 


»:, 




















I 
1 




W3 










"1 






w« 
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s 





















Figure 3-14 A generalized system of four interconnected separation units. 
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For the system of columns shown in Fig. 3-14, two independent multipliers per 
column exist, and they are defined as follows 



a 0, UA. 



(k = 1, 2, 3, 4) 
(k = 1, 2, 3, 4) 



(3-34) 



or, more compactly, 



f = @ #L ('=^3,4; .= 1,2) (3-35) 

where k denotes the column number and s denotes the sidestream number. 

To avoid the numerical problems resulting from the division of the vv.'s by 
small to zero values for one or more of the d/s, the following definitions of the 
r.'s are used instead of those given by Eq. (3-27) 



<*si = eJKfc. (k = 1, 2, 3, 4; s = 1, 2) 



(3-36) 



The corrected values of the w S) 's for each column may be restated as follows by 
combining Eqs. (3-35) and (3-36) 



where 



"& = d-P? {k = 1, 2, 3, 4; s = 1, 2) 



rf-4/WX. (*=1,2,3,4) 



(3-37) 



By use of the relationships given by Eq. (3-37), the component-material balances 
[Eq. (3-33)] may be restated in terms of the p,'s as follows 

F l Xf + (df) {a pf - [(d}) ca + r\, + ri,]pl = 
dp? -[(<*?)„ + d, + rL]p? = 
F 3 Xf + (dt) ca pf - [(df) ca + r?, + rl]pf = (3-38) 

r\iP\-M) ca + r\ i + riM = (i 
These equations may be represented by the matrix equation 

r,P,= -/- (3-39) 



where 



r,= 






r 2i 



-Rf 













Ml 


fit 





p,= 


p. 2 


-Rf 


(dt)ca 


pf 





-Rf. 




Pt. 



/ = 



'F l X\ 


F 3 Xf 





Ri=(d1) a , + r\ i + r\ i (fc=l,2,3,4) 
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Again the number of external streams which may be specified independently 
is equal to the number of columns plus the number of sidestreams withdrawn (in 
addition to the distillate and bottoms). Thus, for the system shown in Fig. 3-14, 
only eight of the twelve external streams may be specified independently. 
Furthermore, care must be exercised in the selection of the streams to be 
specified in order to obtain an independent set. For example, an examination of 
this system shows that all of the Ws may be specified independently, and for this 
set of specifications, the normalized g functions become 



g k s = Z K/WD- 1 (*= 1, 2, 3, 4; 5= 1, 2) 



(3-40) 



and in view of Eq. (3-37), the expression represented by Eq. (3-40) may be 
restated in terms of the r ( 's and p f 's to give 



9s = Z [W rfywl] - 1 (* = 1, 2, 3, 4; s = 1, 2) 



(3-41) 



After the last column trial of a given system trial has been performed, the 
capital method for systems is applied to find a new set of product-component- 
flow rates which satisfy all of the system component-material balances simulta- 
neously while being in agreement with the specified values of the terminal flow 
rates W\ and W\ (k = 1, 2, 3, 4). The solution set of p/s is determined by finding 
the set of positive 0's that make g \ = g\ = 0, (k = 1, 2, 3, 4), simultaneously. 
This set of 0's may be found by use of the Newton-Raphson method; the 
equations for this method are represented by 



JA0 = -g 



(3-42) 



where the jacobian matrix J and the column vectors g and A0 have the follow- 
ing matrix representations 



'M 



M 
Ld®{ 



Sg\ 



dgi 



A0 = [AG} 



9\g\ 



g\Y 

A0JA0J • 



A&1Y 



After the functions and their partial derivatives with respect to the 0's have 
been evaluated, Eq. (3-42) may be solved for A0 by use of any one of many 
procedures such as gaussian elimination. 3, 5 

The functions and their partial derivatives which appear in g and J, respec- 
tively, may be evaluated by any one of the techniques described in Chap. 4. Also, 
the matrix equation [Eq. (3-42)] may be solved by use of any one of the matrix 
techniques described in Chap. 4. 
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NOTATION 



dld itk 

D\D k 
F k 

g k s 
g 
J 

Pi 
p\ 
p« 

r*. 

'si 

r, 



w a 



(See also Chapters 1 and 2) 

molar flow rate of component i in the distillate from 

unit number k 

total molar flow rate of the distillate from unit k 

total molar flow rate of the independent feeds to unit k 

g functions of the method for a single column 

g function for terminal stream number s of unit k 

column vector of g functions; see Eq. (3-42) 

jacobian matrix; defined by Eq. (3-42) 

(diUKdiU see Eq. (3-13) 

d k M) ca 

column vector of the p.'s 

^(wJi)*** value of r for stream 5 of unit k 

a square matrix; defined by Eq. (3-39) 

total molar flow rate of sidestream 5 from unit k 

molar flow rate of component i in sidestream s leaving 

unit k 

total molar flow rate of sidestream 5 leaving a complex 

column 



Subscripts 

f 
P 

q 
t 

Superscripts 

k 



number of the first feed plate; see Fig. 3-1 

number of the plate from which the first sidestream is withdrawn; 

see Fig. 3-1 

number of the plate from which the second sidestream is 

withdrawn; see Fig. 3-1 

number of the second feed plate relative to the top of the column ; 

see Fig. 3-1 



column or unit number 



Greek Letters 



0' 



multiplier for the method for single columns 
multiplier for sidestream s of unit k of a system 



Mathematical Symbols 

[xi x 2 x 3 ] r transpose of a row vector; the transpose of a row vector 



is equal to a column vector, [x t x 2 x 3 ] T = 



H 
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PROBLEMS 

3-1 For the case of a complex distillation column which has one sidestream withdrawn in addition 
to the distillate and bottoms, show that the partial derivatives are given by the following expressions. 

, , dg < lbiU*X.FX, 



/M dg < K.LK L^i 






Mi ,=i [WL + ^iL + ^iKU 2 

3-2 (a) Formulate the constant-composition form of the enthalpy balances for the complex column 
shown in Fig. 3-1. 

(b) Develop the total material balances for the complex column shown in Fig. 3-1. 
3-3 Suppose that the complex column shown in Fig. 3-4 is to be operated at total reflux at finite and 
nonzero values of D, fl, and W v Further suppose that the column has a partial condenser and that 
the relative volatilities remain constant throughout the column. By use of the same approach used to 
derive Eq. (1-58), show that the Fenske-type relationships are given by 

and 

where b refers to the base component, the component used to compute the a/s (a, = KJK b ). 
3-4 Use the Fenske equations of Prob. 3-3 to show that the values oi{(bJd) x } and {(w li /d i ) l } for one 
set of total flow rates D t and W l are related to the values {(bjd) 2 } and {(w u /d t ) 2 } for a second set of 
total flow rates (D 2 and W 2 ) by the multipliers O and lf that is 






where 






3-5 This problem is based on material given in Refs. 7 and 8. A complex column having one 
sidestream W l is operating at total reflux. The feed composition, relative volatilities, and other 
specifications for this column follow 
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Component X L a, Other specifications 



1 


1/3 


1 


2 


1/3 


2 


3 


1/3 


3 



N — 5, p = 3, total condenser, 
F = 100 mol/h, and 
total reflux operation 



(a) Compute the values of b t /d it w u /d iy D, and W x when it is specified that 

bjd b = 16 and w lb /d b = 10 

(b) Repeat (a) for the case when it is specified b b /d b = 8 and w lb /d b = 5. 
Answer: 



(a) Component b i fd i w li /d i 



1 


16 


10 


2 


1 


2.5 


3 


0.1975 


1.11111 



D = 23.0808 W l = 46.9075 
D = 34.6522 W x = 38.2498 



3-6 This problem is also based on material presented in Refs. 6 and 7. On the basis of the following 
sets of bjdi's and w u /d-s at D = 23.0808 and W x = 46.9078, compute the bjd-s and w u /d-s at 
D = 34.6522 and W x = 38.2494 by use of the 6 method of convergence for complex columns. 

Given: 



Component X { a, (bjd^ (w u / d i)i Other specifications 



1 


1/3 


1 


16 


10 


2 


1/3 


2 


1 


2.5000 


3 


1/3 


3 


0.1975 


1.1111 



N = 5, p = 3, total 
condenser, F — 100, and 
total reflux operation 



Hint: For the first trial assume that O = 0.5 and t = 0.5. 



Component £>,/</,. w t ■Jd i 

1 8.000 5.0000 

2 0.500 1.2500 

3 0.09875 0.5555 



3-7 If each column in the system of columns shown in Fig. 3-8 is at total reflux of the type in which 
all of the total-flow rates of the terminal streams (F, /),, D 2 , B u B 2 ) are nonzero, finite, and positive, 
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show that the Fcnske-type equations for columns 1 and 2 are as follows 

h±= ( bbl \x- N > 

At Wj 1 

d, 2 W 2 r 

Thus, when both columns are operated at the condition of total reflux, the above Fenske equations 
for columns 1 and 2 give the values of r, i and r, 2 of Eq. (3-27) exactly, that is, r, t — b i% { /d it t and 
r i,2 = b it2 /d if2 . 

3-8 Use the Fenske equations of Prob. 3-7 to show that the values of {(b it Jd it ^j and 
{(h, 2/^,2)1} f° r one set °f total-flow rates D, and B 2 are related to the values {(b K i/d itl ) 2 ] and 
{(bi, 2/di, 2)2} f° r a second set of total-flow rates (Di and B 2 ) by the multipliers ©i and 2 , that is 



Ail 0i Ui)i 

Ji),-fc). 



where 



e,= 



(fet.,K.)2 

'(V,A.,), 

Kil^.i)i 
(b fc .A» fcl )i 



3-9 The following example was also formulated on the basis of information given in Refs. 7 and 8. 

(a) For the system of conventional distillation columns shown in Fig. 3-8, compute D lt D it B lt 
and B 2 for the case where component 1 is selected as the base component b, and it is specified that 
the columns are at total reflux and that 



Vi/4m = *6 ^,2/^2 = 8 



Given: 



Component 



Column 1, 

x, 



a, columns 1 
and 2 



Other specifications 



1 


1/3 


1 


2 


1/3 


2 


3 


1/3 


3 



Columns 1 and 2: N = 5, total condenser, 
and total reflux operation. External feed 
F to column 1 is 100 mol/h 



(b) Repeat part (a) for the case where 

ViA,i = 8 Ki/d b , 2 = 4 

Answer: 

(a) D t « 60.2543, D 2 = 39.7448, B t = 217.5755, and B 2 = 177.8305 mol/h. 

(&) D 1 - 67.0963, D 2 = 32.9036, B t = 117.4772, and B 2 = 84.5736 mol/h. 
3-10 On the basis of the product distributions found in Prob. 3-9(a), compute the product distribu- 
tions at the total-flow rates specified in Prob. 3-9(fr) by use of the capital method of convergence. 



APPLICATION OF THETA METHOD OF CONVERGENCE TO COMPLEX COLUMNS 119 

Hint: Assume t = 0.5, 2 = 0.5 for the first trial. 
Answer: 



Component ^i i/4i. i b { 2 M. 2 

1 8 102.5640 

2 0.5 11.9047 

3 0.09875 3.0085 



3-11 Tomme 11 has shown that it is always possible to find a set of positive 0's that make all of the 
functions go to zero for a column having one sidestream. By use of the following outline, construct 
the proof of the existence of a set of positive 0*s such that g = g x = 0, simultaneously, for a column 
with one sidestream. It is also to be understood that D and W x are specified positive numbers such 
that D + W l < F; that is, F = D + W x + fl, where B > 0. 

Step 1. Construct the graphs shown in Figs. 3-5 and 3-6 for g and g x in the neighborhood 
where both 6 and X are positive. 

Step 2. Show that g always has a trace in the 6 d x plane. 

Step 3. Show that g x always has a trace in the o 0j plane. 

Step 4. In order to prove that a point of intersection exists for every pair of functions, it is 
sufficient to show that 

a < b 
In order to prove this, verify the following relationships and then employ them as required. 

100(0,0)1=3+^ 

l*i(o.o)| -m 



d0o(O,0i) 



d0 x 



*i(Mi)| 



do x 



3-12 Obtain expressions for the partial derivatives of the g functions given Eq. (3-26) for the system 
shown in Fig. 3-8. 

3-13 Show that it is always possible to find a set of positive 0's for the g functions of the capital 
method for the system shown in Fig. 3-8. 

Hints: 



1. Show that the trace of the function g x in the t 2 plane exists for all sets of positive and finite 
values for 0j and 2 . 

2. Show that the trace of g 2 exists for all finite and positive values of 0, and for all positive values of 
2 greater than the asymptotic value. 

3. Show that point a in Fig. 3-11 is always to the left of point b, that is a < b. 

3-14 For the proportional divider [unit 3 of Fig. 3-13], show that 3 = 1 by use of the following 
information 

1 (K 3/^.3)00 = e 3 (^ 3 /<3L- 

2. The composition of stream B 3 is always equal to the composition of stream D 3 . 

3. The calculated values of b k 3 and d { 3 are based on the specified (or corrected) values of B 3 and 
D3,thatis,(B 3 /D3) co = (B;/D 3 ) ca . ' 
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CHAPTER 

FOUR 

THE 2N NEWTON-RAPHSON METHOD 



When the Newton-Raphson method 7 is formulated in terms of two independent 
variables per stage, the temperature 7} and the flow ratio Lj/Vj, the resulting 
procedure is called the IN Newton-Raphson method. (Originally, this procedure 
was called the multi-0 method. 16,17 ) When both the vapor and liquid phases 
form ideal solutions on each stage, this procedure is an exact application of the 
Newton-Raphson method. 

The IN Newton-Raphson method may be applied to any type of distillation 
column or to any system of interconnected columns. Absorbers, strippers, 
reboiled absorbers, and distillation columns are treated in Sec. 4-1. Selected 
numerical methods for solving the 2N Newton-Raphson equations are presented 
in Sec. 4-2. In Sec. 4-3, two methods for solving problems involving systems of 
columns interconnected by recycle streams are presented. 

Recommended procedures for solving problems involving single columns as 
well as systems of columns interconnected by recycle streams are summarized in 
Table 4-1 for the case where mixtures to be separated form ideal or near solu- 
tions throughout the column. As shown there, the IN Newton-Raphson method 
is recommended for solving problems involving absorber-type columns (any 
column which does not possess both an overhead condenser and a reboiler such 
as absorbers, strippers, and reboiled absorbers). 

For solving problems involving distillation-type columns (a ny colu mn pos- 
sessing both an overhead condenser and a reboiler), the mj^^DNC^ pj^^ted in 
Chaps. 2 and 3 is recommended. For systems of colur^Q^^ontainM^TOth 
absorber-type and distillation-type columns, it is recor/njgnded that t^\N 
Newton-Raphson method be used for the absorber-type (frtQrjngyflcf |lg$ **^0 
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Table 4-1 Summary of methods and their applications for separating mixtures 
which form ideal solutions 





Recommended 




Type of column 


method 


Description 


Conventional and complex 


6 method 


Chaps. 2 and 3 


distillation columns 






Absorbers, strippers, 


IN Newton-Raphson 


This chapter 


reboiled absorbers, 






and any column which 






does not have both a 






condenser and a reboiler 






Systems of distillation- 


6 method for the individual columns 


Chaps. 2 and 3 


type columns with 


and the capital method for 




recycle streams 


the system 




Systems of absorber- 


9 method for the distillation-type 


This chapter and 


type and distillation- 


columns, the IN Newton-Raphson 


Chaps. 2 and 3 


type columns with 


method for absorber-type columns, 




recycle streams 


and the capital method for the 
system 





method be used for the distillation-type columns. After one trial has been made 
on each column of the system, the system is placed in component-material 
balance and in agreement with the specified values of the total-flow rates by use 
of the capital method of convergence. 



4-1 FORMULATION OF THE 

IN NEWTON-RAPHSON METHOD FOR SINGLE COLUMNS 

The development of this application of the Newton-Raphson method is pre- 
sented first for an absorber (or stripper)— see Fig. 4-1. Then the method is 
applied to conventional and complex distillation columns. 

Absorber and strippers may be classified as complex columns because they 
possess two feeds and because they possess neither an overhead condenser nor a 
reboiler. The sketch of the absorber in Fig. 4-1 depicts an historic application of 
absorbers in the natural gas industry. From a light gas stream such as natural 
gas that contains primarily methane plus small quantities of, say, ethane through 
n-pentane, the desired quantities of the components heavier than methane may 
be removed by contacting the natural gas stream with a heavy oil stream (say 
n-octane or heavier) in a countercurrent, multiple-stage column such as the one 
shown in Fig. 4-1. Since absorption is a heat-liberating process, the lean oil is 
customarily introduced at a temperature below the average temperature at 
which the column is expected to operate. The flow rate of the lean oil is denoted 
by L , and the lean oil enters at the top of the column as implied by Fig. 4-1. 
The rich gas (which is sometimes called the wet gas) enters at the bottom of the 
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j = N-l 



Figure 4-1 Absorber and identifying symbols. 

column at a temperature equal to or above its dew-point temperature at the 
column pressure but generally below the average operating temperature of 
the column. The total-flow rate of the rich gas is denoted by V N+l . The absorber 
oil plus the material that it has absorbed leave at the bottom of the column; this 
stream is called the rich oil. The treated gas leaving the top of the column is 
called the lean gas (or the stripped gas). 

Strippers are used to remove relatively light gases from a heavy oil stream 
by contacting it with a relatively light gas stream such as steam. Figure 4-1 is 
also used to depict a typical stripper. 



Formulation of the 2N Newton-Raphson Method for an Absorber 
(or Stripper) with Any Number of Equilibrium Stages 

In the following formulation of the Newton-Raphson equations, the independent 
variables are taken to be the AT-stage temperatures {7}} and the N-ratios of the 
total-flow rates {Lj/Vj}. When the gas and liquid phases form ideal solutions, the 
procedure described is an exact application of the Newton-Raphson method. 

The absorber (or stripper) shown in Fig. 4-1 is described by the N(2c + 3) 
independent equations. When these equations are stated in terms of component 
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and total-flow rates instead of mole fractions, one obtains 

■?Ji =K Li (;=1,2,...,A0 

Vj Kji Lj (,= l,2,...,c) 

^t'ji-Lj t/=l,2,...,JV) 



Equilibrium / 
relationships 



Z<V,= ^ C/=l,2,...,/V) 



(4-1) 



Component- | 

material lv J+ui + lj- lti - v n - /,-, = (j = 1, 2, . . . , N) 

balances ( (/ = 1, 2, ..., c) 

Energy ( < 

balances ( £ [l > '• ' H » '• ' + ^ *• ' V l ' " V J' H * ' l sM = 

0=1, 2,..., AT) 

When the column pressure P, the rich gas rates {v N + lti } and the temperature 
T^ + j, the lean gas rates {/ 0l } and the temperature T , and the number of plates N 
are fixed (or specified), the set of equations represented by Eq. (4-1) contains 
N(2c + 3) unknowns: { Vji }, {/,,}, {Vj}, {!,•}, and {7}}. 

The AT equilibrium functions are formulated by first restating the second and 
third expressions of Eq. (4-1) as follows 

c c 

I hi I v m 

Elimination of the l^s by use of the first expression of Eq. (4-1) and restatement 
of the result so obtained in functional form yields 

Fj = i t (^ - 1 )»Ji 0=1,2,..., N) (4-3) 

The N enthalpy functions are obtained by dividing the sum of the input 
terms of the last expression of Eq. (4-1) by the sum of the output terms. When 
the result so obtained is restated in functional form, one obtains 

c 

IM^i + 'AJ 

Gj = ^ 1 (4-4) 

i = i 

The functions F, and G, contain the dependent variables {i;,,}, {/,,}, and {V,}. 
For any choice of values of the independent variables {7}} and {Lj/Vj} 9 expres- 
sions are needed for computing the corresponding values of the dependent 
variables. 
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First, an equation for computing the {Vj's} for any set of assumed Lj/V/s is 
developed. Summation of the component-material balances over all components 
followed by the elimination of the summations through the use of the second 
and third expressions of Eq. (4-1) yields 

Vt-Vt-L^-Lo 

V j+l + !,_! -Vj-Lj = (j = 2, 3, ..., N - 1) (4-5) 

L N - i — V N — L N — — Vn+ i 

For any given set of Lj/V/s it is desired to solve the total-material balances for 
the corresponding set of vapor rates {Vj}. In the restatement of the total-material 
balances, it is convenient to define the new variable 0, as follows 



L t-^x 



(;=1,2,...,N) (4-6) 



where (Lj/Vj) a is any arbitrary value of Lj/Vj. Taking this assumed ratio equal 
to the most recently assumed value of Lj/Vj serves to normalize the 0/s so that 
at convergence 0, approaches unity for all j. Let Eq. (4-6) be restated as follows 

Lj = RjVj (4-7) 

where Rj is defined by 



*-^L 



(4-8) 



Equation (4-7) may be used to restate the total material balances in terms of 
either the vapor or the liquid rates. For any interior plate j (j = 2, 3, ..., N - 1), 
the total material balance may be restated in terms of the vapor rates as follows 

Rj-iVj^-il + RM+Vj^-O (4-9) 

The complete set of total-material balances may be represented by the matrix 
equation 

RV=-^ (4-10) 

where 



R = 



V = [K 1 v 2 ••• v N y 
& = [l o ••• o v N+l y 

For a given set of values of the independent variables {0,-} and {7}}, the 
corresponding sets of values of the component-flow rates {v jt } and {/,,} are needed 
in order to evaluate the functions {F,-} and {Gj}. These rates may be computed 



(l + *l) 


1 











*i 


-(l + *2) 


1 














^N-2 


-U + Kn-i) 


1 











^N-l 


-(1 + Kjv) 
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through the use of the first and fourth expressions of Eq. (4-1) which may be 
rearranged to the form 

(4-11) 



/,, = Aj^ 



where 






After the /y/s 0=1, 2, ..., N) have been eliminated from the component- 
material balances by use of Eq. (4-11), the resulting set of equations may be 
restated in the matrix form of Eq. (2-18), A,v, = —/ ( , where each absorption 
factor appearing in A, is given by Eq. (4-11) and v, and / have the following 
elements 



v, = [^i,- v 2i ••• v Ni ] T 
/ = [/<>, - v N+Ui ] T 



(4-12) 



Now observe that for any given set of 0/s and 7}'s (and some arbitrary set of 
(Lj/Vj) a 9 s), sets of numerical values may be found for the V/s and the v^s by 
solving Eqs. (4-10) and (2-18) respectively. After the V/s have been found, the 
L/s may be computed by use of Eq. (4-7). Similarly, after the v^s have been 
computed, the corresponding / 7 /s may be computed by use of the equilibrium 
relationship, Eq. (4-11). In summary, it is desired to find the set of IN indepen- 
dent variables 

X = [9 1 2 -• N T x T 2 ••- T N ] 

which satisfy the IN independent functions 

(=[F t F 2 ••• F N G, G 2 -" G N ] T 
simultaneously. 

The Newton-Raphson equations for solving the IN functions {F,-, Gj} for the 
IN independent variables {0j, 7}} may be represented by the matrix equation 

J AX = -f (4-13) 

where the jacobian J has the representation 

dF l dF\ dF\ dF\" 

d9 l '" d6 N dT t '" dT N 



J = 



dF N 
d9i 


dF N 


dF s 


dF N 


80! 


dG Y 


dGt 
dT! 


dG t 

dT N 


dG N 


dG N 


dG N 


dG N 


d0 t 


de N 


8T t 


dT N 
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and 

AX = [A0!, Atf 2 , ..., A0 jV , AT,, AT 2 , ..., AT N ] T 

f=[F 1 ,F 2 ,...,F. v ,G l> G 2 ,...,G JV ] 

Next, the 2N Newton-Raphson method is applied to reboiled absorbers, conven- 
tional distillation columns, and complex distillation columns, and then a 
procedure which makes use of the calculus of matrices for solving these equa- 
tions is presented. 

In the formulation of the Newton-Raphson equations, each of the functions 
to be employed may be obtained by any combination of the independent equa- 
tions which produces an independent function. One of the most important steps 
in the application of the Newton-Raphson method is the formulation of the 
functions because the precise form of the functions determines the region of 
convergence. To illustrate this concept, consider the formulation of the isother- 
mal flash function. Although a variety of flash functions may be developed by 
different combinations of the 2c + 2 equilibrium and component-material bal- 
ances, many of these functions could prove unsatisfactory for solving the adiaba- 
tic flash problem by use of a formulation of the Newton-Raphson method which 
involves two independent variables and two independent functions. In general it 
is desirable to construct functions which are monotonic in the independent 
variables throughout the region of convergence. For example, the flash function 
given by Eq. (1-30) is not monotonic in the independent variable *F throughout 
the solution domain < *F < 1. Although the function P(4>) may be used satis- 
factorily to find the solution to the isothermal flash problem by starting at 
*F = 1, its use could lead to difficulties in the solution of the adiabatic flash 
problem by a Newton-Raphson formulation in terms of *F and T. Examination 
of P( V F) shown in Fig. 1-8 shows that when any value of *F > to the left of the 
minimum is used, Newton's method will predict a negative *F. The customary 
procedure used in n-dimensional space consists of the successive reduction of the 
corrections [A¥ for the function P(^)] by factors of 1/2 until positive values of 
the variables are obtained. For the function P^), this procedure fails because all 
values of *F to the left of the minimum are outside of the region of convergence 
for the positive nonzero root. In this case, trials would be made at successively 
smaller values of *F and the trivial solution *F = would be approached as this 
procedure is applied indefinitely. To obtain the desired solution (the ¥ > 
which makes P(H*) = 0), a new starting value which is to the right of the mini- 
mum value P^) must be selected. Selection of an initial set of the variables 
which are in the region of convergence can prove difficult for n-dimensional 
problems unless the functions are very carefully formulated. 

Another type of serious difficulty arises when/(x) exhibits the following type 
of behavior. Suppose that after having passed through the x axis at some x > 0, 
it then passes through a minimum (or a maximum) and then approaches zero 
asymptotically. Thus, for larger and larger values of x to the right of the 
minimum (or maximum), the function f(x) becomes smaller and smaller. The 
function in Prob. 4-5(b) behaves in this manner. Although it is difficult to deduce 
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the behavior of a function in w-dimensional space, the traces of the function can 
be examined in two-dimensional space and an attempt should be made to formu- 
late functions whose traces are monotonic. 

Reboiled Absorbers 

The sketch for a typical reboiled absorber is shown in Fig. 4-2. To demonstrate 
the formulation of the IN Newton-Raphson method for reboiled absorbers, two 
different sets of specifications are considered. 

Specification set 1 P, F, {X t }, thermal condition of F, I , {x J, T ,f 9 N and Q R 

In order to solve a problem of this type by the IN Newton-Raphson method, 



V i '(lean gas) 
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(rich gas) 





















f -I 
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f + 1 



N-2 



(lean oil) 
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Figure 4-2 Sketch of a reboiled absorber. 
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the following sets of 2N independent functions are selected 

X = [0 l 2 ••• V T, T 2 ••• 7; v ] 7 

f=[F, F 2 ••• F N G x G 2 - G N ] r 

The matrix A, of the component-material balances are of the same general 
form as the A, given by Eq. (2-18) for distillation columns. When plate 1 is 
assumed to behave according to model 1 (see Fig. 1-13) and plate /is assumed to 
have the behavior characterized by model 2 (see Fig. 2-2), the component- 
material balances may be represented by Eq. (2-18); provided that the elements 
of/ are taken to be the following set 

/ = [/ Ol •• iv, /,, ... 0]' (4-14) 

where v Fi lies in row/— 1 and l Fi lies in row/ 

The second set of specifications differs from the first in that the boilup ratio 
V s /B is specified instead of the reboiler duty. 

Specification set 2 P, F, {X,}, thermal condition of F, L , {x 0i }, F ,/ AT, V s /B 
For this set of specifications, the 2JV independent variables are given by 

X = [0, 2 - fl v -, T X T 2 - T s . t T N Q R ] r (4-15) 

and the 2N independent functions f are the same set listed for Specification 
Set 1. The N vapor-liquid equilibrium functions are given by Eq. (4-3), and the 
enthalpy balance functions are given by Eq. (4-4) for all stages except j =/— 1,/ 
N. For stage/— 1 and/ the functions G r _ x and G f contain the additional term 

c c 

2>«#k and £ //A, 

i = 1 i = 1 

in their denominators, respectively. For stage N, the normalized form of G N is 
given by 

c 

Y,[v Ni H Ni + bih Ni ] 
G N = -^ 1 (4-16) 

E['.v-i.A-i.j + e* 



Conventional Distillation Columns 

From the sketches of a conventional distillation column (Fig. 2-1) and a reboiled 
absorber (Fig. 4-2), it is seen that the geometrical configuration of a conven- 
tional distillation column is obtained by replacing plate 1 of the reboiled absor- 
ber by a condenser-accumulator section (stage 1) and by eliminating the feed L . 
The condenser-accumulator section is assigned the stage number 1, and when 
the condenser duty Q c is specified the independent variables corresponding to 
this stage are X (where X = L x ID) and T l . 
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The matrix equation representing the component-material balance is again 
given by Eq. (2-18), and the elements of the matrices A,, v,, and f x have the 
meanings stated below Eq. (2-18). 

For a column having a partial condenser, the dew-point functions are given 
by Eq. (4-3) for j = 2, 3, . . . , N. For j = 1, D and d t play the same role as Vj and 
v-i in Eq. (4-3) and the dew-point function F t is given by 

''-5£(sH* ,4 - ,7) 

For a column having a total condenser, the bubble-point function for the 
distillate is used for F u namely, 

F,=-££(K„-1H ( 4 - 18 ) 

Except for stage 1, the enthalpy balance functions are given by Eqs. (4-4) and 
(4-16). For stage j = 1, the normalized form of the enthalpy balance function is 
given by 

t [diHn + l u h u ] + Qc 
Gl = i^l - 1 (4-19) 

i=l 

where H^ = H u for a partial condenser and H a = h u for a total condenser. For 
stages 7 = 2, 3, ...,/- 2, /+ 1, /+ 2, ..., and N - 1, the enthalpy balance 
functions Gj are given by Eq. (4-4). The functions G f . x and G f are formulated as 
described below Eq. (4-15) and G N is given by Eq. (4-16). 

The independent variables for different sets of specifications are listed in 
Table 4-2. 

Complex Columns 

Complex columns were defined in Chap. 3 and illustrated by Figs. 3-1 and 3-4. 
To illustrate the application of the IN Newton-Raphson method to the solution 
of problems involving complex columns, consider the simple case where the 
sidestream W l is withdrawn in the liquid phase from some interior plate p. The 
withdrawal of the sidestream W x gives rise to one specification in addition to 
those stated for conventional columns, in items 1 through 4 of Table 4-2. When 
this additional specification is taken to be either the total-flow rate W x or the 
ratio WJL P , the sets of specifications, independent variables, and functions for 
this complex column are the same as those stated in Table 4-2 except that either 
W x or WJL P should be added to each set of specifications. 

When WJL P is specified, the total-material balance for plate p, 
V p+ l ^-L p . l -V p -L p -W l = may be restated as follows 



^^,-(14^ + ^+^=0 



(4-20) 
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Table 4-2 Specifications, independent variables, and functions for conventional 
distillation columns 

1. Specifications: P, F, {*,}, thermal condition of F,/, N, Q c , Q R , a partial condenser, and the 

model of the feed plate. 
Independent variables: 0,, 2 , ..., #*_,, N , T,, 7 2 , ..., 7^, 7^. 
Functions: F^F 2 , ..., F N _ t , F N ,G t , G 2 G N . V G S . F, is given by Eq. (4-17). 

2. Specifications: P, F, {XJ, thermal condition of the feed F,/ N, L,/D, iyB, and a partial 

condenser. 
Independent variables: Q 2 , 3 , ..., 0\_!, Q«, T,, T 2 , ..., 7^.,, T v . 
Functions: Same as item 1. 

3. Specifications: Same as item 1 above except that a total condenser instead of a partial 

condenser is to be used. 
Independent variables: Same as item 1. 
Functions: Same as item 1 except F, is given by Eq. (4-18). 

4. Specifications: Same as item 2 above except that a total condenser instead of a partial 

condenser is to be used. 
Independent variables: Same as item 2. 
Functions: Same as item 3. 



Thus, the matrix equation RV = -& [Eq. (4-10)] applies, provided that the 
element lying on the central diagonal of row p of R is changed from (1 + R p ) to 
[\ + R p + (WJL p )R p ]. 

When W x is specified, the total-material balance for plate p takes the form 

Vi V,-i - (1 + R pK + V p+i = ^1 (4-21) 

In this case, the constant W % appears in row p of the column vector &. For 
example, if W 1 is withdrawn from plate p above the feed plate/ then 3F is of the 
form 

^ = [0 ..- (-Wi) ••• V F L F ••• 0] r (4-22) 

The component-material balances are formulated in precisely the same 
manner as demonstrated in Chap. 3 for complex columns. 

Three procedures are presented in this chapter for solving the Newton- 
Raphson equations. Procedure 1 is presented below and procedures 2 and 3 are 
presented in Sec. 4-3. 

Procedure 1. Solution of the IN Newton-Raphson Equations by 
Use of the Calculus of Matrices and LU Factorization 

The analytical expressions for the partial derivatives of the F/s and G/s with 
respect to the 0/s and 7}'s are readily obtained by termwise differentiation of 
these functions. For example 

ifvM _ A d j± _ F e _Yi] (* = i,2,...,ao , 4 _ 23) 

VjlhXKj, }S0 k J d0 k \ (j=l,2,...,N) K 



8F *. 
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The partial derivatives of the flow rates which appear in these expressions may 
be evaluated by solving the matrix equations given below. The partial derivatives 
of F/s with respect to the 0/s may be computed by use of the matrix equation 
obtained by partial differentiation of the members of Eq. (4-10) with respect to 
any 0, say k 



d\- dA 



j k uu k 



where 



^1= f^l£^2f... 3v Ni] T 

de k [de k eo k do k J 

Similarly, partial differentiation of the component-material balances [Eq. (2-18)], 
A « v « = -/?, with respect to T k gives 

A l -^=-^v l . (4-25) 

where 

dT k [dTidTi '" dT k 

Since the matrix A, has at most only two elements which depend upon a particu- 
lar or T, the right-hand sides of Eqs. (4-24) and (4-25) reduce to relativelv 
simple column vectors as shown in Table 4-3 for absorbers. The elements in 
these column vectors are found by carrying out the matrix operations indicated 
on the right-hand sides of Eqs. (4-24) and (4-25). 

The partial derivatives of the total-flow rates with respect to the 0/s may be 
found by use of the following expression which is obtained by termwise partial 
differentiation of Eq. (4-10) to give 



After the matrix operations implied by the right-hand side of this equation have 
been performed, the elements of the column matrix shown in Table 4-3 are 
obtained. 

The partial derivatives of the ^'s with respect to the temperatures are all 
equal to zero because every element of the matrix R is independent of tempera- 
ture. The truth of this statement is demonstrated by first differentiation of each 
member of Eq. (4-10) with respect to any T, say T k , to obtain 

„dV dR 

dT k dT k 



and thus 



= R-iO = 
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Table 4-3 Elements of the column vectors on 
the right-hand sides of Eqs. (4-24), (4-25), and 
(4-26) for absorbers 

1. Elements of C ki = -(dXJdO k )y iy (k = 1, 2, ..., N) 
C, l = [C ll (-C ll )0-0)] r 

C 2i = [0C,(-C,)0-0f 

c^.-to-o C N . ltl (-C N . ui )] T 

c, = [o-oc/ 






2. Elements of D kl = -(dA./dTjv,., (k = 1, 2, ..., N) 
Di, = [0u(-0i,)O -Of 
I>2, = [0D 2 ,(-D 2i )0 ••()]' 



D^.^O ••• D N _ Ui (-D N _ 


«.i)I 


D Ni = [0--0 D Sl ]' 




n - dAki „ D « a dK " 





3. Elements of E t = -(dR/dO k )\ 

E 2 = [0 E 2 (-E 2 )0 -0] T 

^.,=[0-0 E,_ { (-£„_,)]' 
E„ = [0-0 E N ] T 



dR k IL k \ 



Consequently 

^ = 0-U2.... 9 N) 

dT k (k=l2,...,N) 142/j 

Comparison of Eqs. (3-7), (4-24), and (4-25) shows that the same tridiagonal 
matrix A, appears in the expressions for computing the component-flow rates as 
appears in the expressions for calculating the partial derivatives of the v-s with 
respect to the temperatures and the 0's. Similarly, the tridiagonal matrix R which 
appears in the total-material balances [Eq. (4-10)] also appears in the expression 
for calculating the partial derivatives of the V/s with respect to the 0's 
[Eq. (4-26)]. This characteristic gives rise to several possible procedures for solv- 
ing for the component-flow rates, the total-flow rates, and their partial deriva- 
tives. Three of the possible methods for solving these equations are (1) the use of 
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the recurrence formulas for tridiagonal matrices [see Eqs. (2-20) through (2-22)], 
(2) the use of inverse matrices, and (3) the use of the procedure called "LU 
factorization." Only the fastest of these, LU factorization, is described. The 
method of LU factorization is best described by use of the following numerical 
example. 

Example 4-1 (Hess et al., 13 by courtesy Hydrocarbon Process.) Lean oil at 
the rate L = 1 g mol/s enters the top plate of a three-plate absorber. Rich 
gas at the rate V 4 = 2 g mol/s enters the absorber at the bottom of the 
column on plate 3 (see Fig. 4-3). (a) For the first trial, take (Lj/Vj) a = 1/2 for 
all j and take the assumed values for the 0/s to be t = 9 2 = 3 = 1. Find 
the corresponding values of the total flow rates V u V 2 , and K 3 . Solve by 
gaussian elimination, and store the negative values of each multiplier in the 
same location as the zero produced by the given multiplier, (b) Show that 
the resulting matrix produced by the operations described in part (a) may be 
restated in terms of a lower triangular matrix L and an upper triangular 
matrix U which are related to the original matrix R as follows 

LU = R 

(c) Show that the multipliers saved in part (a) may be used to operate on the 
elements of the original matrix (-^) to produce the form possessed by this 
matrix at the end of the gaussian elimination process, (d) Show that the 
multipliers saved in part (a) and the final form of the R matrix at the end of 
the gaussian elimination process may be used to compute the partial deriva- 
tives for the V/s with respect to t . 




Figure 4-3 The three-plate absorber used in Example 4-1. 
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Solution (a) The total-material balances may be stated as follows in terms 
of the vapor rates and the R/s 

-(1 + *,)^ + V 2 = -L 

R 1 V l -(\ + R 2 )V 2 + V, = 

R 2 y 2 -(l + * 3 )Ki= -v* 
These equations may be stated as a matrix equation of the form 

RV = C 

where —& of Eq. (4-10) is replaced by C in this example to give the 
following 

(! + «.) 1 







R, 






>," 




~-L ~ 


1 


v 2 


= 





(1 + R*). 


v 3 




-v* 



On the basis of the values given above, R x = R 2 = # 3 
that L = 1 and V 4 = 2, matrices R and C become 



-3/2 1 

1/2 -3/2 1 

1/2 -3/2 



-1 


-2 



1/2, and the fact 



(A) 



Step 1. To eliminate 1/2 (the first element in the second row) multiply 
row 1 by 1/3 and add this result to row 2. Then replace row 2 by the result 
obtained by this addition to give 



-3/2 1 

(-1/3) -7/6 1 

1/2 -3/2 



-1 

-1/3 
-2 



The negative value of the multiplier 1/3 has been stored in the location 
where a zero was obtained by use of this multiplying factor. To emphasize 
that a zero and not —1/3 is to be used in subsequent row operations, the 
multiplier is enclosed by parentheses. 

Step 2. To eliminate 1/2 (the second element of row 3) multiply row 2 
by 3/7 and add this result to row 3. Then replace row 3 by the result 
obtained by this addition and store the multiplier 3/7 as before to give the 
final matrix equation 



(B) 



-3/2 


1 





v, 




-1 


(-1/3) 


-7/6 


1 


y 2 


= 


-1/3 





(-3/7) 


-15/14 


V3 




-15/7 



which may be represented symbolically as 

R'V = C 



(C) 
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where R' is the upper triangular form of the matrix R, and C is the resulting 
form of C obtained by transforming R to R\ 

Application of the multiplication rule 7 to row 3 [with the understand- 
ing that the actual element where (-3/7) is stored is zero] gives 

-(15/14)K 3 = -15/7 

Thus 

^3 = 2 

Application of the multiplication rule to row 2 gives 

-(7/6)F 2 + K 3 = -1/3 
After V 3 = 2 has been substituted into this equation, one finds 

V 2 = 2 
Similarly, application of the multiplication rule to the top row gives 

-(3/2)K 1 + K 2 =-l 
and thus 

V x = 2 
(b) Let U denote the upper triangular form of R obtained in part (a). 



U = 



Let L be the lower triangular matrix formed by use of the multipliers of part 
(a) and by the use of elements of unity along the central diagonal, that is, 



3/2 


1 








-7/6 


1 








-15/14 





L = 


1 

-1/3 10 
-3/7 1 


carry out the multiplication of L times U 


LU = 


1 0" 
-1/3 1 

-3/7 1 


'-3/2 1 
-7/6 






1 

-15/14 

-3/2 1 

1/2 -3/2 








1 

1/2 -3/2 



The matrix obtained by multiplication is seen to be the original matrix R. 
Thus the calculational procedure described in part (a) and the formulation 
of the matrices L and U from these results does produce a factorization of R, 
and for this reason the process is called LU factorization. 
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(c) It will now be demonstrated that most of the operations which 
would be required to solve any other set of equations that differ from the 
original set by only the elements of the C matrix have already been per- 
formed and need not be repeated. The results of these operations are con- 
tained in the triangularized form of R in which the multipliers have been 
saved as demonstrated by Eq. (B). 

First observe that the operations required to transform R into an upper 
triangular matrix are the same regardless of the particular set of elements 
appearing in the C matrix. Next, examine steps 1 and 2 of part (a) and 
observe that the elements of the C matrix are operated on by only the 
multipliers used to transform R into the upper triangular matrix R\ Thus, 
the final set of elements shown in the derived matrix C in Eqs. (B) and (C) 
can be obtained by commencing with the original set of elements in C and 
the multipliers stored in R' and performing the operations shown below. Let 
the elements of C and C be denoted by C x , C 2 , C 5 and C\, C 2 , C 3 , 
respectively. Examination of Eqs. (A) and (B) shows that 

Ci = C\ = - 1 

By examination of the operations in step 1, it is seen that C 2 may be 
computed as follows 

d = C 2 - (-1/3)C, =0 - (-l/3)(-l)= -1/3 

Similarly, an examination of the operations in step 2 shows that 

C' 3 = C 3 -(-3/7)C 2 = -2-(-3/7)(-l/3)= -15/7 

Thus, for any set of initial values of Cj, C 2 , and C 3 , the final set of values 
C\, C 2 , and C" 3 may be found by performing the above calculations. The 
method described is readily extended for the general case where the matrix R 
contains any number of elements. 

(d) By use of the value obtained for V x in part (a) and the formulas 
given in Table 4-3 for the matrix Ej of the matrix equation R dV/dO = Ej, 
the elements of E x are evaluated as follows 



Ex 



o 



Vx 





' (fK 




1 




\ V l!a 






— 


-fcb 


— 


-1 




. 




_ 



To determine the values which the elements of E x would take on by the 
gaussian elimination process required to transform R into the upper triangu- 
lar matrix R', one may perform on E t the same set of operations performed 
on C in part (a). Let the elements of Ej be denoted by £ x l9 E lt 2 , £i, 3 anc * 
the elements of E\ by E u l9 E\ 2 , E\ % 3 . By use of the elements of E x and the 
multipliers stored in R' [see Eq. (B)] the elements of E' u u E' lt2 , and E\ t 3 
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may be computed as follows 

£'i. i = E u 1 = * 

^i.2 = ^i,2-(-l/3)£'i,i=-l-(-l/3)(l)=-2/3 

E\, 3 = *i.3 " (-3/7)^,2 =0 - (-3/7)(-2/3)= -2/7 

Observe that the form of R' obtained by performing gaussian elimination on 
RV = C to give R'V = C is the same as that obtained by performing gaus- 
sian elimination on R dW/dO^ = E! to give R! dW/dO^ = E\. Thus, the final 
result may be obtained by use of R' as given by Eq. (B) and the elements of 
Ei found above 



-3/2 

(-1/3) 




1 



-7/6 







(-3/7) -15/14 






l 



-2/3 



-2/7 



Application of the multiplication rule to the bottom row gives 
|^ = (-2/7)(-14/15) = 4/15 



Similarly, for the second row 



and 



d8 x 



■ 7/6 ^ + ^T~ 2/3 



= (-2/3-4/15)(-6/7)=4/5 



and for the first row 



dV x 



^ = (l-4/5)(-2/3)=-2/15 

Use of the LU factorization technique (demonstrated above) for the calcula- 
tion of the partial derivatives of the vrfs with respect to the 0/s and 7}'s 
materially reduces the time required to compute the partial derivatives of the 
F/s and G/s which appear in the jacobian matrix. Additional speed is also 
achieved by performing numerical operations on only those elements lying on 
the principal and two adjacent diagonals of the tridiagonal matrices. The re- 
maining elements are zero at the outset of the gaussian elimination process and 
are not altered by this process. A summary of the steps of the proposed calcula- 
tional procedure follows. 
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Calculational Procedure 



1. Assume a set of temperatures {7}} and flow ratios {(Lj/Vj) a }. For each trial 
after the first one, take the assumed values of the T/s and the (L ; /^)'s 
to be equal to the most recent values found in step 6. Assume 

1 = 2 = - = W =1. 

2. Solve the total-material balances Eq. (4-10) for the l^'s. Save the upper trian- 
gular matrix R' and the multipliers used to obtain it. 

3. Use R' and the vectors E fc (k = 1, 2, . . ., N) given in Table 4-3 to compute the 
partial derivatives d\/d9 k (k = 1, 2, . . . , N) by use of Eq. (4-26) and LU 
factorization. 

4. Solve the component-material balances [Eq. (2-18)] for the r,,'s. Then com- 
pute the l^s by use of the equilibrium relationship, l jt = A yi v yi , where A yx is 
defined by Eq. (4-11). Save the upper triangular matrix AJ for each compo- 
nent and the multipliers used to obtain it. 

5. Use the upper triangular matrix A- and the expressions given for the column 
vectors C ki (k = 1, 2, ..., N) in Table 4-3 to compute the partial derivatives 
d\i/d6 k (k = 1, 2, ..., N) by LU factorization. The partial derivatives d\i/dT k 
(k = 1, 2, . .., N) may be computed by LU factorization by use of the upper 
triangular matrix AJ and the expressions given for the column vectors D kl 
(/c= 1,2, ...,N) in Table 4-3. 

6. Use the results obtained by steps 1 through 5 to evaluate the functions {F 7 }, 
{Gj}, and their partial derivatives. Then solve Eq. (4-13) for the set of correc- 
tions AX. If the convergence criteria are satisfied by the values of the func- 
tions or the values of the variables so obtained, convergence is said to have 
been achieved. If the convergence criteria are not satisfied, then correct the 
assumed set of variables X„ to give the next assumed set X n+1 for step 1 as 
follows 

X n+1 = X„ + /?AX 

First a value of ft = 1 is used, and if any one of the corresponding values of the 
independent variables is not positive or if any one of the temperatures is not 
within the range of the curve fits, a value of ft = 1/2 is used. The reduction of 
p by a factor of 1/2 is continued until the 0's are all positive and all of the 
temperatures are within the range of the curve fits. 

A variety of methods were tested for adjusting the calculated values of the 
variables, but none of them appeared to be significantly better than the relatively 
simple halving method described above in step 6. 

In all of the applications of the 2N Newton-Raphson method which follow, 
both the functions and the variables were normalized for the purpose of reducing 
roundoff error. The functions {F,} and {Gj} are stated in a normalized form. The 
definition of the 0/s contains a normalizing factor, namely, (Lj/Vj) a . Tempera- 
tures were normalized by dividing each temperature by some base temperature. 
Although other more precise methods of normalization may be used such as the 
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one presented in Chap. 15, the above relatively simple procedure was satisfac- 
tory for the examples presented in this chapter. 

When both the F/s and G/s are normalized, the sum of their squares is 
meaningful as a measure of how far a given set of trial values of the variables are 
from the solution set. In the examples presented in this chapter, the convergence 
criterion used was that 0, the square root of the average of the euclidean norm, 
must be less than some small preassigned number e, say e = 10" 4 . 

where N is equal to the total number of stages. 

Numerical examples The statement of a typical absorber problem is pre- 
sented as Example 4-2 in Table 4-4. To demonstrate the characteristics ex- 
hibited by procedure 1, the calculated values of the temperatures and flow 
rates are presented in Table 4-5. A typical stripper problem is presented as 
Example 4-3 in Table 4-6, and the intermediate trial results as well as the 
solution sets of temperatures, flow rates, and product flow rates are pre- 
sented in Table 4-7. 

To demonstrate the application of the 2N Newton-Raphson method to 
reboiled absorbers, Example 4-4 was solved. The statement and solution of 
this example appears in Table 4-8. The application of the 2N Newton- 
Raphson method to conventional and complex distillation columns is illus- 
trated by Examples 4-5 and 4-6. Example 4-5 which involves a conventional 
distillation column, is a restatement of Example 2-7 (see Table 2-2). The 



Table 4-4 Statement of an absorber problem, Example 4-2 

Rich gas Lean oil 

Component r v+1 ,(lb mol/h) / 0l (lb mol/h) Other specifications 



co 2 


0.4703 


0.0 


T = 2.9°F, 7 V+ ! = 0°F, N = 8, and 


N 2 


0.1822 


0.0 


P = 800 lb/in 2 abs. Initial 


CH 4 


S8.7000 


0.0 


temperature profile to be constant 


C 2 H 6 


6.6747 


0.0 


at Tj =25°F for ally (j = 1,2, 


£3^8 


2.7786 


0.0015 


. . . , N). The initial vapor rate 


i-C 4 H 10 


0.6375 


0.0006 


profile is to be constant at 


«-C 4 H 10 


0.3655 


0.0013 


^ = 90.88 0= 1,2, ...,8), and 


/-C 5 H 12 


0.1158 


0.0067 


the liquid rates are L } = 6.3092 


n-C 5 H 12 


0.0505 


0.0061 


(/' = 1, 2, ...,7), and L 8 = 15.42 


QH 14 


0.0146 


0.1495 


Use the K values and enthalpies 


C 7 H 16 


0.0081 


0.5736 


given in Tables B-5 and B-6 


^8H 18 


0.0020 


1.8214 




C 9 H 20 


0.0 


1.6866 




Ci H 22 


0.0 


2.0619 






100.00 


6.3092 
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Table 4-5 Convergence characteristics exhibited by procedure 1 in the solu- 
tion of the absorber problem, Example 4-2 







I. Temperati 


u res, °R 
















Trial 










Initial 














Plate 


profile 


2 




3 


4 




5 


1 


485.0 


484.54 




487.52 


487.92 




487.94 


2 




485.72 




490.41 


491.03 




491.06 


3 




484.97 




490.06 


490.87 




490.92 


4 




483.51 




488.62 


489.56 




489.61 


5 




481.85 




486.61 


487.62 




487.68 


6 




480.08 




484.08 


485.04 




485.11 


7 




478.13 




480.67 


481.42 




481.48 


8 


485.0 


476.54 




475.33 


475.32 




475.33 




II. 0/s 


Computed at the end of the trial indicated 












Trial 










Plate 


1 


2 




3 


4 




1 


1.4709 


1.2128 




1.0397 


1.0013 






2 


1.4669 


1.1944 




1.0348 


1.0010 






3 


1.4829 


1.2031 




1.0374 


1.0011 






4 


1.4974 


1.2142 




1.0413 


1.0013 






5 


1.5124 


1.2291 




1.0472 


1.0018 






6 


1.5296 


1.2516 




1.0575 


1.0028 






7 


1.5587 


1.2888 




1.0779 


1.0056 






8 


1.0353 


1.0255 




1.0006 


0.99988 






HI. Solution sets of product rates 


Component 




»u 






'/Vi 






co 2 




0.34840 






0.12190 






N 2 




0.18037 






0.19104 x 


10' 


•2 


CH 4 




0.82841 x 


10 2 




0.58600 x 


10 1 




C 2 H 6 




0.46875 x 


10 1 




0.19872 x 


10 1 




^Hg 




0.67786 






0.21022 x 


10 l 




/-C 4 H 10 




0.90314 x 


10" 2 




0.62915 






"-C 4 H 10 




0.11957 x 


10" 2 




0.36556 






<-C 5 H 12 




0.17761 x 


10" 2 




0.12069 






n-C 5 H 12 




0.11812 x 


10" 2 




0.55469 x 


10" 


- 1 


C 6 H 14 




0.11098 x 


10 1 




0.15298 






C 7 H 16 




0.17115 x 


10" J 




0.56458 






^8"18 




0.23692 x 


10" l 




0.12997 x 


10 1 




C 9 H 20 




0.10240 x 


10" ! 




0.16763 x 


10 1 




C 10 H 22 




0.60846 x 


10" 2 




0.20558 x 


10 1 




Total 




88.816 






17.494 
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Table 4-6 Statement of a stripper problem, Example 4-3 

i'.v + i.,- 'o. 

Component (lb mol/h) (lb mol/h) 



Steam 


13.47 





CH 4 





0.01 


C 2 H 6 





1.17 


C 3 H 8 





1.30 


n-C 4 H 10 





2.38 


W " C 5 H 12 





1.75 


Q H 14 





2.35 


C 7 H 16 





2.55 


500 





82.24 



13.47 93.20 



Other specifications 



The stripper has eight plates and it is to be operated at a column pressure of 50 lb/in 2 abs. 
The K values and the enthalpies of the hydrocarbons were taken from Tables B-7 and B-2. 
The K values for steam given by (K/T) 1 ' 3 = Q.191302 - 0.692641 x 10" 4 T + 0.8664775 x 
10" 6 T 2 - 0.6587865 x 10~ 9 T 3 (where T is in °R) were used. This curve fit is based on the K 
values given by Hadden. 12 The following curve fits were used for the vapor and liquid enthal- 
pies of steam: 

h l 2 = 27.89976 + 0.9787701 x KT 2 T - 0.1599299 x 10" 5 T 2 

H l 2 = 118.3686 + 0.4152569 x 10" l T - 0.6785253 x KT 5 T 2 

(where T is in °R and h and H are in Btu per lb mol). These curve fits were based on data 
presented by Smith and Van Ness. 21 

The rich oil enters at 370°F and the steam at 500°F. Take the initial temperature profile to 
be linear between 7 t = 340°F and T s = 375°F. Take the vapor profile to be constant at V } = 80 
(/-I. 2,..., 8). 



corresponding solution sets of temperatures, vapor rates, and product rates 
presented in Tables 2-3 through 2-5 were obtained. Similarly, Example 
4-6 (see Table 4-10) involves a complex distillation column and consists of a 
restatement of Example 3-2 (see Table 3-1) in a form which is convenient for 
the application of the IN Newton-Raphson method. The solution sets of 
temperatures, total-flow rates, and component-flow rates are the same as those 
given in Table 3-3. 

Also, to demonstrate the effect of the number of plates on the computer 
time required to obtain a solution, the first column of the system of columns 
of Example 3-3 was solved as a complex column and referred to as 
Example 4-7. The recycle stream B 2 (see Fig. 3-12) was taken to be an 
independent feed and its composition was taken to be the solution set of 
values given in Table 3-5. The solution sets of temperatures, total-flow rates, 
and composition were the same as those presented for Example 3-3 in 
Table 3-5. 

A comparison of the computer times and number of trials required to 
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Table 4-7 Convergence characteristics exhibited by the Newton-Raphson 
method (procedure 1) in the solution of the stripper problem, Example 4-3 



I. Temperature profiles (°R) 








Trial 








Initial 










Plate 


profile 


2 




7 


8 


1 


800.0 


827.60 




827.26 


826.28 


2 


805.0 


827.87 




827.46 


827.52 


3 


810.0 


827.68 




827.17 


827.48 


4 


815.0 


827.55 




827.26 


827.42 


5 


820.0 


827.62 




827.41 


827.37 


6 


825.0 


828.79 




827.33 


827.32 


7 


830.0 


832.48 




827.29 


827.26 


8 


835.0 


822.20 




827.36 


827.34 


II. OjS computed at the end of trial indicated 








Trial 






Plate 


1 


2 




7 


8 


1 


1.8715 


1.6876 




0.00877 


0.99998 


2 


1.5446 


2.3695 




0.99669 


0.99996 


3 


1.2804 


1.8663 




0.99158 


0.99990 


4 


1.2064 


1.4493 




0.95722 


0.99946 


5 


1.1858 


1.2503 




0.92400 


0.00067 


6 


1.1806 


1.1696 




1.0065 


1.0001 


7 


1.1135 


1.1266 




1.0047 


1.0000 


8 


1.3040 


1.1583 




1.0016 


1.0000 




III. 


Solution sets of product rates 




Component 


»n 


'*, 








Steam 


11.336 


2.1339 








CH 4 


0.010 


0.0 








C 2 H 6 


0.17 


0.0 








C 3 H 8 


1.30 


0.0 








n-C 4 H 10 


2.8149 


0.01506 








n-C 5 H 12 


1.5479 


0.20204 








QH 14 


2.3499 


0.0 








c ?Hi 6 


2.5499 


0.0 








500 


1.0992 


81.140 









144 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 

Table 4-8 Statement and solution of the reboiled absorber problem, 
Example 4-4 

I. Statement 



Component 



(lb mol/h) 



'o. 

(lb mol/h) 



CH 4 


65 





C 2 H 6 


13 





C 3 H 8 


1 





i-C 4 H 10 


1 





W_ C 5 H 12 


20 





«-C 8 H 18 





100 



Other specifications 



P = 300 lb/in 2 abs./= 5, N = 11, T = 100°F. The feed F enters on plate/= 5 as a vapor 
at its dew-point temperature at the column pressure. The column has 10 plates plus a reboiler. 
The reboiler duty is specified at Q R = 3 x 10 6 Btu/h. The equilibrium data are given in Table 
B-l and the enthalpy data are given in Table B-2. For the first trial, take the vapor rates to be: 
Vi = 75, Vj = 150 (j = 2, 3, 4), Vj = 50 (j = 5, 6, ... , 10), K, j = 77.925 and take the corresponding 
liquid rates to be those obtained by making total material balances. Take the temperatures to 
be linear between T x = 200°F and T n = 400°F. 







II. 


Solution 






Tj 


V J 






Stage 


(•R) 


(lb mol/h) 


v u 


*i 


1 


562.25 


73.537 


64.995 


0.44694 x 10" 2 


2 


568.57 


86.627 


8.4004 


4.59966 


3 


578.54 


88.924 


0.72798 x 10" 1 


0.92720 


4 


610.38 


92.336 


0.46200 x 10" 2 


0.99538 


5 


612.82 


114.002 


0.39219 x 10" 3 


19.999 


6 


618.34 


153.312 


0.15292 


99.847 


7 


624.67 


24.786 






8 


631.12 


36.248 






9 


655.64 


43.403 






10 


758 J 1 


51.182 






11 


938.74 


78.840 







solve these examples by procedure 1 and by procedures 2 and 3 (presented 
below) is given as a summary at the end of this chapter. 

The results shown for these examples are in good agreement with the 
fact that the Newton-Raphson method is said to exhibit quadratic conver- 
gence. For a single variable problem, quadratic convergence means that the 
error for the /ith trial is proportional to the square of the error for 
the previous trial. The error for the nth trial is defined as the correct value of 
the variable minus the value predicted by the nth trial. For a multivariate 
problem, quadratic convergence means that the norm of the errors given by 
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Table 4-9 Statement of Example 4-5: a conventional distillation column 

1. Feed. The components, composition, and flow rates are the same as stated in Table 2-2 
for Example 2-7. 

2. Other specifications. Same as stated in Table 2-2 for Example 2-7 except for the follow- 
ing changes. Instead of specifying D as was done in Example 2-6, the ratio B/V N is 
specified at 5/^ = 0.55365, which is the solution value obtained for Example 2-2. 
Again, as in Example 2-7 the reflux ratio is specified at LJD - 2. For the first trial, the 
temperatures are taken to be linear between T 2 = 135°F and the reboiler temperature 
T 13 = 300°F. The values of (Lj/Vj) a for the first trial are to be taken equal to unity for 
stages) = 2, 3, ..., 12. 

the nth trial is proportional to the square of the norm for the (n - l)st trial. 
In summary, the Newton-Raphson method, under the mild restrictions 
stated in App. A, converges quadratically provided that the initial choice of 
variables lies within the region of convergence. The latter condition is 
commonly replaced by the less precise statement " provided that the initial 
choice of variables is close enough to the solution set." 

Since the IN Newton-Raphson method is an exact application of the 
Newton-Raphson method for all columns in the service of separating ideal 
solutions, convergence for all such problems can be assured; provided that 
suitable starting values for the 7}'s and Lj/V/s are selected (see App. A). The 
fact that no difficulty was encountered in the selection of the starting values 
of the variables of the 2N Newton-Raphson method suggests that the func- 
tions and variables selected possess a wide region of convergence. The use of 
other functions in the 2N Newton-Raphson method could reduce its region 
of convergence, and it could become difficult to find a suitable set of starting 
values. For example, the alternative form of the dew-point function given in 
Prob. 4-5(b) did result in a smaller region of convergence than that resulting 
from the use of the form of the dew-point function given by Eq. (4-4). 

Applications of approximate formulations of the Newton-Raphson 
method such as the ones proposed by Sujata 22 and Holland 17 may fail to 
converge for some examples. For example, the 2N Newton-Raphson method 
converged for the test problem called Example 3 by Boyum 4 while the 
approximate methods of Sujata and Holland failed. 

Table 4-10. Statement of Example 4-6: a complex column 

1. Feed. The components, composition, and flow rates are the same as stated in Table 3-1 
for Example 3-2. 

2. Other specifications. Same as stated in Table 3-1 for Example 3-2 except for the follow- 
ing changes. The sidestream W x is withdrawn from plate p= 11. The reflux ratio 
LJD = 2.25. For B/V N and WJL p , the solution values obtained for Example 3-2 are 
specified; namely, B/V N = 0.31, and W x /L p = 0.12692. 

For the first trial, assume that the temperatures are linear between T 2 = 200°F 
and T 12 = 300°F, and take T t = 200°F and T 13 = 300°F. Take the initial values of 
(Vty a ==lfor./ = 2,3,...,l2. 



146 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 

Other Formulations of the Newton-Raphson Method for Ideal Solutions 

A number of formulations of the Newton-Raphson method for the solution of 
distillation problems has been proposed. A brief description of each of several 
of these formulations wherein the number of independent variables ranges from 
N to IN is given below. (Other formulations of the Newton-Raphson 
method in which compositions or component-flow rates are among the indepen- 
dent variables are described in Chap. 5.) 

Greendstadt et al. 11 were among the first to apply the Newton-Raphson 
method to the solution of distillation problems. In 1961, Sujata 22 proposed an 
approximate application of the Newton-Raphson method for the solution of 
absorber and stripper problems. Sujata regarded the temperatures as the 
independent variables. For each set of assumed temperatures, the component- 
material balances and equilibrium relationships were solved by direct iteration 
(or successive iteration) for the solution sets of compositions and flow rates. 
These compositions and flow rates were then used in the enthalpy balances in 
the calculation of an improved set of temperatures by use of the Newton- 
Raphson method. In Sujata's application of the Newton-Raphson method to the 
enthalpy balances, the dependency of the flow rates and compositions on the 
temperature was neglected in the calculation of the partial derivatives. A version 
of the 6 method, called the "single 6 method" has been proposed. 17 

Another formulation of the Newton-Raphson method was proposed by 
Newman 20 in 1963 in which the total-flow rates of the liquid {L,} were taken as 
the independent variables and the corresponding sets of temperatures needed to 
satisfy the component-material balances and equilibrium relationships was 
found by successive application of the Newton-Raphson equations. The compo- 
sitions and temperatures so obtained were used to solve the enthalpy balances 
explicitly for a new set of liquid rates. The procedure was then repeated by 
commencing with this most recent set of liquid rates {L ; }. 

Following Newman, Boynton 3 also took the liquid rates {L,} to be the 
independent variables, and for each choice of these variables the temperatures 
required to satisfy the component-material balances, and equilibrium relation- 
ships were found by successive application of the Newton-Raphson method. The 
results so obtained were then used in the enthalpy balances to compute a new set 
of liquid rates by use of one application of the Newton-Raphson method. For 
the case where both the vapor and liquid phases form ideal solutions, Boynton's 
method constitutes an exact application of the Newton-Raphson method. All of 
the matrix equations solved by Boynton were of order N. 

Another exact formulation of the Newton-Raphson method, called the 
multi-0 method, was proposed by Holland. 17 Two procedures for applying this 
method were presented. In both of the procedures, the matrices were all of order 
N. All derivatives were evaluated by use of the calculus of matrices. 

In a series of papers, Tierney et al. 23 ' 24 proposed an application of the 
Newton-Raphson method in which the vapor rates {Vj} and the temperatures {7}} 
were taken to be independent variables. The formulation was exact and the 
partial derivatives were evaluated by use of the calculus of matrices. 
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4-2 NUMERICAL METHODS FOR SOLVING 
THE 2JV NEWTON-RAPHSON EQUATIONS 

Instead of using analytical expressions for the evaluation of the partial deriva- 
tives of the F/s and G/s, they may be evaluated numerically. Procedures 2 and 3, 
presented below, make use of the numerical approximations of the partial deri- 
vatives. Also presented is a calculational procedure for systems of absorber-type 
and distillation-type columns which are interconnected by recycle streams. 

Procedure 2. Solution of the Newton-Raphson Equations 
by Use of Broyden's Method 6 

Tomich 25 was the first to apply Broyden's method (developed in chap. 15) to the 
solution of distillation problems. Broyden's method is based on the use of numerical 
approximations of the partial derivatives appearing in the jacobian matrix. The 
approach proposed by Broyden permits the inverse of the jacobian matrix to be 
updated each trial after the first through the use of Householder's formula. 6 Thus, 
it is necessary to invert the jacobian matrix only once. Since approximate values 
for the partial derivatives are used, procedure 2 generally requires more trials than 
does procedure 1. However, since the evaluation of the partial derivatives and 
the inversion of the jacobian matrix are not generally required after the first trial 
of procedure 2, it requires less computer time per trial than does procedure 1. 

For the general case of n independent equations in n unknowns, the 
Newton-Raphson method may be formulated in terms of n functions in n 
unknowns. For the kth trial, the resulting set of Newton-Raphson equations 
may be represented as follows 

J k AX k =-f k (4-29) 

where J fc is the square jacobian matrix of order n and AX fc and i k are conform- 
able column vectors 



J* = 



A\ k = X k+l —X k X k = [x lk , x 2k , ..., x nk ] 

ffc = [flkiflk, '••yfnkj 

In the class of methods proposed by Broyden, the partial derivatives dfjdxj in 
the jacobian matrix J k of Eq. (4-29) are generally evaluated only once. In each 
successive trial, the elements of the inverse of the jacobian matrix are corrected 
by use of the computed values of the functions. An algebraic example will be 
given after the calculational procedure proposed by Broyden has been presented. 



d J±. 

dx Y 




& 


ka. 


dx t 


dx„ 
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Step 1. Assume an initial set of values for the variables, X , and compute 

fo = f(X ) 
Step 2. Approximate the elements of H , where H is defined as follows 

H = —Jo 

Broyden obtained a first approximation of the elements of J by use of the 
formula 

W „ M*j + kj)-ttxj) 

dxj hj 

where h } was taken to be equal to 0.001 x } . 

Step 3. On the basis of the most recent values of H and f, say H fc and f fc , 
compute 

AX fc =H k f fc 

Step 4. Find the s k such that the euclidean norm of f(X fc + s k AX k ) is less 
than that of f(X fc ). First try s kt t = 1 and if the following inequality is satisfied 



X ff(X k + s k AX k ) 



1/2 

< 



I /?(x») 



1/2 



proceed to step 5. Otherwise, compute s ki 2 by use of the following formula which 
was developed by Broyden 

5 fc , 2 = [(l + 6//) 1/2 -l]/3,/ 
where 

^/?(X t + s k AX t ) 
f- " 1 s 

Z ffOQ 

i=i 

If the norm is not reduced by use of s kt 2 after a specified number of trials 
through the complete procedure, return to step 2 and reevaluate the partial 
derivatives of J k on the basis of X k . As pointed out by Broyden, other methods 
for picking s k may be used. For example, s k may be picked such that the 
euclidean norm of f is minimized. 

Step 5. In the course of making the calculations in step 4, the following 
vectors will have been evaluated 

Xfc + 1 = X fc + s k AX k 

ffc+l = fv*k+i) 
Test f k+1 for convergence. If convergence has not been achieved, compute 
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Step 6. Compute 

„ _„ (H k Y k + s k AX k )AX[H k 

and return to step 3. 

Example 4-8 consists of a simple algebraic example which illustrates the 
application of this method. 

Example 4-8 (Hess et al., 13 by courtesy Hydrocarbon Process.) It is desired 
to find the pair of positive roots that make f x {x, y) = and f 2 (x, y) = 0, 
simultaneously 

fi(x, y) = x 2 - *y 2 - 2 

f 2 (x, y) = 2x 2 - 3xy 2 + 3 

Take x = 1 and y = 1, and make one complete trial calculation as 
prescribed by steps 1 through 6. 

Solution : 

Step 1. Since x Q = 1, y = 1 

X = [l, 1]' 
and 

/i.o=/i(X )=/i(l, 1)= 1-1 -2= -2 

y 2 .o=/ 2 (Xo)=/2(l,l) = 2-3 + 3 = 2 

Step 2. Take the increment h for computing the derivatives with respect 
to x to be 

/i = (0.001 )x = 0.001 
Then 

df^ Mism, i) -Mi l) 

dx " aool " lwl 

For computing the derivatives with respect to y, take 
h=(0.001)y = 0.001 



Then 



and 



a/i _ Ml 1.001) -mi, l) _ 2(X)1 



= 1.002 



3y 0.001 =- 60 ° 3 



dy 




0.001 




Sf 2 


A(i- ( 


001, 1)- 


■Ml i) 


dx 




0.001 




dfi 


.ML 


1.001) - 


Ml i) 
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Then 

Jo = 



1.001 -2.001 

1.002 -6.003 



The inverse of J is found by gaussian elimination as follows. Begin with 



1.001 -2.001 

1.002 -6.003 



1 
1 



and carry out the necessary row operations to obtain 



Then 



and 



1 
1 



Jo 



r 1.4992 -0.49975 
0.25023 -0.25000 

1.4992 -0.49975 

0.25023 -0.25000 



H = — J 



-1.4992 0.49975 
-0.25023 0.25000 



Step 3. On the basis of the most recent values H and f, the correction 
AX is computed as follows 



AXo = H fo = 



-1.4992 0.49975 
-0.25023 0.25000 

Step 4. Take s . i = 1. Then 



-2 
2 



3.9979 
1.0005 



X -f AX = 



1 




3.9979 


1 


4- 


1.0005 



14.9979 
2.0005 



and 



Since 



/,(X + AX ) =/ 1 (4.9979, 2.0005) = 2.9774 
/,(X + AX ) =/ 2 (4.9979, 2.0005) = -7.0468 



(2.9774) 2 + (- 7.0468 f > (-2) 2 4- (2) 2 

_ / 2 (X + AX ) + fl(X + AX ) _ (2.9774) 2 + (-7.0468) 2 _-.„„ 
'" /l(Xo) + /I(X ) (-2) 2 + (2) 2 -' MW9 



compute 

f2 



and 



5o2=( i + 6,r-i =025974 
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Then 



and 



X + 0.25974 AX = 



1 
1 


+ 


1.03839 
0.259865 


= 


2.03839 
1.259865 



./i(X + s . 2 AX ) =/, (2.03839, 1.259865) = - 1.08040 

./i(X + s , 2 AX ) =/ 2 (2.03839, 1.259865) = 1.60372 

Thus, the criterion on f k , namely, 

(-1.08040) 2 + (1.6037) 2 < (-2) 2 + (2) 2 

has been satisfied. 

Step 5. If the convergence criterion is taken to be that the sum of the 
squares j\ and f 2 is to be reduced to some small preassigned number e, say 
v.= 10" 10 , then this criterion has not been satisfied by x = 2.0384 and 
y = 1.25986. Then compute 



Yo = ff!-f = 



1.08040 
1.60372 



— L 

2 



0.91960 
-0.39628 



Step 6. Compute the following products which are needed to find H l . 
H Y = 



-1.4992 0.49975 
-0.25023 0.25000 



0.91960 
-0.39628 



-1.4992 0.49975 
-0.25023 0.25000 



AX J H = [3.9979, 1.0005] 
H Y + s , 2 AX = 

AXJH Y = [-6.2440, 2.2481] 



-1.5767 
-0.32918 



+ 



1.03839 
0.259865 

0.91960 
-0.39628 



-1.5767 
-0.32918 



[-6.2440,2.2481] 



-0.53831 
-0.06931 

-6.6328 



Since 

it follows that 
H 1 = 



Hj = H - 



(H Yo + s AX )AX r H 



-0.50674 0.18245 
-0.06525 0.023491 



-1.4992 0.49975 
-0.25023 0.25000 

-0.99246 0.317301 
-0.18498 0.22651 J 

and the next trial is commenced by returning to step 3 with H^ 
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Examples 4-3 through 4-7 as well as examples presented below were solved 
by this procedure. These results are discussed in Sec. 4-4. 

Procedure 3. Broyden-Bennett Algorithm 

In the method proposed by Broyden, Householder's formula was used to obtain 
the formula for the inverted matrix shown in step 6. The second term on the 
right-hand side of the expression in step 6 contains the correction proposed by 
Broyden. 

Instead of applying Householder's formula, the calculation of an inverse of 
the jacobian may be avoided altogether by use of the algorithm proposed by 
Bennett for updating the LU factors of the jacobian matrix. Example 4-9 will 
show that fewer numerical operations are required to compute the LU factors 
than are required to compute the inverse of a matrix. Bennett's algorithm is 
applied to the Broyden equations as follows. 

Broyden's algorithm consists of successively updating of the jacobian matrix 
of the Newton-Raphson equations by use of the correction matrix xCy 7 , that is, 

J*+i = J* + x k Cy k T 
where 

C = s k ^AX k (aSCakr) 
x* = f*+i -(1 -s k )( k 

y* = ax* 

Since the jacobian matrix J may be stated in terms of its factors L and U as 
demonstrated in procedure 1, the above expression for J fc + 1 may be restated in the 
following form 

Lfc+ 1 <U fc + j = L fc \J k 4- x fc Cy k 

Bennett proposed the algorithm presented in Fig. 4-4 for updating the 
matrices L k and U fc to obtain the updated matrices L fc+1 and U k+1 . When 
Bennett's algorithm is used to make the Broyden correction, the following calcu- 
lational procedure is used. 

Step 1. Same as step 1 of procedure 2. 

Step 2. The partial derivatives of J are found in the same manner as shown 
in step 2 of procedure 2. Then find the factors L c and U of J such that 

J = L«o U 

as described by Hess et al.; 14 see also Conte and de Boor. 9 

Step 3. On the basis of L fc , U fc , and f fc (the most recent values of L, U, and f) 
compute AX fc as follows 

L fc U k AX fc = -f k 

Step 4. Same as step 4 of procedure 2. 



THE IN NEWTON -RAPHSON METHOD 153 




o 
J 



3 

Urn 

& 
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Step 5. Test f k+1 for convergence. If convergence has not been achieved, 
compute 



C = 



1 



s k AX k AX k 



x k — fk+ i ~~ (1 — S fc)'k 

Step 6. Use the algorithm proposed by Bennett (see Fig. 4-4) to obtain the 
updated matrices L k+1 and U k + j of L k and U k , where 

L k+1 U fc+1 = L k U k + x k Cy k r 

Then return to step 3. 

The use of Bennett's algorithm is illustrated by the following numerical 
example : 

Example 4-9 (Hess et al., 13 by courtesy Hydrocarbon Process.) Given the 
matrix A k and its factors L k and U k 



A k = L k U k = 



2 
-4 

2 



4 -6 

-7 10 
7 -9 



where 



L 



i 

3, 1 



u t = 










^1,2 

^2,2 







ij.3. 

t^l.3 
1/2.3 
1/3.3 



1 





0" 


2 


1 





1 


3 


1 


2 


4 


-6" 





1 


-2 








3 



The upper and lower triangular matrices U k and L k may be found by use of 
the technique demonstrated in Example 4-1. It is desired to find L k+1 and 
U k+1 when A k is corrected by adding the matrix XfcCy^ to it; that is, find 
L k+1 and U k+1 . where 

L k+ ! U k+ 1 = L k U k -f x k Cy k r 



and 



** = 



*1 




r 




yi" 




"3 


*2 


= 


2 


y* = 


yi 


= 


2 


*3_ 




3 




_^3. 




1 
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Solution The calculations are carried out according to the algorithm 
shown in Fig. 4-4. For this example, n = 3. Begin by making the calculations 
shown in the second square for / = 1 . 
When / = 1 

W ul =y t /U ul = 3/2 

P = x 1 C = (l)(l)=l 

l/i.i = ^i.i + ^i=2 + 0X3)= 5 

G = >',C/t/ 1 . 1 = (3)(l)/5 = 3/5 

Since i < n(l < 3), take; = / + 1. 
Then for j = 2, i = 1 

x 2 = x 2 -L 2 . !X, =2 -(-2)0) = 4 
Li. , = L 2 . i + x 2 Q = -2 + (4X3/5) = 2/5 
Z U2 = Py 2 = (l)(2)=2 
yi = y 2 - W u , U u 2 = 2 - (3/2X4) = -4 

tfl.2=l>1.2+Z i . 2 =4 + 2 = 6 

Take/ =7+ 1 = 3. 
Then for j = 3, i i = 1 

x 3 = x 3 -L 3 ,,.x 1 = 3-0Xl) = 2 

L 3f , = 13.1+^6=1 + (2X3/5) =11/5 

Zi.3 = ^3 = (l)(l)=l 

y* = y 3 - w lt , I/.. 3 = 1 - (3/2)(-6) = 10 

^1.3=^1.3 + 21.3= -6+1= -5 
Since j > n, compute 

C = C-fiP=l -(3/5X1) = 2/5 

and take 1 = 1 + 1 = 2. 
Then for i = 2 

W 2 , 2 = y 2 /U 2 , 2 =-4/l=-4 
P = x 2 C = (4)(2/5) = 8/5 
U 2 . 2 = U 2<2 + Py 2 =l + (8/5)(-4) = -27/5 
Q = J^C/l/,. 2 = (-4)(2/5)/(-27/5) = 8/27 
Since i < n, take j i = i + 1 = 3. 



156 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 

Then for j = 3, i = 2 

*3 = *3-L 3 , 2 x 2 = 2-(3)(4)=-10 
L 3 , 2 = L 3 , 2 + x 3 6 = 3 + (-10X8/27)= 1/27 
22.3 = ^3 = (8/5X10) =16 



V 3 = 3^3 - ^2, 2 ^2, 3 : 



^2, 3 — ^2, 3 + ^2, 3 : 



10-(-4)(-2)=2 

-2+16=14 

Since j > n, compute 

C = C - QP = 2/5 - (8/27)(8/5) = -2/27 

and take / = i + 1 = 3. 
Then for / = 3 

^3,3=^3/^3 = 2/3 

P = X3 C = (- 10)( - 2/27) = 20/27 
V*. 3 = ^3, 3 + y*P = 3 + (2)(20/27) = 121/27 
3, the process has been completed and the final result is 



Since / 
given by 



A + xCv r =LU = 



5 


6 


-5 





-27/5 


14 








121/27 



"1 0" 
2/5 1 
11/5 1/27 1_ 

Note that, since the elements of the lower triangular factor L along the 
diagonal are always equal to unity, it was not necessary to make any correc- 
tion to them in the algorithm. 

Less time is consumed by procedure 3 than by procedure 1. Calculation of 
the LU factors of the matrix J in step 2 of procedure 3 requires approximately 
n 3 /3 operations, whereas the calculation of the inverse of J in step 2 of 
procedure 2 requires approximately « 3 operations, where the matrix J is a 
square matrix of order n. To update the LU factors in step 6 of procedure 3 by 
use of Bennett's algorithm requires approximately 2n 2 operation, whereas ap- 
proximately 3n 2 operations are required to update the inverse of J by use of 
Householder's formula as proposed by Broyden in step 6 of procedure 2. 



4-3 SYSTEMS OF COLUMNS 

Two approaches exist for solving problems involving systems of columns, the 
"column modular method" and the "system modular method" proposed by 
Hess. 15 In the column modular approach, the equations for each column of a 
system are solved in succession, and in the system modular approach, the com- 
plete set of equations for the system are solved simultaneously. While the system 
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modular approach may be the ultimate method for solving problems involving 
systems of interconnected columns, the column modular approach appears to be 
the most realistic approach at the present time. 

Solution of Systems of Columns by Use of the Column Modular Method 

In the column modular approach, the equations for each column are solved by 
use of the most efficient procedure for each column. After one trial has been 
made on each column, the terminal flow rates are placed in component-material 
balance and in agreement with the specified values of the terminal flow rates by 
use of the "capital method" for systems. The entire calculational process is 
repeated until convergence has been achieved. 

To illustrate the application of the column modular approach, consider the 
particular system of columns shown in Fig. 4-5, which consists of a reboiled 
absorber (column 1) and a distillation column (column 2). For such a system, a 
combination of the method and the IN Newton-Raphson method is recom- 
mended. The IN Newton-Raphson method is used for solving the reboiled 
absorber and the method is recommended for the distillation column. At the 
end of one complete trial for each of the two columns, the capital method is 
applied to place the system in component-material balance and in agreement 
with the specified values of the terminal flow rates. 
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Figure 4-5 A system of a reboiled absorber and a distillation column. 



158 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 

Suppose that the total flow rates L NlJ D 2 , W u and W 2 are specified. These 
specifications in turn fix V t and B 2 . The specifications for the reboiled absorber 
are as follows: F, {X t }, the thermal condition of F,/ N, and the column pressure. 
The specifications for the distillation column are as follows: N, type of conden- 
ser,/, L l9 Z), and the common pressure. 

In the application of the 2N Newton-Raphson method, V l is regarded as 
specified and the temperature T of B 2 entering column 1 or the intercooler duty 
Q c , is taken to be the new independent variable. In this case the 2N + 1 var- 
iables X and the IN + 1 functions f are as follows 

X = [9 U 6 2 , ..., 0/v, T , 7i, T 2 , ..., 7V] 

f=[/o,F 1 ,F 2 ,...,F N ,G 1 ,G 2 ,...,G N ] / (4-30) 

Corresponding to the new independent variable T for the absorber, the new 
function f is introduced to express the condition that the specified value of V u 
denoted by (K^, must be equal to the calculated value at convergence, that is 

/n = -^--l (4-31) 

Thus, the IN + 1 functions denoted by f, consist of/ , the N dew-point func- 
tions, and the N energy balance functions given by Eqs. (4-4) and (4-5). 

The proposed calculational procedure consists of first making one trial cal- 
culation on the reboiled absorber by use of the IN Newton-Raphson method 
and then one trial on the distillation column by use of the method. Then the 
capital method is applied one time to the system in order to place it in overall 
component-material balance and in agreement with the specified values of the 
terminal flow rates. To initiate the calculational procedure the composition of 
any recycle stream which is needed is assumed. After the first trial through the 
system, the composition of such recycle streams found by the method are 
used. The steps of the proposed calculational procedure follow. 

Step 1. On the basis of the most recent set of values {(b it 2 ) co } found in step 3, 
make one trial on the reboiled absorber by use of the 2N Newton-Raphson 
method. [In order to initiate the first trial, a set of b i% 2 s is assumed.] Save the 
resulting values of 7} and Lj/Vj for making the next trial on this column. After 
one trial, go to step 2. 

Step 2. Use the /. Yit x 's found in step 1 as the feed to the distillation column. 
Make one trial by use of the method. Save the resulting values of the 7}'s and 
J?s. 

Step 3. Apply the capital method to the system. Find the set of multi- 
pliers required to place the system in component-material balance and in 
agreement with the specified terminal rates L N1 , D 2 , W^ and W 2 . Return to 
step 1. 

To illustrate the use of the combination of the 2N Newton-Raphson method, 
the 6 method, and the capital method, Example 4-10 which involves the 
system shown in Fig. 4-5 was solved. The statement and solution of this example 



THE 2N NEWTON-RAPHSON METHOD 159 

are presented in Tables 4-11 and 4-12, respectively. After one trial had been 
made on the reboiled absorber by use of the IN Newton-Raphson method 
(procedures 1, 2, or 3), one trial was made on the distillation column by use of 
the method for single columns (see Chap. 2). Then the system was placed in 
component-material balance and in agreement with the specified values of the 
total-flow rates by use of the capital method of convergence (see Chap. 3). The 
formulation of the four g functions and the material balances of the capital 
method for Example 4-10 are left as an exercise; see Prob. 4-2. 

Solution of Systems of Columns by Use of the System Modular Method 

In this formulation of the Newton-Raphson method, the equations for each 
column of the system are solved simultaneously. 19 To demonstrate this 
approach, the pipestill example is used ; see Fig. 4-6. To solve problems involving 

Table 4-11 Statement of Example 4-10 

Initial values 
Component (lb mol/h) (lb mol/h) 



CH 4 


35.0 




C 2 H 6 


2.0 




C 3 H 6 


3.0 




C 3 H 8 


5.0 




*C 4 H 8 


1.0 




i'-C 4 H 10 


5.0 


3.5 


h-C 4 H 10 


15.0 


3.5 


;-c 5 h 12 


10.0 


14.0 


w-C 5 H 12 


20.0 


14.0 


"-C 6 H 14 


2.0 


14.0 


n " C 7 H 16 


1.0 


10.5 


n-C 8 H 18 


1.0 


10.5 



100.0 70.0 



Other specifications 



Column 1— Reboiled Absorber N = 12, /= 7, column pressure = 300 lb/in 2 abs, V x = 60, 
W x = 10 lb mol/h, W x is to be withdrawn as a liquid from plate; = 10, and BJV SI = 1.435. 
The feed F enters as a vapor at 724.77°R at 300 lb/in 2 abs. For the initial values of the 
temperatures {7}} and vapor rates {^} use the following. T Y = 666°R, T 2 = 624.45°R, 
7}= Tj. x + 18.46 = 3, 4, ..., N - \\ T l2 = 809°R. V l = 60, K=120 (j = 2, 3, ..., 6), 
V N = 55.68 lb mol/h. 

Column 2— Distillation Column N = 11,/= 5, the column has a total condenser and the 
column pressure = 300 lb/in 2 abs, D 2 = 20, W 2 = 10 lb mol/h, L u 2 /D 2 = 6.5, and W 2 is to be 
withdrawn as a liquid from plate; = 2. For this initial values of {7}} and {V^ use the following. 
T, = 725°R, 7} = T J . l + 3.4 (j = 2, 3, ..., N - 1), T N = 858°R. V x = 20, V } = 150 (J = 2, 3, ..., 
N ~ *)• ^n = 36.41 lb mol/h. Use the equilibrium and enthalpy data given in Tables B-l and 
B-2. 

System specifications. W x = 10, B x = 100, D 2 = 20, and W 2 = 10 lb mol/h. 
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Table 4-12 Solution sets of temperatures, vapor rates, and product distribu- 
tions for Example 4-10 





1. Final temperature and 


vapor rate profiles 






Column 1 


Column 2 




Tj 


Vj 


T J 


Vj 


Stage 


(K) 


(lb mol/h) 


(K) 


(lb mol/h) 


1 


669.38 


60.000 


723.08 


20.00 


2 


698.52 


92.519 


745.73 


150.00 


3 


712.68 


108.84 


762.89 


149.13 


4 


719.95 


117.73 


776.93 


147.36 


5 


723.99 


122.38 


795.85 


139.57 


6 


726.51 


124.85 


800.90 


141.47 


7 


747.96 


25.341 


805.36 


145.01 


8 


759.51 


46.852 


809.79 


147.70 


9 


765.88 


59.501 


815.63 


148.91 


10 


772.32 


65.105 


826.90 


146.62 


11 


782.41 


68.706 


855.12 


135.80 


12 


805.33 


69.687 






2. Product distributions for column 1 








Column 1 








Flow rates (lb mol/h) 




Component 


Vli 




Wi.l 


Ki 


CH 4 


0.34999 x 


10 2 


0.47620 x 10" 3 


0.10515 x 10" 3 


C 2 H 6 


0.19963 x 


10 


0.19172 x 10~ 2 


0.17459 x 10" 2 


C 3 H 6 


0.26196 x 


10 


0.99014 x 10 


0.28156 


C 3 H 8 


0.40833 x 


10 


0.21911 


0.69825 


i-C 4 H 8 


0.26137 




0.18099 


0.65269 


i-C 4 H 10 


0.16655 x 


10 


0.51893 


0.28765 x 10 


«-C 4 H 10 


0.29343 x 


10 


0.16889 x 10 


0.11110 x 10 2 


i-C 5 H 12 


0.27728 x 


10 


0.15129 x 10 


0.14529 x 10 2 


«-C 5 H 12 


0.71043 x 


10 


0.36612 x 10 


0.37907 x 10 2 


"-Q H 14 


0.97548 




0.80332 


0.10623 x 10 2 


«-C 7 H 16 


0.36977 




0.60741 


0.90232 x 10 


n-C 8 H 18 


0.21819 




0.77794 


0.12298 x 10 2 




V l = 60.0 




W x = 10.000 


B x = 100.00 


Q CI = 0.10389 


x 10 7 Btu/h 








e R1 = 0.62979 


x 10 6 Btu/h 
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Table 4-12 (continued) 



3. Product distribution for column 2 








Column 2 












Flow rates (lb mol/h) 






Component 


<2 




W i.2 


Ki 




CH 4 


0.10182 x 


10" 3 


0.33282 x 10- 5 


0.23697 x 


10" u 


C 2 H 6 


0.16214 x 


10" 2 


0.12448 x IO - 2 


0.75617 x 


IO" 8 


C 3 H 6 


0.24057 




0.40839 x IO" ! 


0.15194 x 


io- 3 


C 3 H 8 


0.58828 




0.10930 


0.66903 x 


io- 3 


/-C 4 H 8 


0.47254 




0.15710 


0.23051 x 


10" » 


i-C A H l0 


0.21553 x 


10 


0.66034 


0.60867 x 


10" ! 


«-C 4 H 10 


0.75806 x 


10 


0.27965 x 10 


0.73261 




,-C 5 H 12 


0.35072 x 


10 


0.22071 x 10 


0.88146 x 


10 


n-C 5 H 12 


0.53558 x 


10 


0.38787 x 10 


0.28672 x 


IO 2 


"- C 6 H 14 


0.91142 x 


io- ! 


0.13006 


0.10402 x 


IO 2 


n-C 7 H 16 


0.61908 x 


10" 2 


0.16632 x IO" l 


0.90003 x 


10 


W_ C 8 H 18 


0.61185 x 


IO" 3 


0.32479 x IO 2 


0.12294 x 


IO 2 




D 2 = 20.0 




W 2 = 10.0 


B 2 = 70.0 




(2(2 = 010509 x 


10 7 Btu/h 










Q K2 = 0.13928 x 


IO 7 Btu/h 











systems of columns, the column modular method is generally recommended over 
the system modular method except for the possible exception of pipestills. Since, 
however, each sidestripper is small relative to the main column, it is perhaps 
easier to treat this particular system by the column modular method rather than 
the system modular method. To illustrate the system modular method, an ab- 
breviated development of the pipestill problem, Example 4-11, is given. 

The pipestill problem solved herein was originally solved by Cecchetti et al. 8 
by use of the original method of convergence which is described in Chap. 3. 
This problem is based on data from field tests which were made on the pipestill 
shown in Fig. 4-6. The 6 method for distillation columns may fail to converge for 
some absorber-type problems, such as the pipestill. The pipestill is classified as 
an absorber-type problem because the main column has a condenser but no 
reboiler; the first sidestripper has a reboiler but no condenser; and all of the 
remaining strippers are of the conventional type. 

For the pipestill shown in Fig. 4-6, Cecchetti et al. 8 found a theoretical 
analogue column by trial. The theoretical analogue column is defined as thai 
column having perfect plates which gives calculated results that are in good 
agreement with field test results for the pipestill. The theoretical analogue column 
shown in Fig. 4-7 was proposed by Hess et al. 13 This is essentially the same as 
the analogue proposed by Cecchitti et al. 
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VAPOR 
DISTILLATE 



c±5 



| WATER- LIQUID 

HYDROCARBON - LIQUID 



SIDESTRIPPER >" — 4. 
NO I ^ f- ^ 



8 STAGES 




BOTTOMS 



Figure 4-6 Actual stage numbers in the main column and the side strippers of the pipestill. [Hess et 
a/., Hydrocarbon Process.. 56(5); 241 (1977), by courtesy Hydrocarbon Processing.] 



The minor differences between the theoretical analogue shown in Fig. 4-7 and 
the one used by Cecchetti et al. are a reflection of the different manner in which 
water was treated. In the present analysis, which follows that of Hess et al., 13 
water was regarded as being distributed between the vapor and liquid phases on 
stages 2 through 37. whereas Cecchetti et al. regarded water to be in the vapor 
phase alone on these stages. On stage 1 (the accumulator), two immiscible liquid 
phases (a water and a hydrocarbon phase) are assumed to be in equilibrium with 
the vapor phase. In Fig. 4-7, the withdrawal rate of the liquid water phase is W , 
and the withdrawal rate of the liquid hydrocarbon phase is W v 
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Figure 4-7 Theoretical analogue of the pipestill. [Hess et al., Hydrocarbon Process., 56(5): 241 (1977), 
Courtesy Hydrocarbon Processing.] 
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The physical properties (normal boiling points, densities, and molecular 
weights) of the 34 pseudo components selected to represent the true boiling- 
point curves of the feed, distillate, and sidestreams are presented by Cecchetti et 
al. 8 On the basis of these data, a feed composed of 34 pseudo components and 
having the molar compositions and total flow rate shown in Table 4-13 was 
selected by Cecchetti et al. The specifications for the theoretical analogue column 
are also given in this table. 

The calculated sets of temperatures, flow rates, and compositions obtained 
by the calculational procedure developed below are presented in Tables 4-14 
through 4-16. These results were obtained by use of the data of Cecchetti et al. 
for the K values and enthalpies of the pseudo components. Curve fits of these 
data are presented in Tables B-14 and B-16. The K values for water / = 35 was 
taken from nomographs given by Hadden and Grayson, 12 and the enthalpies 
from the steam tables given by Smith and Van Ness. 21 In the condenser, the K t 
was taken equal to its vapor pressure (as given in the steam tables) divided by 
the total pressure in the condenser. 



A SYSTEM MODULAR FORMULATION OF THE 

(2JV+ 1) NEWTON-RAPHSON METHOD FOR A PIPESTILL 

The pipestill shown in Fig. 4-7 is used for the purpose of separating the hydro- 
carbon feed F x into seven fractions (V u W l9 W 2 ,W Z ,W A , W s , L 28 ). The remain- 
ing feeds, F 2 through F 5 , consist of steam which is used as the stripping 
medium. The stages are numbered down from the top of the main column. The 
condenser-accumulator section is assigned the number 1, the top plate the 
number 2, and the bottom plate of the main column the number 28. The stages 
of the sidestrippers are numbered consecutively 29 through 37, as shown in 
Fig. 4-7. 

For the theoretical analog column, the following variables are regarded as 
fixed. 

1. The number of theoretical plates in the main column and side-strippers as 
well as the locations of all stream withdrawals and return positions 

2. Quantity, composition, and thermal conditions of all feeds 

3. Column pressure and the pressure drop per stage 

4. The reflux ratio L x /V t (or alternatively, the condenser duty Q C1 ) 

5. Distillate and sidestream withdrawal rates, W u W 2 , W 3 , W A , W 5 

6. The boilup ratio T31/L31 for the sidestripper No. 1 which has a reboiler (or 
alternatively, the reboiler duty Q R31 for this stripper could be specified) 

7. The intercooler duty Q p for the pumparound stream W p 

8. The pumparound rate W p and its withdrawal and return positions 

The numerical values for the specifications are listed in Table 4-13. 
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Table 4-13 Composition of the feed stream F { and other speci- 
fications for the pipestill, Example 4-11 (Taken from Ref. 13 by 
courtesy Hydrocarbon Process.) 



Component F\X t 



Other specifications for the 
theoretical analogue column 



1 


0.73000 x 10 1 


2 


0.25700 x 10 2 


3 


0.38000 x 10 2 


4 


0.43800 x 10 2 


5 


0.95700 x 10 2 


6 


0.71400 x 10 2 


7 


0.63300 x 10 2 


8 


0.63300 x 10 2 


9 


0.76250 x 10 2 


10 


0.72250 x 10 2 


11 


0.43950 x 10 2 


12 


0.43950 x 10 2 


13 


0.86500 x 10 2 


14 


0.29400 x 10 2 


15 


0.29400 x 10 2 


16 


0.51000 x 10 2 


17 


0.34000 x 10 2 


18 


0.34000 x 10 2 


19 


0.30640 x 10 2 


20 


0.30650 x 10 2 


21 


0.67600 x 10 2 


22 


0.65600 x 10 2 


23 


0.42400 x 10 2 


24 


0.71200 x 10 2 


25 


0.67500 x 10 2 


26 


0.12780 x 10 3 


27 


0.11360 x 10 3 


28 


0.97100 x 10 2 


29 


0.81200 x 10 2 


30 


0.67800 x 10 2 


31 


0.47700 x 10 2 


32 


0.57300 x 10 2 


33 


0.29600 x 10 2 


34 


0.28300 x 10 2 


35 


0.26400 x 10 3 



The hydrocarbon feed F, enters the 
column at 637°F with 69.038% of 
the feed vaporized and a total 
enthalpy of 219.890 x 10 6 Btu/h. 
The steam enters the main column 
and the sidestrippers as super- 
heated steam at 572°F and with 
the rates F 2 = 66, F 3 = 6.94, 
F 4 = 26.8, and F 5 = 15.8 lb mol/h. 
The sidestreams are to be with- 
drawn at the rates W x = 135, 
W 2 = 313.44, W A = 136.08, and 
W 5 = 368.40 lb mol/h. The pump- 
around stream is to be withdrawn 
at the rate of W p = 823 lb mol/h 
and the intercooler duty Q p = 
18.0 x 10 6 Btu/h. The reflux ratio 
L l /V l = 10.95 and the boilup ratio 
V 3l /L 3l = 0.13245. The pressure in 
the accumulator is 23.1 lb/in 2 abs, 
and the pressure on plate 28 is 
29.24 lb/in 2 abs. An equal 
pressure drop per plate may be 
assumed for the main column and 
the sidestrippers. The pressure 
on the top plate of each side- 
stripper may be taken equal to 
the pressure of the plate in the 
main column wheie the sidestream 
feed to the stripper originated. 



F, = 0.22032 x 10 4 lb mol/h 
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CHOICE OF INDEPENDENT VARIABLES 

Although the temperatures and the L/K's are commonly selected as the indepen- 
dent variables in the IN Newton-Raphson method, a heating or cooling duty 
may be selected as an independent variable, and the L/V for that stage specified. 
For example, by specification of the reflux ratio LJV U the condenser duty Q ci 
and the temperature 7\ become the independent variables for the first stage of 
the main column. The variable Lj/Vj is replaced by the new variable 0,-, which is 
defined by Eq. (4-8). 

For the set of specifications stated above and in Table 4-13, the correspond- 
ing set of 2JV + 1 independent variables (where N is equal to the total number of 
stages) is: O , Q cl , 2 , 3 , .... 3O , G*ai. 032, •••, #37, T u T 2 , ..., T 37 . Except 
for O , the 0/s are defined by Eq. (4-6). The new variable O is introduced to 
account for the two liquid phases in the accumulator, and it is defined as follows 

- Wo/V^OoiWo/Vj. (4-32) 

TOTAL MATERIAL BALANCES v 

The total material balances are formulated in a manner analogous to that 
demonstrated for complex columns. The returning vapor streams from the side- 
strippers to plates 5, 10, 15, and 22 give rise to elements which lie above the three 
diagonals of the matrix R of Eq. (4-10). 

The presence of two perfectly immiscible liquid phases on stage 1 and the 
typical two-phase (vapor and liquid) behavior on all subsequent stages calls for a 
special treatment of water on stages 1 and 2. The development of the 
component-material balances for all components except water are developed for 
the first and second stages, and then the component-material balances for water 
on these two stages are developed. 

COMPONENT-MATERIAL BALANCES 

For stage 1, the component-material balance for any component except water 
(for water or steam i = c = 35) is given by 

v 2i - "a ~ hi - ™u = ° (' ^ c ) 

Since W x and L x have the same composition 

w 1I = (^ 1 /L 1 )/ ll (i + c) 

Use of this relationship and the equilibrium relationship given by Eq. (4-11) 
permits the component-material balance to be restated in the following form 

-[1 + A u + (WJLJAiAvu + v n = {i± c) 
For the second stage, the component-material balance is given by 
V3i + hi-v 2i -l 2i = (i + c) 
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and by use of the equilibrium relationship, the component-material balance is 
restated in the following form 

A u v u - (1 + A 2i )v 2i + v 3i = (i± c) (4-33) 

The component-material balances for the remaining stages are developed in an 
analogous manner, and the complete set of equations so obtained may be stated 
in matrix form as follows 

A,v,= -/J (iVc) (4-34) 

where v, = [v u v 2i ••• v 31l ]' 

/J=[0 -0 v ru u-o-o]' 

The square matrix A, differs from a tridiagonal matrix by the appearance of only 
four nonzero elements to the right and four nonzero elements to the left of the 
tridiagonal band of elements. The four nonzero elements to the right of the 
tridiagonal band result from the return of the vapor streams from the sidestrip- 
pers, and the four elements to the left of the tridiagonal band of elements result 
from the introduction of the sidestreams W 2 , W 3 , W A , and W 5 to the sidestrip- 
pers. The hydrocarbon feed F x enters on plate 27, and v FU is in row 26 while / Fli 
is in row 27. 

COMPONENT-MATERIAL BALANCES FOR WATER 

Since the two liquid phases (the water phase and the hydrocarbon phase) in the 
accumulator are taken to be immiscible, it follows that 

w 0c = W 

/ lc = 

Thus the component-material balance for water for stage 1 (the condenser- 
accumulator section) is given by 

v 2c ~ Vic - woe = 
Since the partial pressure of water vapor above the two liquid phases in the 
accumulator is equal to its vapor pressure, it is evident that 

Pu = Pu = (vJVi)P ( 4 ~ 35 ) 

where P le is the vapor pressure of water at the temperature T t of the accumula- 
tor and p u is the partial pressure of water in the accumulator. Symmetry of the 
equations is preserved by restating the flow rate of water w 0c in terms of the 
vapor rate v lc . Commencing with 

and making use of Eq. (4-35) gives 

W o _ A 

Woc = W~Jp) Vlc ~ ocVu 
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Use of this relationship permits the component-material balance for water for 
stage 1 to be restated as follows 

-(l + A Oc )v lc +v 2c = (4-36) 

For stage 2, the component-material balance is 

»3c - v 2c - l 2c = 

since l u = 0. For stages 2 through 37, water is taken to be a two-phase compo- 
nent and the equilibrium relationship given by Eq. (4-11) may be used to restate 
the component-material balance for the second stage as follows 

-(l+^2cK+^3c = 

FUNCTIONS FOR THE NEWTON-RAPHSON METHOD 

For the general case of any stage j in which a single-liquid phase is in equili- 
brium with the vapor phase, there exist two independent variables per stage, 0, 
(or Q Cj or Q pj ) and 7} for a total of 2N independent variables. The total of 
IN + 1 independent variables for the pipestill results from the existence of two 
liquid phases in the accumulator, which give rise to three independent variables 
[0o,0i (or Q cl \ 7J for stage 1. 

In order to solve for the IN + 1 independent variables by use of the 
Newton-Raphson method, IN + 1 independent equations must be selected and 
expressed in functional form. The equations so selected are the N + 1 equili- 
brium relationships and the N enthalpy balances. 

The N - 1 equilibrium functional expressions for stages 2 through N are 
formulated by commencing with the condition that a set of the independent 
variables is to be found such that F, = for all ; (/ = 2, 3, . . ., N), where F, is 
given by Eq. (4-4). 

The existence of two liquid phases on stage 1 leads to two independent 
equilibrium functional expressions. The functional expression for the hydrocar- 
bon phase is developed by commencing with Eq. (4-2) and the fact that l u = 
to give 

The functional form of the equilibrium expression for the liquid-water phase on 
plate 1 is obtained by commencing with the equilibrium relationships given by 
Eq. (4-35). Rearrangement of this equation followed by the statement of the 
result so obtained in functional form gives 



1 l c_1 



Vu - v u \ (4-37) 



F = 



7. \^i«/. 



(4-38) 



The enthalpy balance functions are formulated for any stage j in a manner 
analogous to that for absorbers and distillation columns. The solution values of 
the variables (the temperatures, vapor rates, and product flow rates) are presented 
in Tables 4-14 and 4-15. 
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Table 4-14 Initial and final temperature and flow rate profiles for Example 
4-11 (Taken from Ref. 13) 





Temp 


., °F 


Liquid, lb 


mol/h 


Vapor, 


lb mol/h 


Plate 


Initial 


Final 


Initial 


Final 


Initial 


Final 


1 


100.00 


111.64 


2178.0 


2129.8 


198.90 


194.50 


2 


122.22 


116.79 


2178.0 


2108.9 


2862.0 


2816.1 


3 


144.44 


192.56 


2178.0 


2053.4 


2862.0 


2795.2 


4 


166.77 


210.74 


2178.0 


1985.4 


2862.0 


2738.7 


5 


188.89 


227.83 


2178.0 


1894.9 


2862.0 


2671.6 


6 


211.11 


247.41 


1864.6 


1463.3 


2825.3 


2561.5 


7 


233.33 


272.47 


1864.6 


1359.9 


2825.3 


2443.3 


8 


255.56 


296.95 


1864.6 


1303.0 


2825.3 


2340.0 


9 


277.78 


316.27 


1864.6 


1281.4 


2825.3 


2283.1 


10 


300.00 


329.46 


1864.6 


1265.5 


2825.3 


2261.4 


11 


322.22 


339.07 


1728.5 


1102.5 


2818.4 


2225.0 


12 


355.55 


348.00 


1728.5 


1061.2 


2818.4 


2198.2 


13 


366.67 


357.68 


1728.5 


1003.4 


2818.4 


2156.8 


14 


388.89 


369.84 


1728.5 


922 26 


2818.4 


2099.1 


15 


411.11 


386.60 


1728.5 


812.16 


2818.4 


2017.9 


16 


433.33 


410.45 


1360.1 


329.69 


2791.6 


1842.2 


17 


455.55 


439.86 


1360.0 


285.59 


2791.6 


1728.1 


18 


477.78 


453.90 


2183.1 


1607.8 


2791.6 


1684.0 


19 


500.00 


486.45 


1360.1 


879.87 


2791.6 


2183.3 


20 


522.22 


508.06 


1360.1 


859.71 


2791.6 


2278.3 


21 


544.44 


520.82 


1360.1 


816.99 


2791.6 


2258.1 


22 


566.67 


531.37 


1360.1 


759.57 


2791.6 


2251.4 


23 


588.89 


542.52 


1234.7 


554.13 


2775.8 


2124.4 


24 


611.11 


556.74 


1234.7 


462.72 


2775.8 


2044.5 


25 


633.33 


572.98 


1234.7 


354.27 


2775.8 


1953.1 


26 


655.55 


593.34 


1234.7 


154.74 


2775.8 


1844.6 


27 


677.78 


629.46 


1916.8 


811.63 


1254.7 


123.98 


28 


700.00 


626.51 


728.12 


778.86 


1254.7 


98.768 


29 


211.11 


256.46 


313.4 


326.68 


36.63 


19.775 


30 


233.33 


261.04 


313.4 


332.53 


36.63 


33.020 


31t 


255.56 


266.80 


276.8 


293.66 


36.63 


38.866 


32 


322.22 


331.89 


136.1 


130.74 


6.94 


20.442 


33t 


344.44 


321.95 


136.1 


122.58 


6.94 


15.105 


34 


433.33 


404.36 


368.4 


352.74 


26.80 


65.626 


35t 


455.55 


395.54 


368.4 


329.59 


26.80 


49.969 


36 


588.89 


535.40 


125.4 


117.97 


15.80 


33.464 


37t 


611.11 


524.46 


125.4 


107.70 


15.80 


26.072 


Other variables 






Initial 




Final 




WolV x 






1.75 




1.838 




Qci (Btu/h) 






38.33 x 10 6 




39.179 x 


10 6 


Q R31 (Btu/h) 






0.65 x 10 6 




0.66462 


x 10 6 



t Plates 31, 33, 35, and 37, are the bottom plates of sidestrippers 1, 2, 3, and 4, respectively. 
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Table 4-15 Product distributions for the main column of Example 4-1 1 (Taken 
from Kef 13) 



Compo- 
nent 


Liquid 


Liquid 


Vapor 


Liquid 

'28., 


1 




0.36758 x 10~* 
0.62566 
0.29272 x 10* 
0.89763 x 10* 
0.40897 x 10 2 
0.44157 x 10 2 
0.26133 x 10 2 
0.99476 x 10* 
0.10933 x 10* 
0.19251 

0.16419 x 10"* 
0.16518 x 10" 3 
0.16641 x 10" 4 
0.15145 x 10" 6 
0.22765 x 10" 8 
0.55656 x 10" *° 
0.14330 x 10" * 2 
0.76684 x 10' * 5 
0.68740 x 10" * 6 
0.22190 x 10" * 8 
0.17505 x 10" 20 
0.20760 x 10" 24 
0.61138 x 10" 29 


0.72632 x 10* 
0.25071 x 10 2 
0.35048 x 10 2 
0.34632 x 10 2 
0.52850 x 10 2 
0.21337 x 10 2 
0.47275 x 10* 
0.14782 x 10* 
0.88609 x 10"* 
0.10284 x 10"* 
0.56516 x 10" 3 
0.22649 x 10" 5 
0.14177 x 10 -6 
0.78507 x 10" 9 
0.70243 x 10"** 
0.10392 x 10- * 2 
0.13288 x 10" * 5 
0.40886 x 10" * 8 
0.28692 x 10" * 9 
0.51428 x 10" 22 
0.22792 x 10 - 24 
0.10708 x 10" 28 
0.12121 x HT 33 


0.32644 x 10 4 


2 




0.26807 x 10 2 


3 




0.83867 x 10 2 


4 




0.15499 x 10* 


5 




0.85879 x 10* 


6 




0.11619 


7 




0.17989 


8 




0.22583 


9 




0.38925 


10 




0.50368 


11 




0.37881 


12 




0.67363 


13 




0.17456 x 10' 2 


14 




0.79277 


15 




0.10205 x 10* 


16 




0.23381 x 10* 


17 




0.20558 x 10* 


18 




0.26460 x 10* 


19 




0.26962 x 10* 


20 




0.34258 x 10* 


21 




0.96953 x 10* 


22 




0.13251 x 10 2 


23 




0.12496 x 10 2 


24 




0.30110 x 10 2 


25 








0.44651 x 10 2 


26 








0.11928 x 10 3 


27 








0.11338 x 10 3 


28 








0.97097 x 10 2 


29 








0.81199 x 10 2 


30 








0.67799 x 10 2 


31 








0.47699 x 10 2 


32 








0.57299 x 10 2 


33 








0.29599 x 10 2 


34 








0.28299 x 10 2 


35 


0.35684 x 10 3 






0.77105 x 10* 










Total 


356.84 


135.00 


194.50 


778.86 
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Table 4-16 Product distribution for the sidestrippers of Example 4-11 (Taken 
from Ref. 13) 



Compo- 










nent 


'31.1 


'33.1 


'35.1 


'37., 


1 


0.69343 x 10 6 


0.25754 x 10 " 5 


0.61494 x 10" 5 


0.94406 x 10" 6 


2 


0.19430 x 10" 3 


0.18269 x 10- 3 


0.41215 x 10- 3 


0.75324 x 10" 4 


3 


0.91788 x 10 2 


0.24606 x 10- 2 


0.37864 x 10" 2 


0.34557 x 10- 3 


4 


0.14254 


0.15945 x 10" l 


0.17375 x 10~ l 


0.85512 xlO" 3 


5 


0.15792 x 10 ' 


0.14054 


0.14165 


0.57496 x 10" 2 


6 


0.51627 x 10 1 


0.31236 


0.30460 


0.10062 x 10" » 


7 


0.29863 x 10" 2 


0.68628 


0.69136 


0.20813 x 10~ l 


8 


0.49639 x 10 2 


0.10066 x 10 ' 


0.97587 


0.27918 x 10- l 


9 


0.70439 x 10 2 


0.22821 x 10 1 


0.19077 x 10 l 


0.50768 x KT 1 


10 


0.69003 x 10 2 


0.38008 x 10 1 


0.26698 x 10 ! 


0.70253 x 10" » 


11 


0.36973 x 10 2 


0.43218 x 10 l 


0.22027 x 10 l 


0.57564 x 10- l 


12 


0.17744 x 10 2 


0.20337 x 10 2 


0.50738 x 10 l 


0.12158 


13 


0.12172 x 10 2 


0.54715 x 10 2 


0.17523 x 10 2 


0.34493 


14 


0.18682 


0.16350 x 10 2 


0.11270 x 10 2 


0.17098 


15 


0.10401 


0.96660 x 10 l 


0.18373 x 10 2 


0.23646 


16 


0.16173 x 10" l 


0.65683 x 10 l 


0.41485 x 10 2 


0.59569 


17 


0.49269 x 10" 3 


0.11589 x 10 1 


0.30219 x 10 2 


0.56579 


18 


0.23143 x HP 4 


0.28438 


0.30271 x 10 2 


0.79865 


19 


0.50537 x 10" 5 


0.12979 


0.26966 x 10 2 


0.85782 


20 


0.18022 x 10" 6 


0.27553 x 10" l 


0.25961 x 10 2 


0.12358 x 10 1 


21 


0.13224 x 10- 7 


0.11837 x 10" l 


0.53601 x 10 2 


0.42919 x 10 l 


22 


0.63624 x 10" l0 


0.88605 x 10 ~ 3 


0.42437 x 10 2 


0.99107 x 10 ! 


23 


0.82631 x 10" 13 


0.20398 x 10 " 4 


0.12174 x 10 2 


0.17731 x 10 2 


24 


0.80735 x 10" 16 


0.39169 x 10- 6 


0.29254 x 10 1 


0.38165 x 10 2 


25 


0.67213 x 10 21 


0.22248 x 10 - 9 


0.60178 x 10" ! 


0.22788 x 10 2 


26 




0.30389 x 10~ 14 


0.14531 x 10- 3 


0.85209 x 10 1 


27 




0.21479 x 10" 22 


0.23489 x 10- 8 
0.12939 x 10 13 
0.64525 x 10" 20 


0.21711 


28 




0.31133 x 10" 2 


29 






0.20250 x 10 " 4 


30 






0.15680 x 10" 7 


31 








0.52034 x 10" 9 


32 








0.53617 x 10" l4 


33 








0.26740 x 10" 19 


34 










35 


0.26242 x HT 2 


0.75718 


0.23097 x 10 1 


0.89814 


Total 


293.66 


122.58 


329.57 


107.70 
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4-4 COMPARISON OF PROCEDURES 1, 2, 3, 
AND THE COLUMN MODULAR 
AND SYSTEM MODULAR METHODS 

A summary of the computer times and the number of trials required to solve a 
variety of examples by the methods enumerated above is presented in Table 
4-17. These results show that for absorber-type columns (Examples 4-2, 4-3, and 
4-4), procedure 1 requires fewer trials than do procedures 2 and 3. For columns 
which have a relatively small number of plates, all three procedures require 
about the same amount of computer time. As the number of plates and compo- 
nents are increased (see Example 4-12), the speed advantage of procedures 2 and 3 
over procedure 1 becomes more pronounced. 

For distillation-type columns (Examples 4-5 through 4-7) the method, 
which is presented in Chaps. 2 and 3, is seen to be from 5 to 20 times faster than 
the IN Newton-Raphson method. 

Since the number of operations required to invert or to find the LU 
factorization of the jacobian matrix requires n 3 or n 2 operations, respectively, it is 
fortunate that most absorber-type problems are characterized by mixtures which 
contain a relatively large number of components and by columns which contain 
a relatively small number of plates. For problems of this type, the IN Newton- 
Raphson method is best suited and is recommended. For separations carried out 
in distillation type columns involving large numbers of components and plates, 
the 9 method is the most efficient and is recommended. 

In order to obtain a comparison between the computer times required for 
the column modular and the system modular methods, Example 3-4 was used by 
Hess 15 to test the two methods. In the global modular application of the 2N 
Newton-Raphson method to the system shown in Fig. 3-12, stages are numbered 
consecutively beginning with the accumulator of the first column and terminat- 
ing with the reboiler of the last column. Example 4-12 consisted of solving the 
complete set of equations for the system simultaneously by use of the IN 
Newton-Raphson method in a manner similar to that demonstrated above for 
pipestills. From the results presented in Table 4-17, it is evident that the column 
modular method consisting of the method for each of the columns and capital 
method for the system is significantly faster than the system modular 
approach of the 2N Newton-Raphson method. In conclusion, the results pre- 
sented in Table 4-17 support the recommended combination of procedures pre- 
sented in Table 4-1. 
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PROBLEMS 

4-1 An adiabatic flash process may be regarded as an absorber with one equilibrium stage in which 
the two entering feeds are combined to give a feed rate F and composition {X t }, that is, 

"iV+1., + l Oi= FX i 

and 

*H+ 1 + ^-0 

(a) Restate Eqs. (4-1) through (4-13) for the special case of an absorber with one equilibrium 
stage. 

(b) In the interest of simplicity, let (L l /V l ) a be set equal to unity. Show that Eq. (4-10) reduces 
to a scalar-total material balance which may be solved for V x to give 

F 

V = 

1 1 + 

and that A, v, = -/ reduces to a scalar-component-material balance which may be solved for v u to 

give 

FX { 

v.. = 

i + e/K u 

4-2 (a) Obtain expressions for the partial derivatives of v u and V x (see Prob. 4-1) with respect to 7, 
and 6 t . 

(b) Obtain expressions for the partial derivatives of the functions F, and G, (see Prob. 4-1) 
with respect to T x and V 

4-3 Show that the function F,(0„ 7,) (see Prob. 4-1) decreases monotonically with both 0, and 7, 
for all 0, > and all 7, lying between the bubble-point and the dew-point temperatures of the 
combined feed. 

4-4 Repeat Prob. 4-3 for the function G^fl,, T t ) (see Prob. 4-1). 

4-5 Produce a sketch of the following forms of the phase equilibrium function in the positive domain 

of d at a fixed value of T x lying between the bubble-point and dew-point temperatures of the feed. 

y i •=! *i. 



Wf '-!,(i-'K 



where the formulas for v u and V x are given in Prob. 4-1. 

4-6 A single-stage absorber is to be operated adiabatically at 1 atm pressure. The lean oil stream L 
enters the single-stage absorber as a liquid at 139.6°F, and the rich gas enters the absorber at its 
dew-point temperature of 200°F at 1 atm. Use the equilibrium and enthalpy data stated in Examples 
1-4 and 1-5. The component-flow rates of the rich gas V N+l and lean oil L are as follows. 

Component v N+l , L. 






50 


50 





50 
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It is desired to determine K„ L„ and their compositions by use of the Newton-Raphson method. 
Evaluate the functions F, and G, and the partial derivatives dF l /dO l and dG x /dO v These are two of 
the four partial derivatives which are needed to make the first trial and calculation by use of the 
Newton-Raphson method. For the first trial take 0, = 1 and 7, = 105°F. 

In practice, both the variables and the functions should be normalized. Let a new normalized 
temperature be defined as follows 



T (normalized) = 



100 



4-7 Begin with first principles and formulate the enthalpy balance functions G: for a conventional 
distillation column. 

4-8 For the functions {F,j and {G,}, given by Eqs. (4-3) and (4-4), respectively, develop the expres- 
sions for the following sets of partial derivatives for ally (j = 1, 2, ..., N) and all fc {k = 1, 2, N) 

PFj\ pFj\ fiGj\ fiGj\ 
\dO k l \dT k l \d0\ \3T k i 

4-9 Perform the matrix differentiation implied by the right-hand side of Eq. (4-24) and verify the 
formulas given in Table 4-3 for C kl . 

4-10 Supply the missing steps required to find the inverse of the jacobian matrix J in Example 4-8 
4-11 {a) If 



A k = 





2 4 




-6 


-4 -7 10 


2 7-9 


1 




"3 




2 


>y* = 


2 


,C 


3 




1 





Compute 



--A k + x k Cy k r 



{b) Obtain the LI factorization of A k+ , and compare the result so obtained with that found in 
Example 4-9. 

4-12 Formulate the four g functions and the matrix equation for the overall component-material 
balances for Example 4-10. 

4-13 Show that the Broyden correction may be stated in the form given in procedure 3, namely, 

J*+i = J* + x k Cyif 

Hint: Make use of the Broyden relationships given in Chap. 15. 
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CHAPTER 

FIVE 

ALMOST BAND ALGORITHMS OF THE 
NEWTON-RAPHSON METHOD 



The Newton-Raphson formulations, called the Almost Band Algorithms are 
recommended for solving problems involving columns in the service of separat- 
ing highly nonideal mixtures. In the Almost Band Algorithms, the independent 
variables in the Newton-Raphson method are taken to be either one or both sets 
of the component-flow rates {/,,.} and {v^}, the temperatures {7}}, and in some of 
the formulations one or more of the total flow rates {L,}. In Sec. 5-1 the indepen- 
dent variables are taken to be the component-flow rates, {/,,}, {v jt }, and the 
temperatures {7}). The formulation is presented in Sec. 5-1 for absorbers and 
strippers, and in Sec. 5-2 the formulation for conventional and complex columns 
is presented. Two modifications of Broyden's method are presented in Sec. 5-2. 
The modifications of Broyden's method preserve the sparsity of the initial jacob- 
ian matrix, whereas the original method as proposed by Broyden does not. The 
treatment of systems of columns in the service of separating highly nonideal 
solutions is presented in the next chapter. 

Although the Almost Band Algorithms use a large number of independent 
variables, far less computer time is required to obtain a solution to a given 
distillation problem than might be expected. The computational speed results 
from the use of selected techniques of sparse matrices and the characteristics of 
homogeneous functions. 

Sparsity of the jacobian matrix is achieved by a suitable ordering of the 
variables and functions. The particular choice of variables and functions and 
their ordering (discussed below) leads to the unique form of the jacobian matrix 
shown in Fig. 5-1. The well-known method of gaussian elimination may be 
applied in a stepwise fashion in the transformation of the matrix shown in 
Fig. 5-1 to the one shown in Fig. 5-2. At any one time, only four of the (c + 2) 
square matrices along the diagonal and the two corresponding column matrices 
are considered in the gaussian elimination process instead of the complete i 
N(c + 2) square matrix. No arithmetic is ever performed on any of the zero \ 
elements lying outside of the squares in Figs. 5-1 and 5-2. 

178 i 
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Figure 5-1 Structure of the jacobian matrix for an absorber. 
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Figure 5-2 Upper triangular matrix for an absorber. 
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Highly nonideal solutions are characterized by the fact that the activity 
coefficients and the partial molar enthalpies are strongly dependent upon 
composition. In order to compute the partial derivatives of these quantities 
which are needed in the application of the Newton-Raphson method, it is con- 
venient to choose compositions or component-flow rates as members of the set 
of independent variables. Numerous choices of the independent variables have 
been made. 6, 7 * 8 - 13, 15, 17 ' 19 - 20 To demonstrate the formulation of the Newton- 
Raphson method, the choice of independent variables proposed by Naphtali and 
Sandholm 17 is used. The Almost Band Algorithm may be formulated for other 
choices of independent variables as shown by Gallun and Holland. 7 - 8 - 9 



5-1 ALMOST BAND ALGORITHMS FOR ABSORBERS 
AND STRIPPERS, INDEPENDENT VARIABLES: 

{/,,}, { Vji } 9 AND {7}} 

As shown in Fig. 4-1, the plates of the absorber are numbered down from the 
top of the column, the top plate is assigned the number 1 and the bottom plate 
the number N. The variables regarded as fixed (or specified) in the developments 
which follow are: 

1. {Jo,}, liquid at T and at the inlet pressure P 

2. {t>N+i,,-}, vapor at T s+1 and at the inlet pressure P N+1 

3. the column pressure or the pressure on each stage 

The N(2c + 3) equations required to describe the column may be stated in 
the following form: 



/ ji L ji _ Iji r ^ji g ji 



Equilibrium , ^ __ 
relationship » ■ Jl J 



Component- 
material 
balances 

Energy 
balance 



\i-ji.i+lj- U i-v Jt -lji = 



0"= 1,2,..., AT) 
(i= 1,2,..., c) 

0= 1,2, ...,JV) 
0= 1,2, ...,7V) 

0= 1, 2, ...,/V) 
0=1,2, ...,c) 



(5-1) 



j, = i 

0=1,2,...,N) 
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where //,, and /i 7 , denote the virtual values of the partial molar enthalpies; see 
Chap. 14. In the above statement of the equations, the component-material bal- 
ances and the energy balances enclose each stage j. 

Use of the second and third expressions of Eq. (5-1) to eliminate the total- 
flow rates from the equilibrium relationships yields a total of N(2c + 1) equa- 
tions for the description of an absorber. When the independent variables are 
chosen as shown above, it is convenient to state each component-material bal- 
ance and each energy balance for the enclosure of a single stage. Thus, after the 
total-flow rates have been eliminated from Eq. (5-l)as described above, the 
resulting set of N(2c + 1) independent equations required to describe the column 
may be stated in functional form to give 

yjjKjilji y^ (j= 1, 2, ...,N) 
Jji c c (i= 1 2 c) { ' 

i=l 1=1 

J _. , (/= 1.2,..., N) ,, ,> 

«i« = "j+ 1. 1 + h- 1. 1 ~ v a ~ b' (,• = i, 2, . . ., c) ( * 

c 

G, = - ^- 1 (7=1,2,...,N) (5-4) 

i=l 

In the expressions for the activity coefficients {y£, yj;.} and the virtual values of 
the partial molar enthalpies {H jh £,,}, the mole fractions must have the sum of 
unity. This condition is satisfied by use of the following expressions for these 
mole fractions 

** = -£- yji = -?~ (5-5) 

i=l i=l 

In order to obtain a jacobian matrix having the form shown in Fig. 5-1 for 
an absorber, both the functions and the variables must be appropriately ordered. 
The functions must be ordered as follows 

f = [(fj, ifj.2 '"he ™j, j m Jt2 • • • m h c Gj) j= u N ] T (5-6) 

where the subscript j = 1, N means that the argument is to be repeated for 
j = 1, 2, ..., N. The variables must be ordered as follows 

x = [( / i.i h.2 '" h.c v j,i v j,2 '" He Tj)j-i.n] t (5-7) 

By the ordering of the variables is meant the order in which the differentia- 
tion of each function is carried out in the Newton-Raphson method which is the 
same as the order in which the variables appear in the vector given by Eq. (5-7). 
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For example, the Newton-Raphson equation for any one function, say f jk (the 
equilibrium function for plate j and component k, where k denotes a particular 
one of the c components), is 

(Wjk/dh. i) A/,. ! + (df jk /dl lt2 ) A/ lt2 + ••• + (df Jk /dl Uc ) M Uc 

+ (%/fl»i. i) Ai7 lf ! + ••• + (dfjt/dv^) Av Uc + (a^/aro at; 

The complete set of Newton-Raphson equations may be stated in the following 
matrix form 



J Ax= -f 



#i.i df ul 



(5-8) 



3/l., 


dh.2 


^«l.c 


dm Uc 


a/l.l 


dh,2 


5G, 


dG t 


5/,.i 


dli.i 


dG N 


dG s 



Wi. 



dT N 



Cm 



l.c 



L 3/i.i a/i. 



dT N 



Ax = [(A/,, x A/,, 2 • • • A/,, c Avj, ! A.,, 2 • • • At,,, c A7}),- = x , N f 

and f is defined by Eq. (5-6). 

The complete set of Newton-Raphson equations may be solved by trans- 
forming the matrix shown in Fig. 5-1 into the upper triangular matrix shown in 
Fig. 5-2. The triangularization procedure, to be described next, is based on gaus- 
sian elimination. 

The matrix shown in Fig. 5-1 has several desirable features which arise from 
ordering. First, the elements lying outside of the shaded areas in Figs. 5-1 and 
5-2 are always zero. Second, most of the elements below the principal diagonal in 
Fig. 5-1 are zero, and those which are nonzero are clustered along the diagonal. 
This characteristic makes it possible to consider only a relatively small number 
of squares of elements (or submatrices) at any one time. 

For example, in the first step of the triangularization of the jacobian matrix 
in Fig. 5-1, the submatrices 1, 2, 3, 4, 6, and 7 are considered. To initiate the 
elimination process, the largest element of column 1 of submatrices 1 and 2 of 
Fig. 5-1 is selected as the pivot element. If this element lies in submatrix 2, then 
submatrix 6 may be filled in the process of eliminating all elements above the 
pivot element. 
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After the procedure has been applied to the last column of submatrix 2, the 
entire process is repeated for the next set of six submatrices; namely, submatrices 
4, 5, 7, 8, 10, and 11. If one or more of the pivot elements lie in submatrix 5, then 
submatrix 10 may be filled in the elimination process. 

Refinements of the gaussian elimination process which were used have been 
described by others 23 under headings such as symbolic partial pivoting. One of 
the refinements used consisted of keeping an account of the precise number of 
rows filled in matrices such as 3 and 10 by the triangularization process No 
subsequent arithmetic was performed on the empty rows. A second refinement 
consisted of the use of minimum element sizes whereby each element was 
examined and if found to be less than some small preassigned number, it was set 
equal to zero. No subsequent arithmetic was performed on such elements. Also, 
all of the variables were scaled so that their values generally fell within the range 
of to 2, and the columns and rows of the Newton-Raphson equations were 
scaled as recommended by Tewarson 23 (see also Chap. 15) before the gaussian 
elimination process was initiated. 

If the approximations presented in this section are made, the number of 
nonzero elements in the shaded submatrices of Fig. 5-1 is smaller, and the effort 
required to evaluate many of the partial derivatives is significantly reduced. 
However, the general algorithm just presented for solving the Newton-Raphson 
equations may be used regardless of whether or not any or all of the approxima- 
tions presented in this section are used. 

The first class of approximations are referred to as "mathematical approxi- 
mations" because they are based upon purely mathematical considerations The 
second class of approximations are called "physical approximations" because 
they are based upon the physical characteristics of a particular system. 

MATHEMATICAL APPROXIMATION 

The proposed approximation amounts to neglecting the partial derivatives of the 
enthalpy departure functions, the Q's, with respect to the component-flow rates. 
As shown in Chap. 14, Q appears in the definition of the virtual value of the 
partial molar enthalpy. For example, for any component i in the liquid phase on 
plate;, the virtual value of the partial molar enthalpy is given by 

Kji^Hi + Qf (5-9) 

when tf°- is the enthalpy per mole of pure component i in the perfect gas state at 
the temperature 7} and pressure of one atmosphere, £,, is the virtual value of the 

?2;° ar CI ! tha,Py f ' m ° le ? f com P° nent <> K = h (/>,, 7}, {/,,} ), and af is 
called the departure or deviation function per mole of the mixture, hf = Qf (/> 

The mathematical approximation which follows is based on the fact that the 
Os are homogeneous functions of degree zero in the component-flow rates 
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Thus,^ when the {dOj/d/,,} are evaluated at the //s assumed to make trial h, 
Euler's theorem 22 gives the following relationship (see App. A). 



imwMn) n =Q 



(5-10) 



Advantage of this relationship may be taken by consideration of the following 
terms of the Newton-Raphson equation for the function G 



•• + 



L d 'n J 


A/,., + 


i=l 

L dl n J 



Al J2 + -- + 



^ IV,, 

i= 1 
~Jl~ 



A//c + 



Since h n = H^ + 0}, this series of terms may be rearranged to the following 
form 



••• + 



l> A/; « + (|>) 



I^A/.. 
i = i fj' 



+ ■ 



Since A/,-,. = (/,,)„+ 1 - (/ ii ) n , the last term of the above expression may be restated 
as follows 

By Eq. (5-10), the second sum in this series is identically equal to zero. Then, if 
the approximation that 



ZWWjiUhiUi^o 



(5-11) 



is made, derivatives of the Qf's with respect to the component-flow rates may be 
neglected. Thus, on the basis of the assumption given by Eq. (5-11), the selected 
terms of the Newton-Raphson equation reduce to the same result which would 
have been obtained had it been assumed that mixture formed an ideal solution, 
that is, 



HKh 



k=l 



din 



Al jk = I bjk &hk 



^ A similar argument may be made for neglecting the partial derivatives of 
&j 's with respect to the component-flow rates of the vapor. 

In support of the approximation given by Eq. (5-11), it should be noted that 
the relationship becomes exact if the predicted flow rates in this expression are 
approximated by a linear combination of the assumed set of flow rates, namely, 
(O.i+i = a(y„- This relationship is also exact if (dfy/dlj^ = (dClf/dl^^ 
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PHYSICAL APPROXIMATIONS 

Most approximations of this class involve the relative magnitudes of the partial 
derivatives of the activity coefficients, fugacities, and the departure function Q 
with respect to temperature. If, for example, the Q is independent of temperature 
or its variation with temperature is small, then the approximation dQ/dT = 
may be made. 

5-2 ALMOST BAND ALGORITHMS FOR CONVENTIONAL 
AND COMPLEX DISTILLATION COLUMNS 

Only minor modifications of the algorithm formulated for absorbers are needed 
in order to solve problems involving all types of distillation columns. 

The [N(2c + 1 ) + 2] Formulation of the Newton-Raphson Equations 
for a Conventional Distillation Column 

Distillation columns may be described by N(2c + 3) equations similar to those 
given by Eq. (5-1) for absorbers except that in the case of distillation columns, 
the energy balances for stages j = 1 (the condenser-accumulator section) and 
j = N (the reboiler) contain two new variables, the condenser duty Q c and the 
reboiler duty Q R . To demonstrate the formulation of the equations for distilla- 
tion columns, two cases are considered: (l)a conventional distillation column 
with a partial condenser and the reflux rate L x and bottoms rate L N specified, and 
(2) a conventional distillation column with a total condenser and L x and L N 
specified. 

In addition to the specification of the type of condenser, it is also supposed 
in all of the cases considered that the following variables have been fixed: 
column pressure; number of stages N; complete definition of the feed (the feed 
rate F, composition X ( and thermal condition); and the feed plate location/ 

CONVENTIONAL DISTILLATION COLUMNS WITH PARTIAL CONDENSERS 

Consider first the case where a partial condenser is used. Introduction of a partial 
condenser and a reboiler introduces two new variables (relative to those which were 
used to describe absorbers), the condenser duty Q c and the reboiler duty Q R . If 
Qc and Q R are regarded as independent variables, two others must be fixed. 
When these are taken to be the reflux rate L, and the bottoms rate L Nl the 
corresponding specification functions take the form 



I'.. 

= i 

j-1 



S,=^--l (5-12) 



Sn = ^ 1 (5-13) 
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When the [N(2c + 1) + 2] functions are ordered as follows 

f = [Siifj. ifj.2'"fj.c *nj. i mj. 2 ' ' ' m jt c Gj) j==u N S N ] T (5-14) 

and the differentiation is carried out with respect to the following 
[N(2c + 1) + 2] variables in the order listed 

x = [Gcft.i ki '" h.c Hi »j.i '" v Jte Tj) j=UN Q^ (5-15) 

a jacobian matrix similar to the one shown in Fig. 5-1 is obtained. In this case, 
however, the first and last squares on the principal diagonal are (2c + 2) by 
(2c + 2) rather than (2c + 1) by (2c + 1) as shown in Fig. 5-1. In the above 
listing of the variables, v u has been used to denote d { . The corresponding 
Newton-Raphson equations may be solved by gaussian elimination in a manner 
analogous to that described for absorbers. 

The equilibrium functions are of the same form as those presented for absor- 
bers; provided that the distillates rates {d ( } are denoted by {v u } and the bottom 
rates {b t } by {/„,}. For all stages except for j=l,f-l,f, and N\ the material 
balance functions m }i are of the same form as those shown for absorbers. For the 
exceptions, the functions take the form 

m u = v 2i - v u - l u 

"V- i. « = v n + v Fi + l f . 2 ^ i - v f - lt i - l f . lt i 

( 5 " 16 ) 

m n = »/+ 1. i + //- 1. / + l Pl - v fi - l fi 



msi = l N -i,i-v Ni -l i 



Ni 



Likewise, the enthalpy balances G,- are of the same form as those given by 
Eq. (5-4) for absorbers except for stages; = 1,/- 1,/ and N. For stages/- 1 
and/ the denominators of G f _ x and G f contains the additional terms 

c c 

Y,v Fi H Fi and £/«£« 
« = i /=i 

respectively. The functions G t (for a column with a partial condenser) and G N 
are given by 

c 
Z(Oli»H+'ll^l«)+fic 

G,=^ 1 

Hv 2i H 2i 



Z [^N.^jvi + In h Ni ] 
G, = ^p 1 

Z'w-l,i''N-l,,' + Qr 



(5-17) 



For the case where Q c and Q R are specified instead of L x and L N , the 
functions f are of the same form as shown above, but the set of independent 
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variables x now contain L t and L N instead of Q c and Q R 

x = [^i C,w lj.2 '" lj. € v J<i v J-2 '" v hc Tj)j= ltN L N ] T (5-18) 

CONVENTIONAL DISTILLATION COLUMNS WITH TOTAL CONDENSERS 

For the case where a total condenser is employed and L v and L N are specified, 
the problem is formulated as follows. Specification of L N fixes D, since by total 
material balance, D = F - L N . Since d t and l u have the same composition, they 
are related by 



H0- 



and d t should be replaced wherever it appears by its equivalent (D/L^. In the 
case of a total condenser, the variable v u does not exist, and it is replaced in/ lt , 
and x by y lh the mole fraction of component i in the vapor above the liquid in 
the accumulator, that is, 

f^y^uLi.ykii (5 . 19) 

i=l i=l 

and 

* = [6(7 '1,1 •• / liC ^i.i '■ y Uc T x (l hl •• l jc v n -v jc Tj) Jm2tN Q R f 

(5-20) 
Also, wherever y u appears in the expression for the activity coefficients {y\ t } and 
the enthalpies {H u }, it is replaced by its normalized value y u flj=i yw 

The set of N[(2c + 1) + 2] functions is again given by Eq. (5-14). However, a 
different form of the function S t must be used because the expression given by 
Eq. (5-12) is no longer independent. For it may be obtained by a linear combina- 
tion of the other functions, namely, 



Si = 



t E^ + L^/d (5-21) 



Thus, the following expression should be used for S l for columns with total 
condensers 

c 

s i= Z-Vi. - 1 (5-22) 

i = l 

When the condenser duty Q c and the reboiler duty Q R are specified rather 
than L x and L N , then Q c and Q R are replaced in the vector x of independent 
variables by L x and L N , respectively. The specification functions are given bv 
Eqs. (5-12) and (5-22). J 
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The [N(2c + 1) + 3] Formulation of the Almost Band Algorithm 
for a Complex Column with One Sidestream 

Consider the case where a liquid sidestream is withdrawn at the specified rate of 
W p moles per hour from plate p as shown in Fig. 3-4. This problem may be 
solved by introducing a new independent function and a new independent var- 
iable <t>, which is equal to the multiplier of the flow rate L p required to give the 
specified flow rate W p . The new independent function may be stated as follows 



*■♦- 



i=l 



-1 



(5-23) 



The functions f and variables x are ordered as indicated by Eqs. (5-14) and 
(5-15) for conventional columns except for stage p, and for this stage, the func- 
tions and their ordering follow 



'" fpl fp2 '" fpc m p\ m i 



p2 



m pc G p /> 



The variables for stage p and their ordering are 



fp, 1 lp, 2 * * ' *p,c V p, 1 



'p.2 



where each w pi is replaced by <j)l pi in the material balances. The 2c + 2 functions 
and 2c + 2 variables for stage p are reflected by the 2c + 2 by 2c + 2 squares 
shown in Fig. 5-3. 



No. 
I 

2 
3 



N-l N 



N-l 
N 



© 



c+D— [ 



K 



elements 



Note: 
I. All elements outside of the 
shaded area are zero. 

2. Each of the shaded squares 
contains one or more non- 
zero elements. 



'(2c+2) 



3. All squares are (2c +1) 
by (2c+ 1) except for 

_ plates l.,p, and Nvmfch are 
(2c+2) by (2c+2). 



®! 



Figure 5-3 Jacobian matrix for a complex column with a liquid sidestream withdrawn from plate p. 
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In the application of the Almost Band Algorithm to problems involving 
sharp separations, it was required that all of the corrected flow rates be positive 
and that the temperatures lie within the range of the curve fits. In this procedure, 
the vector correction Ax was reduced by an appropriate scalar a until all of the 
corrected flow rates were positive and the corrected temperatures were within 
the range of the curve fits, that is, 

x fc+1 = \ k + a Ax (5-24) 

where a = 1, 1/2, 1/4, 1/8, .... First a value of a = 1 is tried, and if the conditions 
enumerated are not satisfied, the value of a is reduced successively by a factor of 
1/2 until all flow rates are positive and the temperatures lie within range of the 
curve fits. 

When only the l-s or v^s are selected as the independent variables, the 
picking of a becomes more difficult, particularly in the case of complex columns, 
because the a must be selected such the dependent component-flow rates given 
by the constraining equations (the component-material balances) are positive. 

The disadvantage of the choice of the {/,,}, {i^}, and {7}} as the independent 
variables over the choice of the {/,,} and {7}} as the independent variables is the 
additional storage requirement for the N x c vapor rates {t^}. Other formula- 
tions involving different sets of flow rates are considered in Prob. 5-5. 

Formulations involving the use of the mole fractions as independent var- 
iables have been proposed by Bruno et al. 4 and Ishii and Otto. 15 Bruno et al. 
formulated the problem in terms of N(c + 1) independent variables: the {VJ}, {7}}, 
and {x j2 x j3 • • • x jc }. To solve an extractive distillation problem which involved 
nine plates and three components, Bruno et al. reported an execution time of 1.5 
minutes on an IBM 360-50. Gallun 6 solved the same problem (except for a 
minor difference in specifications) in nine seconds of IBM 360-50 execution time 
with six iterations. The difference in execution time of the two methods was 
attributed to the efficient matrix solving techniques used by Gallun. 

Ishii and Otto 15 presented a very fast algorithm based on the Newton- 
Raphson method. The problem was formulated in terms of N(c + 2) indepen- 
dent variables, {V}}, {7}}, {x jt }. In contrast to the algorithm described herein, their 
algorithm was based upon making several approximations in the evaluation of 
the partial derivatives. These approximations could lead to failure in the solution 
of problems involving highly nonideal solutions. However, if the approximations 
they proposed are not made, their algorithm for solving the jacobian matrix is 
no longer applicable. When their approximations were made in the algorithm 
presented herein, Example 5-1 appeared to be converging but was far from 
convergence at the end of 20 trials. 



NUMERICAL EXAMPLES 

Statements of Examples 5-1 and 5-2 are presented in Table 5-1, and the solutions 
are presented in Tables 5-2 through 5-4. The curve fits of all data used in the 
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Table 5-1 Statement of Examples 5-1 and 5-2 





Example 5-1 


Example 5-2 


Components 


FXi 


F t X u FiXu 


Methanol 
Acetone 


15 
40 


65 

25 

5 


Water 




50 5 


Methyl acetate 

Benzene 

Chloroform 


5 

20 
20 




Type of column 


Conventional distillation 
column 


Complex distillation column 
with two feeds 


Column pressure, atm 
Feed plate location 

N ' 

Thermal condition of feed 

Type of condenser 

LJD 

B, mol/h 


1 
/ = 6 

17 

Liquid at 

137.1°F 

Total 

9.5 

61.91443 


1 

F l enters on plate 6 

F 2 enters on plate 21 

42 

F t is liquid at 120°F 

F 2 is liquid at 100°F 

Total 

3 

124 



Table 5-2 Solutions of Examples 5-1 and 5-2 



Initial 
assumptions 


Example 5-1 




Example 5-2 


Temperature 
profile, °F 


T x = 100, 7 2 = 110 
7 17 = 175 
Tj= 110 + (175- 
for; = 3,4,..., 16 


110)/15, 


7! = 100, 7 2 = 110 

T 42 = 175 

Tj= 110 + (175- 110)/40, 

for; = 3, 4, ...,41 


L,, mol/h 


Lj« 570,7 =1,2,. 
£. = 610,; = 6, 7,. 


..,5 
.., 16 


Lj = 7SJ= 1,2,..., 5 
L i= = 128,; = 6, 7,. ..,20 
Lj = 228,; = 21, 22,..., 41 


/;,-, mol/h 


Ijt = LjXi for all i « 


indy 


h-h 


F l X u + F 2 X 2i 
I F l+ F 2 \ 










for all i and j 


toll) 


M= 0.2 for all i 




y u = 0.25 for all i 


Qc, Btu/h 


4£10 6 




1 x 10 6 


Qk, Btu/h 


4 x 10 6 




1 x 10 6 
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Table 5-3 Solution values of selected variables for Example 5-1 



Plate 


7},'F 


Lj, mol/h 


Plate 


7},-F 


L 7 , mol/h 


1 


132.60 


361.81 


10 


134.66 


462.03 


2 


133.02 


360.85 


11 


134.72 


462.43 


3 


133.40 


360.39 


12 


134.83 


463.30 


4 


133.74 


360.65 


13 


135.95 


465.15 


5 


134.09 


361.98 


14 


135.60 


498.89 


6 


134.56 


461.76 


15 


137.01 


475.10 


7 


134.58 


461.65 


16 


140.39 


483.64 


8 


134.60 


461.78 


17 


145.99 


61.91443 


9 


134.63 


461.84 








Component 




(mol/h) 


yu 






Methanol 




13.2015 


0.33186 






Acetone 




17.8976 


0.49304 






Methyl acetate 


2.9490 


0.08770 






Benzene 




2.8971 


0.06688 






Chloroform 




1.1402 


0.02052 







Q c = 5.633271 x 10 6 Btu/h 
Q K = 5.714335 x 10 6 Btu/h 



solution of these examples are presented in Tables B-ll through B-18. These 
curve fits were taken from Gallun. 6 ' 7 The enthalpy of the liquid phase was 
approximated by the assumption of ideal solution behavior. The enthalpy func- 
tion Q for the vapor phase was evaluated by use of the first two terms of the 
virial equation of state as described in Table B-18. The second virial coefficients 
were approximated as described by Prausnitz et al. 18 The critical properties and 
parameters needed are presented in Table B-17. These were taken from Table 
B-l of App. B-l, page 213, of Ref. 18. Vapor pressures were expressed by 
Antoine equations, and the constants for these equations are given in Table 
B-l 3. Activity coefficients for each component in the liquid phase were approx- 
imated by use of the Wilson equation as described in Chap. 14. The energy terms 
appearing in this equation are given in Table B-l 5 for Example 5-1 and in Table 
B-l 6 for Example 5-2. The molar volumes appearing in the Wilson equation 
were curve fit on the basis of the data given in Table B-14. The fugacity 
coefficients y\ f\j? for the vapor phase were approximated by use of Chap. 3 
(Eqs. 3-10 through 3-12) and pages 143-144 of App. A of Ref. 18 as described in 
Table B-18. 

The assumption of ideal solution behavior for the calculation of the enthalpy 
of the liquid phase was made for both examples. For the vapor phase, the 
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Table 5-4 Solution values of selected variables for Example 5-2 







h 






^ 


Plate 


Tj fF) 


(mol/h) 


Plate 


7}(°F) 


(mol/h) 


1 


132.08 


78.00 


23 


145.58 


223.00 


2 


132.38 


77.42 


24 


145.58 


223.00 


3 


132.80 


76.58 


25 


145.59 


222.99 


4 


133.51 


75.21 


26 


145.60 


222.98 


5 


135.09 


72.20 


27 • 


145.62 


222.96 


6 


140.88 


125.40 


28 


145.65 


222.94 


7 


141.02 


125.08 


29 


145.70 


222.90 


8 


141.23 


124.68 


30 


145.77 


222.84 


9 


141.52 


124.18 


31 


145.89 


222.74 


10 


141.97 


123.54 


32 


146.09 


222.59 


11 


142.65 


122.71 


33 


146.39 


222.36 


12 


143.71 


121.69 


34 


146.86 


222.03 


13 


145.27 


120.56 


35 


147.55 


221.56 


14 


147.30 


119.51 


36 


148.55 


220.97 


15 


149.47 


118.72 


37 


149.89 


220.29 


16 


151.35 


118.23 


38 


151.54 


219.58 


17 


152.64 


117.99 


39 


153.38 


218.96 


18 


153.29 


117.99 


40 


155.29 


218.35 


19 


153.14 


118.38 


41 


157.50 


217.38 


20 


151.38 


119.87 


42 


161.91 


124.00 


21 


145.57 


223.00 








22 


145.57 


223.00 








Component 


d { (mol/h) 


yu 








Methanol 


0.8396 


0.03631 








Acetone 


23.8181 


0.29418 








Ethanol 


0.0008 


0.00002 








Water 


1.3414 


0.03849 








Q c = 1.3887 x 


10 6 Btu/h 










Q R * 1.5230 x 


10 6 3tu/h 
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Table 5-5 Convergence characteristics for Examples 5-1 and 5-2 



Execution 
Number of time Final value 

Example iterations (IBM 360-65) of</>f 



5-1 8 25.8 s 1.0 x 10" u 

5-2 9 45 s 4.3xKT 12 



t Convergence was said to have been achieved when the value of <f> computed by 
was equal to or less than 1 x 10 ,0 . The functions appearing in <j> were all normalized. 



approximation which is analogous to the one represented by Eq. (5-11) was 
made. It was further assumed that dQj/dT ^ 0. 

The initial set of assumed values of the variables shown in Table 5-1 were 
selected in a relatively arbitrary fashion so that they could not be regarded as 
good first guesses in the sense that they were close to the solution set. On the 
basis of these first guesses, for the variables, Examples 5-1 and 5-2 were each 
solved in less than one minute of IBM 360-65 computer time (see Table 5-5) by 
use of the calculational procedure presented herein. The computer times listed 
for all examples presented in this chapter were obtained by use of Almost Band 
Algorithms involving [N(c + 1) + 2] independent variables. The computer times 
required to solve problems by use of these algorithms were essentially the same 
as those by the algorithm presented in the text. 



Comparison of the 2N Newton-Raphson Method with the 
Almost Band Algorithm for Mixtures which Form Ideal Solutions 

To compare the characteristics of the IN Newton-Raphson method and the 
[N(2c + 1) + 2] Almost Band Algorithm for solving problems involving ideal 
solutions, the sequence of examples shown in Table 5-6 were solved by both 
methods. For small numbers of components, procedure 2 of the IN Newton- 
Raphson method is faster than the Almost Band Algorithm and conversely for 
large numbers of plates and a small number of components, the Almost Band 
Algorithm is faster than the IN Newton-Raphson method as indicated by the 
results shown in Table 5-7. Since absorber-type problems generally involve large 
numbers of components relative to the number of plates, and since the mixtures 
encountered in most absorber applications do not deviate significantly from 
ideal solutions, the IN Newton-Raphson method is recommended for solving 
such problems. 
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Table 5-6 Statement of examples used in the comparison of the IN Newton- 
Raphson and the Almost Band matrix methods 

Thedistillation column had a total condenser and the feed plate was located in the middle 
of the column, N/2, where N is equal to the total number of stages. An equimolar feed was used 
for each example and the total flow rate of the feed was fixed at 100 moles per hour. Examples 
were solved with 4, 6, 8, 10, and 12 components. The identity of the particular set of compo- 
nents used for each example is given in tabular form below. The temperature of the feed for each 
example was 100°F, and a column pressure of 300 lb/in 2 abs was used for all examples. The 
reflux ratio was held fixed at 2, and the product rates were set at 50% of the feed rate for all 
examples. The ideal solution K values and enthalpies were taken from Tables B-l and B-2. 



Component 



Number of components 



10 



12 



C 2 H 6 

C 3 H 6 

C 3 H 8 

i-C 4 H 8 

'-C 4 H 10 

n-C 4 H 10 

i-C $ H l2 

n-C 5 H 12 

"-C 6 H 14 

"-C 7 H 16 

n-C 8 H 18 

400 



Table 5-7 Comparison of the IN Newton-Raphson and the Almost Band matrix 
methods 





Example 


IN Newton' 


-Raphson method t 


Almost Band matrix method 


No. of 


No. of 


No. of 


TimeJ 


No. of 


Timet 


stages 


components 


trials 


(s) 


trials 


(s) 


12 


4 


9 


1.03 


6 


0.57 


12 


6 


5 


1.32 


9 


0.92 


12 


8 


5 


1.49 


9 


2.35 


12 


10 


8 


1.73 


9 


3.68 


12 


12 


7 


1.87 


10 


6.11 


25 


4 


6 


2.59 


10 


1.05 


25 


6 


8 


4.52 


10 


1.62 


25 


8 


12 


4.32 


10 


2.47 


25 


10 


16 * 


5.37 


12 


4.36 


25 


12 


9 l 


7.34 


12 


6.15 


50 


4 


16 % 


13.13 


20 


3.08 



t These results were obtained by use of procedure 2, Broyden's method as modified by Bennett. 
% AMDAHL, FORTRAN H OPT 2. 
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5-3 MODIFICATIONS OF BROYDEN'S METHOD 

As originally proposed, the sparsity of the jacobian matrix is destroyed by Broy- 
den's method. Two procedures (or modifications) which preserves the sparsity of 
the jacobian matrices are presented. The procedures are demonstrated by use of 
simple algebraic examples and applied to the solution of distillation problems 
whose jacobian matrices are sparse. 

Since all derivatives may be evaluated numerically in Broyden's method, 5 
the necessity for programming the expressions needed for the derivatives appear- 
ing in the Newton-Raphson equations is avoided by use of these methods. The 
wide variety of thermodynamic packages which are available make these 
approaches very attractive. 

After the Broyden correction for the independent variables has been 
computed, Broyden proposed that the inverse of the jacobian matrix of the 
Newton-Raphson equations be updated by use of Householder's formula. Herein 
lies the difficulty with Broyden's method. For Newton-Raphson formulations 
such as the Almost Band Algorithm for problems involving highly nonideal 
solutions, the corresponding jacobian matrices are exceedingly sparse, and the 
inverse of a sparse matrix is not necessarily sparse. The sparse characteristic of 
these jacobian matrices makes the application of Broyden's method (wherein the 
inverse of the jacobian matrix is updated by use of Householder's formula) 
impractical. 

Two methods have been proposed for retaining the desirable characteristics 
of Broyden's method and eliminating the undesirable characteristic of the loss of 
sparsity of the jacobian matrix through the use of inverses. In both of these 
modifications of Broyden's method, the necessity for the development of analyti- 
cal expressions for the partial derivations is eliminated. To initiate the calcula- 
tional procedure in each of these modified versions of Broyden's method, the 
partial derivatives appearing in the jacobian matrix are evaluated numerically, 
and the jacobian matrix is updated in subsequent trials through the use of 
functional evaluations. The first modified form of Broyden's method is the one 
proposed by Gallun and Holland, 9 and the second modification is the one 
proposed by Schubert. 21 

Method 1. The Broyden-Householder Algorithm 

As shown in Chap. 4, Broyden proposed the following formula for updating 
the jacobian matrix J fc to obtain J k + 1 

T - i , ( f fc+i ~( 1 ~ S M Ax fc r 

J k+ x - J fc + Ax r Ax (5-25) 

Let the scalar c k+ 19 and the vectors u k+ x and p fc+ x be defined as follows 

c -=^r^ (5 - 26) 

»* + i=f* + i-(l-s*)f 4 (5-27) 

P* r + i = Ax t r (5-28) 
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Use of these definitions permits Eq. (5-25) to be restated in the following form 
J*+ 1 = J* + u k+ j c k + jp^ 1 (5-29) 

In this algorithm, Broyden's method is applied by updating the jacobian 
matrices by use of Householder's formula. 13 Let J be the initial approximation 
of the jacobian matrix with which the iterative procedure is started. Then 

J Ax = -f (5-30) 

and 

Ax =-Jo 1 f (5-31) 

Although the inverse of J appears in Eq. (5-31), it should be noted that the 
explicit expression of Jq l need never be developed; only the LU factorization is 
required. If J is sparse, its inverse Jq ' is not necessarily sparse, but its factoriza- 
tion L U is sparse. Thus, throughout the remainder of the development, in- 
verses are shown but the actual numerical solutions are to be found by use of the 
LU factorizations rather than the inverses of the jacobian matrices. 

After Ax has been used to find Xj as described above, the updated jacobian 
matrix J x is found as follows 

Ji^o + u^pf (5-32) 

where 

■i = fi - (1 - s )f 
p[=AxJ 

1 

s Ax£ Ax 

After Ax x has been used to find x 2 , the updated jacobian matrix J 2 is found 
as follows 

J 2 = J 1 +u 2 c 2 p 2 r (5-33) 

After J 1 in this equation has been replaced by its equivalent as given by 
Eq. (5-32), one obtains 

J 2 = Jo + u^pf + u 2 c 2 pf (5-34) 

By continuation of this procedure, the matrix J fc+1 is found as follows 



■I 

i=l 



J*+i=Jo+ 5>iC,p, r (5-35) 



Thus, it is possible to state the jacobian matrix J fc+1 in terms of the initial 
jacobian matrix J and the Broyden corrections for each of the successive 
iterations. > 

An algorithm is given&elow for solving the Newton-Raphson equations by 
use of only the LU factorization of J and the Broyden update terms given by 
Eqs. (5-29), (5-30), and (5-31). As shown in App. 5-1, this algorithm is based on 
the successive application of Householder's formula to Eq. (5-29). 
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THE BROYDEN-HOUSEHOLDER ALGORITHM FOR SPARSE MATRICES 

(1) 7 = 

SOLVE J Ax = -f 
COMPUTE Ul , pj 

(2) SOLVE J w= -f k+l 

J Z = U k+ j 



(3) 


IF k = 0, GO TO (5) 


(4) 


DOy = 1,2,..., A; 




P = <*jPj™ 




y = 0LjpJz 




w <- w 4- /fy 




z «- z + y v 7 


(5) 


v k+1 = z 




1 

ry. . . = ____ 



= ak+iP*+iW 
Ax k+1 = w + 0v k+1 
(6) COMPUTE x k+1 , f k+1 , u k+1 , AND RETURN TO (2) 

To demonstrate the application of this algorithm, the following algebraic 
example is used. In order to reduce the arithmetic required to demonstrate the 
application of the algorithm, a very simple example was selected whose solution 
is seen by inspection to be x t = 1, x 2 = y/% and x 3 = y/l. 

Example 5-3 (Gallun and Holland, 7 by courtesy Comput. Chem. Eng.) It is 
desired to find the set of positive values of x u x 2 , and x 3 which make 

/iW=/ 2 (x)=/ 3 (x) = 0, where 

/i(x) = xf - 1 

f 2 (x) = xj-2 
Mx) = x 2 3 -3 
On the basis of the initial set of assumed values 

x = [l 1 l] r 

compute x x and x 2 by use of the Broyden-Householder algorithm for sparse 
matrices. 

Solution 

(1) ; = 0, SOLVE J Ax = -f 

Since the analytical expression for the partial derivatives are so easily 
obtained (namely, df n /dx„ = 2x n and df„/dx m = 0, m^n), they are used 
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to evaluate the elements of J . It is easily verified that J\(\ ) = 0, 
fi(^o) = - 1, and/ 3 (x ) = -2. Thus 



"2 0" 


Axj 




o" 


2 


Ax 2 


= — 


-1 


2 


Ax 3 




-2 



Since J is a diagonal matrix, the solution is seen to be 



A*! 




r o ] 


Ax 2 
Ax 3 


— 


1/2 
1 



V 




" " 




' 1 " 


i 
i 


+ 


1/2 
1 


= 


3/2 
2 



Ax = 
First, try s = 1 (see procedure 2, Broyden's method in Chap. 4). Thus 

x x = x + Ax = 

and 

/i(xi) = / 2 ( Xl )=l/4 / 3 (x 1 )=l 
Thus, the inequality (see procedure 2, Chap. 4) is satisfied, since 

[(l/4) 2 + (l) 2 ] 1/2 <[(-l) 2 + (-2) 2 ] 1 / 2 

and the full step size (s = 1) may be used to compute x t . By Eq. (5-27). 

Ui = fi = [0 1/4 1]' 



and 



(2) SOLVE J w= -fj 



Thus 



Next solve J z = Uj 



P r=Ax o r =[0 1/2 l] 1 



"2 0' 


w t 




' " 


2 


w 2 


— — 


1/4 


2 


™3- 




1 



Wj 







w 2 


= 


-1/8 


- W 3. 




L-V2J 



"2 0" 


*1 




" " 


2 


z 2 


= 


1/4 


_0 2_ 


_ Z 3. 




_ 1 _ 




"*1 




"0 " 


z = 


*2 


= 


1/8 




_ Z 3_ 




-1/2. 
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(3) Since k = 0, go to (5) 
(5) v 1 = z = [0 1/8 1/2]' 



a, = 



1 (l/^ + Pl'Vi 



By Eq. (5-46) 
1 



1 



s Axo" Ax 



(1)[0 1/2 1] 





1/2 
1 



(1/4) +1 5 



-1 



(5/4) + [0 1/2 1] 





1/8 
1/2 



_|6 

(5/4) + (1/16) + (1/2) ~ 29 



j9 = a lPl / w = (-16/29)[0 1/2 1] 





-1/8 
■1/2 



= (- 16/29)(-(l/16) - (1/2) = 9/29 

A\ l = w + /?Vj = 

= (-20/29) 
(6) For s x = 1 

and 





" 




"0 ' 




-1/8 


+ (9/29) 


1/8 




L-1/2J 




L1/2J 


" ~ 









1/8 


= 


-5/58 




|_1 


/2J 




L- 10/29 J 





x 2 = x t + Axj = 



" 1 




1 




1 


3/2 


+ 


-0.0862 


= 


1.414 


L 2 




-0.345 




1.655 



/i(x 2 ) = f 2 (x 2 ) = / 3 (x 3 ) = -0.261 

Thus, the inequality given of Broyden's method (see procedure 2, 
Chap. 4) is satisfied, that is, 



[(0) 2 + (-0.261) 2 ]^ 2 <[(l/4) 2 -f (I) 2 ] 1 ' 



Hence, 



u 2 = f, = 







-0.261 



Now return to (2) 
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W = 



(2) k=l 

SOLVE J w= -f 2 



Thus 



SOLVE J z = u 2 



Thus 

f" 

z= z 2 

l Z 3 

(3) Since k = 1, go to (4) 

(4) j = 1, and k = 1 



2 


w t 




r o 


2 


w 2 


= - 





[O 2 


. W 3. 




-0.261. 



w x 







w 2 


= 





.^3. 




0.130 



2 0" 


Zl 




1 


2 


z 2 


= 





L0 2 


*3. 




[-0.261 





-0.130 



^ = aiP[w = (-16/29)[0 1/2 1] 



y = a lPl r z = (-16/29)[0 1/2 1] 







0.130 



= -0.0717 



w *-w + P\ l — 



z<-z + yv 1 = 







0.130 





-0.130 



+ (-0.0717) 
+ (0.0717) 







-0.130 



1/8 

1/2 





1/8 

L1/2J 



= 0.0717 


-0.009 
0.094 


0.009 
-0.094 



(5) v 2 = z = 




0.009 
-0.094 

-1 

(lc 2 ) + p[v 2 

1 



a 2 = 






(1)[0, -0.0862, -0.345] 




-0.0862 
-0.345 



7.908 
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Since p 2 = Ax, 



P2S = [0, -0.0862, -0.345] 





0.009 

-0.094 



= 0.0316 



1 



1 



= -6.33 



" 2 (1/7.908) + 0.0316 0.158 
P = a 2 p] w = (-6.33)[0, -0.0862, -0.345] 

Ax 2 = w + j?v 2 
Ax, = 





-0.009 

0.094 



= 0.200 



1 












-0.009 


+ (0.200) 


0.009 


= 


-0.007 


[ 0.094 




-0.094 




0.075 



(6) Trys 2 =l 



1 









1 


1.414 


+ 


-0.007 


= 


1.407 


1.655 




0.075 




1.73 



x 3 = x 2 + Ax 2 = 



and 

M**) = fiM = -0.02 / 3 (x 3 ) = -0.007 
Thus, the inequality of Broyden's method is satisfied 

[(-0.02) 2 4- (-0.007) 2 ] 1 ' 2 < [(0) 2 + (-0.261) 2 ] 1/2 

Hence 


u 3 = f 3 = 



Return to (2). 



-0.020 
-0.007 



Schubert's Modification of Broyden's Method 

In the formulation of Schubert's method, 21 it is convenient to denote the /cth 
approximation of the jacobian by G (k \ where the iteration number is carried as a 
superscript enclosed by parentheses. Then Broyden's formula for computing the 
next approximation of the jacobian is given by 

(5-36) 



r ,Hi,_ r , l r i, -(i-^T]^ 

s (k) Ax ( * )r Ax (fc) 



Schubert proposed a modification of Broyden's method which takes advan- 
tage of the fact that in the case of sparse jacobian matrices, most of the elements 
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are either equal to zero or fixed constants. These known elements would be 
modified from trial to trial by Broyden's method. Schubert imposed the condi- 
tion that these known elements should remain unchanged in the jacobian revi- 
sion. By use of this and certain other conditions, 21 Schubert obtained the 
following row-by-row analog of Eq. (5-36) 

s (k) Ax< k)r Ax< k) 



gr i) = 



-(*) 



+ - 



(i=l,2,...,n) (5-37) 



where n is the order of the jacobian matrix, and 

g< k) = a row vector which contains the elements of the ith row of the 
jacobian G (k) 
Ax< k) = a column vector derived from Ax (k) by setting to zero each element of 
Ax (k) that corresponds to an element of g< k) which is a known constant 
/! k) = the ith element of f k) 

The application of Schubert's method is demonstrated by the following 
numerical example. 

Example 5-4 [Gallun and Holland, 9 by courtesy Comput. Chem. Eng.) Make 
one trial on the problem stated in Example 5-3 by use of Schubert's method. 

Solution The calculation of x (1) by this method is precisely the same as 
shown for x t in Example 5-3. On the basis of the set of assumed values 

x (0) = [l 1 1] T 

the Newton-Raphson equations 

G (0) Ax (0) = _ f 0) 



are solved for Ax (0) to give 



"2 0" 


Ax x 




0" 


2 


Ax 2 


= — 


-1 


2 


Ax 3 




-2 



AX (0 >: 





1/2 
1 



Again as shown in Example 5-3, the inequality of Broyden's method (see 
procedure 2, Chap. 4) is satisfied by taking s (0) = 1. Thus, as in Example 5-3 



and as in Example 5- 



i 



X <D = x (0) + Ax (0) = 



f, = f»> = 



1 

3/2 
2 



r/i 1 '] 




r o l 


/¥' 


= 


1/4 


IM 




1 
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(1) /=1. 

g«°» = [2 0] 

The known constants of g ( ! 0) are the two zeros. (These elements will 
have the value zero for any choice of x.) Then the element 1/2 and 1 of 
Ax (0) are replaced by zeros to give 

"0 

Ax< 0) = 

[o 

Since Ax ( 1 0)7 ' Ax ( 1 0) = 0, the denominator of the corrective term is zero. 
To avoid this division by zero, set the correction term of Eq. (5-37) 
equal to zero to give 

g<» = [2 01 

Since the first and third elements of g ( 2 0) are known to be zero for all 
choices of x, the corresponding elements of Ax (0) are set equal to zero 
to give 

" 

AX ( 2 0) : 



Since 5 (0) = l,and/ ( 2 1) = 1/4 



g^g^*- 



(1) Ax 2 0)r Ax ( 2 0) 
= [0 2 0] + [0 1/2 0] 



1/2 




= [0 2 0] + 



(1/4X01/20] 



[0 1/2 0] 





1/2 




Thus 



(3) i=3 



g« 2 1 »=[0 5/2 0] 



gf> = [0 2] 



Since s ,0, = 1, and/ ( 3 u = 1 



83 g3 + Ax «o,r Ax (o ) l u » ^1 + 



[0 1] 



= [0 2] + [0 1] 
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Thus 

g ( 3 n = [0 3] 

Since the rows of G (1) are given by g\ l \ $\ and g$\ the required 
numerical values are available for solving 



G (1) Ax (1 >= -f 1 ) 



Namely 



Thus 



Trys (1) = 1 



2 


Ax, 




' ' 


5/2 
3 


Ax 2 
Ax 3 


= — 


1/4 
1 



Ax <l, = 




-1/10 

-1/3. 



" 1 









1 


3/2 


+ 


-1/10 


= 


1.4 


2 




.-1/3. 




1.67 



X (2) =x (l) +Ax (l) = 



Then 

/i(x< 2 >) = / 2 (x< 2 >) = -0.04 / 3 (x< 2 >) = -0.21 

and since the inequality of Broyden's method 

[(-0.04) 2 + (-0.21) 2 ] 1 ' 2 < [(1/4) 2 + (1) 2 ] 1/2 

is satisfied, the x (2) obtained by use of s (1) = 1 is taken to be the assumed 
value of x (2) for the next trial. 



Example 5-5 was used by Gallun and Holland 9 to compare Broyden's 
method implemented with the new algorithm to the Newton-Raphson method 
and to Schubert's 21 modification of Broyden's method. The statement of this 
example is given in Table. 5-8 and the solution is presented in Table 5-9. 

Solution of this exanjble as originally implemented by Broyden 5 would have 
required an excessive amjunt of computer time. The example is described by 452 
Newton-Raphson equafions whose jacobian matrix contains only 3532 nonzero 
elements out of a possible 204,304. Of these 3532 nonzero elements, 798 are 
known to be constants, generally 1 or -1 due to the linearity of the equations. 
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Table 5-8 Statement of Example 5-5 



Component 


(g mol/s) 


^2*2, 

(g mol/s) 


^3*3, 

(g mol/s) 




Methyl alcohol 
Acetone 
Ethanol 
Water 





5.0 


0.25 
0.50 
5.0 
197.5 


65.0 

25.0 

5.0 

5.0 






Other specifications 







The column has a total condenser, 50 stages, F, enters on plate 4, F 2 on plate 6, and F 3 on 
plate 21. The column pressure is 760 mm. Feeds F„ F 2 , and F 3 enter with enthalpies 
0.33993877 x 10 4 , 0.2853018 x 10 6 , and 0.08139422 cal/g mol, respectively. A reflux ratio 
(LJD) of 2.5 is to be used, and the bottoms is to be withdrawn at the rate of 285 lb mol per 
hour. The equilibrium and thermodynamic data to be used are the same as stated for 
Example 5-3. 



Table 5-9 Solution of Example 5-5 







1. Final 


profiles, temperature, and ' 


vapor and liquid rates 






Tj 


v j 


h 




T J 


Vj 


Lj 


Plate 


(°F) 


(lb mc 


>l/h) (lb mol/h) 


Plate 


(°F) 


(lb mol/h) 


(lb mol/h) 


1 


134.26 




58 13 


26 


154.61 
154.61 


78.21 
78.21 


36.32 
36.32 


2 


136.11 


81.38 


56.32 


27 


3 


139.12 


79.57 


53.77 


28 


154.61 


78.21 


36.32 


4 


144.65 


77.02 


56.31 


29 


154.61 


78.21 


36.32 


5 


152.70 


74.56 


52.30 


30 


154.61 


78.21 


36.32 


6 


169.06 


70.55 


25.66 


31 


154.61 


78.21 


36.32 


7 


169.33 


71.58 


25.66 


32 


154.61 


78.21 


36.32 


8 


169.50 


71.60 


25.66 


33 


154.61 


78.21 


36.32 


9 


169.62 


71.61 


25.66 


34 


154.61 


78.21 


36.32 


10 


169.72 


71.61 


25.66 


35 


153.62 


78.21 


36.32 


11 


169.81 


71.61 


25.66 


36 


154.62 


78.21 


36.32 


12 


169.92 


71.61 


25.66 


37 


154.62 


78.21 


36.32 


13 


170.05 


71.61 


25.66 


38 


154.62 


78.21 


36.32 


14 


170.23 


71.60 


25.66 


39 


154.62 


78.21 


36.32 


15 


170.45 


71.60 


25.66 


40 


154.63 


78.21 


36.32 


16 


170.70 


71.60 


25.66 


41 


154.65 


78.20 


36.32 


17 


170.91 


71.61 


25.67 


42 


154.69 


78.19 


36.32 


18 


170.84 


71.65 


25.68 


43 


154.77 


78.17 


36.31 


19 


169.96 


71.78 


25.68 


44 


154.91 


78.14 


36.31 


20 


166.64 


72.15 


25.72 


45 


155.20 


78.07 


36.29 


21 


154.61 


73.55 


25.86 


46 


155.75 


77.94 


36.27 


22 


154.61 


78.21 


36.32 


47 


156.77 


77.71 


36.23 


23 


154.61 


78.21 


36.32 


48 


158.63 


77.32 


36.17 


24 


154.61 


78.21 


36.32 


49 


161.93 


76.73 


36.06 


25 


154.61 


78.21 


36.32 


50 


169.48 


75.64 


28.50 



(Continued on page 206.) 
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Table 5-9 (continued) 



2. Product distribution 


Component 


(lb mol/h) 


(lb mol/h) 


Methyl alcohol 
Acetone 
Ethanol 
Water 


0.8832228 x 10" 1 
0.1936700 x 10 2 
0.1895224 x 10 
0.1899549 x 10 


0.6516167 x 10 2 
0.6133089 x 10 
0.8104776 x 10 
0.2056004 x 10 



Q c = 111,504.0 Btu/h 
Q R = 126,206.9 Btu/h 



3. Comparison of the 


Broyden- 


Householder and the Schubert Algorithms 










Jacob ian 








Method of 
















calcula- 
















tion of 










Final 






deriva- 


Evalua- 


Factoriza- 


Itera- 


squared 


Execution 


Method 


tives 


tions 


tion 




tions 


norm 


time(s)f 


Newton-Raphson 


Analytical 


14 


13 




13 


7.2 x 10" 13 


9.97 


Newton-Raphson 


Numerical 


13 


12 




12 


4.0 x 10" n 


59.94 


Broyden- 
















Householder 


Analytical 


4 


4 




51 


1.97 x 10" 10 


12.77 


Broyden- 
















Householder 


Numerical 


5 


5 




56 


1.16 x 10' 9 


35.90 


Schubert 


Analytical 


1 


37 




37 


8.91 x 10" 10 


22.77 


Schubert 


Numerical 


1 


34 




34 


2.40 x 10" 10 


26.89 



t AMDAHL. FORTRAN H, OPT 2 



5-4 THE BOSTON-SULLIVAN ALGORITHM 3 



This algorithm is based on the use of newly defined energy and volatility par- 
ameters as the primary successive approximation variables, and Broyden's 
method is used to iterate on these parameters. A brief review of the Boston- 
Sullivan Algorithm follows. 

The component-material balances are formulated in a manner analogous to 
that shown in Chap. 2 except for the fact that Boston and Sullivan 3 stated these 
balances in terms of the Aquid rates {/,,} rather than the vapor rates {y,,}. Tem- 
peratures were computed <$y use of a variation of the method wherein a different 
base component is used for each plate as suggested by Billingsley. 2 Partial molar 
enthalpies were also expressed in terms of the deviation function Q. 
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A formulation of the model equations follows. The Srfs appearing in the 
component-material balance for each stage j 

lj- 1. .■"(!+ SjtVji + S j+ ,, ,/,+ lt , = (5-38) 

may be stated in terms of the "S parameters" as follows 

s ji = ^T 1 = S b S JRaji (5-39) 

where K M = Kj^Pj, 7}, {*;,}, {y,,}) (note the vapor- and liquid-phase activity 
coefficients are contained in this definition of the vapor-liquid equi- 
librium ratio) 
Sj=K Jb Vj/Lj 
Srj = Sj/Sb> lne relative S parameter 



-(fl s ') • 



the base S parameter, where Y[ $j = ^i» ^2 , • • , S N . 

7=1 



The relative volatility as used in this development is defined as follows 

KjAPj. Tj, {xj,}, {y,,}) = K jb (Tj) • ajt {Pj, Tj, {x jt }, {y jt }) (5-40) 

Thus 

yji = K ji x ji = *ji K jbXji (5-41) 

It follows as shown in Chap. 2 that 

^ = -7-*— (5-42) 

I a Jt x Ji 
and thus 

yjl = -^- (5-43) 

I*;.';.' 

i=l 

where 

The K value for the base component was taken to be an exponential function of 
temperature as follows 

\nK jb =Aj-^ (5-45) 

The vapor enthalpies were expressed in terms of the enthalpy departure 
function Q (see Chap. 14) as follows 

h = t ytSi = i jtfjj? + a) = t yiRi + a (5-46) 
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where Q = Q(p, j, {>>,•}) and H° is the enthalpy of component i in the perfect gas 
state at the temperature 7: The enthalpy departure function was separated into a 
composition correction term and a temperature-dependent term by introducing 
new variables O, and <D r as follows 

Q(P, 7; {y t }) = <J> y + 0^7 - T*) (5-47) 

The variables <D 7 and 0> y are defined by 

<D r = [Q(P, T, {yr}) - Q(P, T\ {yf}]/(T - T*) (5-48) 

<D y = Q* + Q(/>, T> {> , } ) _ n(P> T {j;f}) (5 . 49) 

where Q* = Q(P, 7*, {yf}) 

7* = reference temperature 
{yf} = reference set of mole fractions 

Next the following set of variables was introduced 

*i = (if, -ifJ.y(r-T,) (5-50) 

where H° bi is the perfect gas enthalpy of component 1 evaluated at an arbitrary 
reference temperature T b . Let the new variables T and be defined as follows 

(5-51) 

r = t - r b 

The total vapor enthalpy may now be expressed as follows 

h = re + o, + <Mr - r*) + £ yi H° bi (5-52) 

The variable was partitioned into two factors ® b and r as follows 

= 0„0 r (5-53) 

where 6 is strongly dependent on vapor composition and r is a weak function 
of both vapor composition and temperature. These functions are defined as 
follows 

i=l 
i=l 

O w = limO, (5.54) 

T-*T b 

yH = yi® bi I iyi<^ bi 
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The enthalpy of the liquid phase was treated in a manner similar to that of 
the vapor phase. In this case, the partial molar enthalpy H ( is related to the excess 
partial molar enthalpy as follows 

• ft. = ft. + ftf (5-55) 

where h { is the enthalpy of a pure component evaluated at P and T of the 
mixture, and hf is the excess partial molar enthalpy. Next a new set of variables 
was introduced. First, the variable <£, is defined 

4>i = (ki-h°»)/(T-T b ) (5-56) 

where h^ is the liquid enthalpy evaluated at the temperature T b . Then the total 
enthalpy per mole of liquid mixture is given by 

h = re + h E + £ xXi (5-57) 

i = 1 

where 

e=ix i <f, i 

i=i 

h E =£ Xi hf 

i= 1 

The new variable was partitioned in the same manner as 0, namely, 
where 



o = o b o. 



°r= Y. X ri<t>ri 
i=l 

c 

Qb= Y, x i<t>bi 
i=i 

<j) bi = Iim0, 
r- r b 

<l>ri = <t>i/<t>bi 

Xri = Xi<t>bi / £>A, 
/ i= 1 

The energy balance enclosing any interior stage j other than the feed plate or 
plate above it is given by 

t l J- 1. ihj- i.i+ Z V i. iH j+ Ui -t Ijfji - £ v ji H ji = (5-58) 
i=i i=i j=i i=i 

The results obtained above for vapor and liquid enthalpies together with other 
equations including the total-material balance equations and the component- 
material balance equations were substituted into Eq. (5-58) to obtain the follow- 
ing form of the energy balance equations which were employed to calculate the 
liquid phase rates for any stage; <f— 1. 

(aj. ! - a'j)Lj_ x - (aj - a'j+^Lj = (a j+ , - a'j.^D (5-59) 
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where 

a, = r,0j + hf - X° hi 

4=rj9j + <i>,j±(rj-riyi> TJ 

*ij= ixj>(H° bi -h° bi ) 

1=1 

The new variables O w -, <b Tj9 ® rj , 6 rj and h E are referred to as the energy par- 
ameters. Then parameters and the volatility parameters 0,,'s become the princi- 
pal successive approximation variables of the algorithm. The following 
calculational procedure was used. 

Step 1. Assume values for the energy and volatility parameters, the S R 's {a.,}, 

Step 2. Solve the component material balances for the liquid rates {/,,}. 

Step 3. Calculate the liquid mole fractions by use of Eq. (5-45). 

Siep 4. Calculate K b 's by use of Eq. (5-42) and the corresponding temperatures 
by use of Eq. (5-45). 

Step 5. Calculate the coefficients of the energy balance equations (4-59) and 
solve for the total liquid rates. Then compute the vapor rates by use of total 
material balances. 

Step 6. Compute the S R 's from the defining equation given beneath Eq. (5-39). 
Compare these values with the last assumed values. If they do not agree 
within an acceptable tolerance, assume a new set of values and return to step 
2. A quasi-Newton method was used to find the new set of S R s. 

Step 7. Calculate the vapor mole fractions by use of Eq. (5-43). 

Step 8. Evaluate the equilibrium ratios and enthalpies. 

Step 9. Update the energy and volatility parameters using the defining equa- 
tions. If they do not agree within an acceptable tolerance, retain the updated 
values and return to step 2. 

Numerical examples solved by Boston and Sullivan 3 demonstrated that the 
method is both fast and stable for all types of problems considered. 

PROBLEMS 

5-1 Show that the expression given by Eq. (5-21) for S t reduces to the one given by Eq. (5-12). 
5-2 Show that the assumptions 



I (jf )('.,).♦. =0 <*-l,2....,c) 



amount to neglecting the dependency of the yjj's on the //s and the y»'s on the v^s in the differentia- 
tion of the functions [f^ in the Newton-Raphson method. That is, show that the above assumptions 
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are equivalent to carrying out the differentiation of the functions {/„} as if the mixture formed an 
ideal solution. 

5-3 Show that the multiplications implied by Eq. (12) of App. 5-1 are represented by the algorithm 

given above Eq. (14) of App. 5-1. 

5-4 By Broyden's method, the corrected jacobian J k+ t is given by 

Use Householder's identity to show that 

J k Vi = (> + a k+ iV k+ iPk + i)J; 1 
where v k+ , and <x k+1 are defined by Eqs. (5) and (6) of App. 5-1. 

5-5 (a) To illustrate the variety of choices of independent variables which may be made in the 
Almost Band formulation of the Newton-Raphson equations, display the variables and functions for 
the following formulations for absorbers: N(2c + 1), N(c + 1), and N(c + 2). 

{b) For a conventional distillation column for which the two additional specifications are taken 
to be the reflux rate L, and the bottoms rate L N> display the variables and functions for the following 
formulations: [N(2c + 1) + 2], N(2c + 2), [N(c + 1) + 2], and N(c + 2). 

5-6 (a) Formulate the equations for the determination of the bubble-point temperature in terms of 
c + 1 independent functions and the c + 1 independent variables x = [y l y 2 ••• y c T] T . 

(b) Repeat part (a) for the determination of the dew-point temperature where the independent 
variables are x = [x, x 2 • • • x c T] T . 

5-7 (a) Formulate the equations required to determine the solution of an isothermal flash problem 
in terms of 2c independent functions and 2c independent variables x = [/ t l 2 ••• l c v t v 2 ••• v c ] T . 

{b) Repeat part (a) for the case where the formulation is in terms c independent functions and 
the c independent variables x = [/, / 2 ••• / c ] r . 

5-8 (a) Formulate the equations for an adiabatic flash of a highly nonideal solution in terms of 
2c + 1 independent functions and the 2c + 1 independent variables 

x = [ Vl » 2 .» v.ti / 2 - • l c T] T . 

(b) Show that if the approximations given by Eqs. (5-9) through (5-11) are made, the enthalpy 
balance functions may be treated in the same manner as those of an ideal solution in the differentia- 
tion process. 
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APPENDIX 5-1 DEVELOPMENT OF 

THE BROYDEN-HOUSEHOLDER ALGORITHM 

FOR SPARSE MATRICES [S. E. Gallun and C. D. Holland, Comput. 

Chem. Eng., 4:93 (1980), by courtesy Comput. Chem. Eng.] 

The Householder identity is given by 

(A + WCZ r )" ' = A" * - A" l W(C~ l + Z r A *W)- *Z 7 A" l (1) 

where A is an n x n matrix, W and X are n x m matrices and C is an m x m 
matrix. For the case where W and Z are vectors and C is a nonzero scalar, 
Householder's identity reduces to 

(A + wcz 7 )- 1 = A" ' + aA" WA" 1 (2) 

where A is a square matrii w and z are conformable column vectors, and a is 
the scalar given by Jp 

-1 

a "(l/c) + z r A- 1 w 
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If the vector v is defined by 

Av = w 

then Eq. (2) may be factored and written as 

(A + wcz 7 ')~ l = (I + avz')A- l (3) 

where 

-1 
a ~(l/c) + z'v 

Equation (3) and the definition of a provide the basis for an algorithm to 
efficiently solve the series of linear equations that arise during the implementa- 
tion of Broyden's method. 

An expression for J k ~+Y where J k+1 is defined by Eq. (5-29) may be 
developed through the use of Eq. (3) as follows 

J*Vi = (I + a fc+1 v fc+1 p k / +1 )J k - 1 (4) 

where 

•M*+i = u k+1 (5) 

afc+1 = (l/c k+1 ) + P. 7 + iV fc+ i (6) 

Since 

Jic = Jfc-i +UfcCfcP k r (7) 

a similar expression can be developed for J," 1 by replacing the subscript k + 1 in 
Eqs. (4) and (5) by k. Substitution of the expression so obtained for J k ~ l into 
Eq. (4) gives 

Jk+ 1 = (* + a *+ 1 v *+ ip k r + ! )(I + a k v k pi)Jk-\ (8) 

Clearly, the process may be repeated for J^- l9 J k ~- 2 , . . ., J 7 l to give 

JiVi = (I + a fc +iv k+1 p k 7 +1 )(l + a k v kPk 7 ) ••• (I + a^pJVo l (9) 

where I is the identity matrix and the definitions of a 1? a 2 , ..., a k and v 1? v 2 , ..., 
v k are of the same form as the expressions given in Eqs. (5) and (6), respectively. 
Thus, if J is sparse and a sparse factorization is available, Broyden's 
procedure can be implemented while effectively maintaining the sparsity of the 
jacobian. The algorithm for effecting these calculations in an efficient manner is 
developed as follows. Suppose that it is desired to solve 

Jfc+i Ax k+1 = -f k+1 (10) 

Since 

Ax k+1 = J k Vi(-f*+i) (11) 
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post multiplication of the members of Eq. (9) by (-f k + 1 ) gives 

Ax k+1 = (I + a fc+1 v fc+1 p fc / +1 )(I + a k v k p fc r )---(I-ha 1 v 1 p[)Jo 1 (- f fc+i) ( 12 ) 

Since it is supposed that an LU factorization of J is available, the result in- 
dicated by multiplication of Jq l by ( — f k+1 ) can be obtained by solving 

JoW= -f k+ i (13) 

for w. After w has been obtained, it is necessary to perform k 4- 1 matrix multi- 
plications in order to obtain Ax k+1 . The development of the algorithm is 
simplified by first supposing that a,, v,, and p,. (; = 1, 2. ..., k + 1) are known 
as well as the LU factorization of J . Let «- be the replacement operator. Then 

(1) ; = 

SOLVE J w= -f k+1 

(2) DO;=l,2,...,*+l 

w <- w + f$Vj 

(3) Ax k+1 = w 

Although it was assumed in the development of the above algorithm that a,- 
and \j (j = 1, 2, ..., k -h 1) were available, the values of these variables may be 
developed in parallel with the solution of Eq. (10). First observe that when 
Eq. (4) is post multiplied by (-f k+1 ), one obtains 

Ax k+1 = (I + a k+1 v k+lPk r +1 )J k - 1 (-f k+1 ) (14) 

Now begin Eq. (12) and apply the above algorithm for; = 0, 1, ..., k to obtain 

Ax k+1 = (I-ha k + 1 v k+1 p k 7 +1 )w (15) 

Upon comparison of Eqs. (14) and (15), it is seen that 

J k w=-f k+1 (16) 

The development of a formula for v k+1 in terms of JJ 1 is initiated by first 
solving Eq. (5) for v k+ 1 to give 

v k+1 = J k _1 u k+1 (17) 

Application of Householder's formula to Eq. (7) permits Eq. (17) to be written 
as follows 

v k + ! = (I + a k v k p^-i^ +l ( 18 ) 
Clearly, the process may be continued to give 

v k+1 = (I + a k v k |^(I + a^v^p^) ••• (I + a^pOJo X+i (19) 
If z is defined by j* 

J z = u k+1 (20) 
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it is seen by comparison of Eqs. (12) and (19) that an algorithm for the calcula- 
tion of \ k+ j of the same form as that shown above for Ax k + 1 exists, and that z 
has the same role in the algorithm for the calculation of v k+1 as w has in the 
algorithm for the calculation of Ax fc + t . From the above equations, it is seen that 
the algorithm presented in the text is appropriate for the solution of Eq. (10) 
with simultaneous development of the vector \ k+ t and the scalar a k + 1 . 



CHAPTER 

SIX 



SYSTEMS OF AZEOTROPIC AND 
EXTRACTIVE DISTILLATION COLUMNS 



Azeotropic and extractive distillation are old processes which have become 
widely used since about 1930. In 1908 Emile Guillaume patented an extractive 
distillation process for the removal of fusel oil from fermentation alcohol. 10 The 
name "extractive distillation" is said to have been introduced by Dunn et al. 6 
Azeotropic and extractive distillation columns are examples of columns in 
the service of separating highly nonideal solutions. Algorithms for solving prob- 
lems involving highly nonideal solutions are described in Chap. 5. Azeotropic 
and extractive distillation are the names given to processes in which advantage is 
taken of the nonideal behavior exhibited by certain mixtures in the presence of 
selected solvents. In Sec. 6-1, the qualitative aspects of azeotropic and extractive 
distillation are presented. In Sec. 6-2, several topics are presented which include 
the quantitative behavior of solvents, three-phase mixtures, and the solution of 
systems of interconnected columns. In the first of two methods proposed for 
systems of columns, a "column modular" method is presented in which the sets 
of equations for each column are solved sequentially. In the second procedure, 
called the "system modular method," the complete set of equations for the 
system are solved simultaneously. 

6-1 QUALITATIVE CHARACTERISTICS OF AZEOTROPIC 
AND EXTRACTIVE DISTILLATION PROCESSES 

Applications of azeotropic and extractive distillation have continued to expand 
because many very close ifeiling mixtures may be separated economically by use 
of these techniques. The ^separation of such mixtures by conventional distillation 
methods is usually uneconomical because of the large number of stages which 
would be required to effect such separations. 

216 
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Because of the tendency toward nonideal behavior of mixtures, it is generally 
possible to find some component which when added to a given mixture will 
increase the difference between the volatilities of the light and heavy key com- 
ponents to be separated. The component or material added to the mixture to be 
separated is called the solvent. When the solvent added to the mixture is with- 
drawn from the column, usually in the distillate, as an azeotrope with one or 
both of the key components, the separation process is called azeotropic distilla- 
tion. The name azeotropic distillation has also sometimes been given to 
processes where no azeotrope is formed and the solvent is withdrawn almost 
exclusively in the distillate. 

When the solvent added to the mixture is withdrawn almost exclusively in 
the bottom product without forming an azeotrope, the process is called extrac- 
tive distillation. 

Behavior of Solvents 

An effective solvent for an extractive distillation is one which is attracted to one 
or more of the components. This attraction of the solvent for these components 
reduces the volatility of the solvent as well as the volatilities of the components 
to which it is attracted. It is desirable that the attraction occur in the natural 
direction, that is, that the solvent be attracted to the relatively heavy compo- 
nents. However, this is not a necessary condition for the behavior of the solvent. 
Many separations are carried out in which one of the relatively light components 
is attracted by the solvent and removed in the bottom product with the solvent. 

A variety of theories have been advanced for the roles of the solvent in 
azeotropic and extractive distillation. In the case of extractive distillation, attrac- 
tion of the solvent for the certain components of the mixture is commonly 
attributed to one or more or a combination of the following phenomenon: 
(1) hydrogen bonding, (2) polar characteristics of the solvent and members of 
the mixture, (3) the formation of weak unstable chemical complexes, (4) chemi- 
cal reactions between the solvent' and one or more of the components of the 
mixture. A more complete statement of theories has been summarized by Berg. 3 

In the case of azeotropic distillation, the solvent should have the capacity to 
reduce the tendency of attraction between molecules. For example, a nonpolar 
solvent may be added to a mixture of polar molecules in order to increase the 
volatilities of the more polar compounds relative to the less polar compounds. 

Although any one theory does not sufficiently explain all applications of 
azeotropic and extractive distillation, the theories do provide qualitative rules 
for the selection of solvents. The role of polarity has been elucidated by Hopkins 
and Fritsch 17 who described the use of products obtained by oxidation of 
selected hydrocarbons. Because of the dissimilarities in molecular structure, the 
oxidation products can be arranged in the order of increasing polarity, 4,17 
namely, esters, oxides, aldehydes, ketones, acetals, and alcohols. In any class of 
compounds, the polarity is inversely proportional to the molecular weight, the 
polarity of straight-chain molecules is greater than that of branched-chain struc- 
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tures, and olefinic compounds are more polar than their corresponding paraffin 
derivatives. 

Separation of Hydrocarbon Oxidation Products 
by Azeotropic and Extractive Distillation 

The products obtained by the oxidation of hydrocarbons have small differences 
in boiling points. Typical oxidation products are shown in Table 6-1. Straight 
fractionation to recover a pure product from one of these groups is uneconomi- 
cal because too many plates would be required. 

One hydrocarbon reaction product produced by Celanese contains over 
forty components which are capable of forming more than fifty binary azeo- 
tropes with each other. 17 Several ternary azeotropes are also known to exist. 
Azeotropes of eleven of the oxidation products are listed in Table 6-2. An ex- 
amination of Table 6-2 shows that the separation of any one product from the 
mixture of eleven components would be most difficult to effect by straight 
fractionation. 

If the solvent is highly polar, the volatility of the more polar compound is 
lowered and it is withdrawn with the solvent from the bottom of the column. 
The less polar compound is recovered in the top product. If a nonpolar com- 
pound is added, the volatility of the more polar compounds may be increased in 
some instances enough to permit the component with the higher polarity to be 
removed as an overhead product. 17 

Separation of Acetone and Methanol 

The use of a polar and a nonpolar solvent to separate acetone and methanol 
from a mixture of tetramethylene oxide and other oxides has been described by 
Hopkins and Fritsch. 17 A schematic drawing of this purification process is 
shown in Fig. 6-1. The ternary azeotrope of acetone, methanol, and tetramethy- 
lene, a cyclic ether, may be broken by an extractive distillation using the highly 
polar solvent, water. The volatility of the methanol is lowered by the water to 
such an extent that the azeotrope of acetone and tetramethylene oxide may be 
distilled overhead in the extractive distillation column, and the methanol is 
withdrawn with the water from the bottom of the column. A second column is 
used to separate the azeotropic mixture of acetone and tetramethylene oxides by 
use of the relative nonpolar solvent, pentane. An azeotrope of pentane and 
acetone boiling at 32°C, is removed from the top of the column. The azeotrope is 
broken by adding water which results in the formation of two phases, a pentane 
phase and an acetone- water phase. 

Purification of Methyl Egiyl Ketone 

Another example presented by Hopkins and Fritsch 17 consists of the use of 
azeotropic and extractive distillation to recover part of the methyl ethyl ketone 
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Table 6-1 Typical groups of oxidation 
products of hydrocarbons [W. C. Hop- 
kins and J. J. Fritsch, Chem. Eng. 
51(8): 361 (1955), by courtesy 
McGraw-Hill Book Company.] 



Compound 


Normal boiling 
point °C 


Propionaldehyde 
Acrolein 
Ethyl acetate 
Methyl propionate 
Allyl alcohol 
n- Propyl alcohol 
sec-butyl alcohol 


48.8 
52.5 
77.1 
79.7 
96.6 
97.8 
99.5 



Table 6-2 Boiling points of selected oxygenated 
chemicals and their binary azeotropes [L. H. Hors- 
ley, Azeotropic Data, by courtesy American Chemi- 
cal Society, Washington, D.C., 1952] 





Normal boiling 


Pure compound or binary azeotrope 


point, °C 


Acetone, methyl alcohol 


55.5 


Acetone 


56.5 


Methyl alcohol, methyl ethyl ketone 


63.5 


Methyl alcohol 


64.7 


Methyl ethyl ketone, water 


73.4 


Ethyl alcohol, methyl ethyl ketone 


75.7 


Methyl ethyl ketone, isopropyl alcohol 


77.9 


Ethyl alcohol, water 


78.2 


Ethyl alcohol 


78.4 


Methyl ethyl ketone, tert-butyl alcohol 


78.7 


Methyl ethyl ketone 


79.6 


tert-butyl alcohol, water 


69.9 


Isopropyl alcohol, water 


80.3 


Isopropyl alcohol 


82.5 


tert-butyl alcohol 


82.9 


n-propyl alcohol, water 


87.0 


sec-butyl alcohol, water 


87.5 


Isobutyl alcohol, water 


89.8 


Water, n-butyl alcohol 


92.7 


n-propyl alcohol 


99.5 


sec-butyl alcohol 


99.5 


Water 


100.0 


Isobutyl alcohol 


108.0 


H-butyl alcohol 


117.5 
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Figure 6-1 Separation of a mixture containing acetone and methyl alcohol by azeotropic and extrac- 
tive distillation. [W. C. Hopkins and J. J. Fritsch, Chem. Eng. 51(8):361 (1955), by courtesy McGraw- 
Hill Book Company] 
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from a stream which also contained methyl-tetrahydrofuran, formals, acetals, 
and oxide impurities. The sequence of steps is shown in Fig. 6-2. All but a small 
portion of the oxide impurities are removed by azeotropic distillation. The azeo- 
trope is taken overhead at 65°C In the second column, the solvent is separated 
from the remaining components by water extraction. The remaining impurities 
are separated from the methyl ethyl ketone by a water extractive distillation with 
a water concentration on the trays of approximately 60 percent by weight. The 
polar solvent, water, reduces the volatilities of the acetals, and the azeotrope of 
methyl ketone and water is removed overhead. 26 The overhead, methyl ethyl 
ketone and water, is then dried bypentane extraction. 



Separation of Ethanol and Water 

An early application of azeotropic distillation was proposed by Guinot and 
Clark 11 for the separation of ethanol and water by the use of benzene as the 
solvent. This process is based on the fact that benzene forms a ternary azeotrope 
with ethanol and water, which has a higher ratio of water to ethanol than does 
the ethanol-water azeotrope. In the first column, shown in Fig. 6-3, an azeotro- 
pic distillation is carried out. A two-phase liquid separation at 20°C in the 
decanter is used to concentrate the benzene in the reflux to the first column. 
The solvent benzene is recovered in the second column and water is removed in 
the third column. 




Figure 6-3 Azeotropic separation of ethanol and water by use of a benzene solyertftfk. Guinot air* 
W. Clark, Trans. Inst. Chem. Eng. (London) 16:187 (1938), by courtesy Thf ^titute of ChemiR 
Engineers (London).] | =d oilMlQf EOfc ' 
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Solvents for Hydrocarbon Separations 

The high demand for relatively pure butadiene and toluene at the outbreak of 
World War II was met through the use of azeotropic distillation. Nitration grade 
toluene was needed for the production of explosives and butadiene was needed 
for the production of synthetic rubber. As a result of the need for these chemi- 
cals, azeotropic and extractive distillation became large-scale industrial 
processes. 

An enumeration of some of the specifications which must be met by an 
efficient solvent follows. Obviously, the solvent should be noncorrosive to the 
equipment and should not react with the feed to form undesired products. It 
should produce a sufficient change in the volatilities of the components to be 
separated so that these components may be separated with a reasonable number 
of plates at an economical reflux ratio. The solvent should have an appropriate 
boiling point relative to the components of the feed to be separated. An azeotro- 
pic solvent should have a volatility near the major component desired in the 
overhead product and an extractive solvent should have a volatility lower than 
the major component to be withdrawn in the bottom product. The solvent 
should not be toxic, and it should be available in sufficient quantities at a 
reasonable price. 



Azeotropic Separation of Butadiene from 

a Mixture of the C 4 Hydrocarbons by Use of Ammonia 

One of the first processes employed to separate butadiene from a C 4 hydrocar- 
bon stream was an azeotropic distillation which used liquid ammonia as the 
solvent. A description of this process has been presented by Poffenberger et al., 24 
who also gave a typical analysis of the C 4 stream together with the boiling 
points of hydrocarbons and their azeotropes. Other solvents such as furfural and 
acetonitrile are presently employed to effect this separation. 12 



Other Extractive and Azeotropic Separations 

Many solvents have been investigated for the separation of toluene and other 
aromatics from paraffinic mixtures. Dunn et al., 6 among others, have presented 
lists of possible solvents. The use of phenol for the extraction of toluene has been 
described by Dunn et al. 6 A solvent-to-feed ratio of approximately 3 to 1 was 
used. The first commercial plant for the recovery of nitration grade toluene by 
phenol extraction was constructed and put into operation in 1940 at the 
Houston Refinery of Shel|pil Company, Inc. 6 Because of the emergencies which 
existed at that time, it wf* necessary to go directly from the laboratory to the 
full-scale plant. / 

The production of butadiene from a butane feed generally requires a feed 
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purification process which involves the separation of the butenes from the bu- 
tanes. Atkins and Boyer 1 have described a process in which the separation of the 
butenes from the butanes was carried out by use of extractive distillation with a 
mixture of 85 percent acetone and 15 percent water as the solvent. A solvent-to- 
feed ratio of 0.85 was used. 

Separation of Azeotropes by Fractionation 

The formation of azeotropes in azeotropic distillation calls for a discussion of 
some of the techniques which may be employed in the separation of such mix- 
tures. If the azeotropic composition is sensitive to the variation of the total 
pressure, homogeneous azeotropes may be separated by use of a two-column 
fractionation scheme as described by Van Winkle, 29 among others. 

SEPARATION OF MINIMUM-BOILING HOMOGENEOUS AZEOTROPES 

Suppose that the boiling-point diagrams for two different total pressures are as 
shown in Fig. 6-4. Such an azeotrope may be separated by use of two columns as 
shown in Fig. 6-5. The feed (X A = 0.3) is introduced to the second column at the 
higher pressure P 2 . The bottom product contains a relatively pure component B 
and the top product consists of the minimum-boiling azeotrope X D A = 0.8 and 
X DtB =02. The distillate is fed to the first column which is operated at the total 
pressure of P { . This column produces a bottom product which is relatively pure 
in A. The top product is essentially the azeotropic composition at P x 
(Xd.a = Q6 and X DB = 0A\ and thus it is added to the feed to the second 
column. 



SEPARATION OF MAXIMUM-BOILING HOMOGENEOUS AZEOTROPES 

The separation of these azeotropes may be effected, if they are sensitive to a 
change in the total pressure, in a manner similar to that described above for 
minimum-boiling azeotropes. Suppose that the boiling-point diagrams at the 
pressures P { and P 2 are as shown in Fig. 6-6. Then the separation may be 
effected by use of two columns as shown in Fig. 6-7. 

SEPARATION OF HETEROGENEOUS AZEOTROPES 

If the feed is in the two-phase region, the two phases may be separated and fed 
to each of two columns. Suppose that the boiling-point diagram for a mixture of 
components A and B is as shown in Fig. 6-8. The feed is introduced to the 
separator shown in Fig. 6-9 which operates at the temperature T sep . Phase I is 
then fed to column 1 and phase II to column 2. The bottom products of columns 
1 and 2 are relatively pure B and A y respectively. The distillate compositions are 
approximately those of the azeotrope, and consequently the distillates are fed to 
the separator. 
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A feed 

Figure 6-4 Boiling-point diagrams for a minimum-boiling homogeneous azeotrope which is sensitive 
to a change in the total pressure. (M. Van Winkle, Distillation, 1967, by courtesy McGraw-Hill Book 
Company.) 




Figure 6-5 Use of two columns/to separate a minimum-boiling homogeneous azeotrope which is 
sensitive to a change in total pressure. (M. Van Winkle, Distillation, 1967, by courtesy McGraw-Hill 
Book Company.) 
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feed 



Figure 6-6 Boiling-point diagrams for a maximum-boiling azeotrope which is sensitive to a change 
in the total pressure. (M. Van Winkle, Distillation, 1967, by courtesy McGraw-Hill Book Company.) 
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Figure 6-7 Use of two columns to separate a maximum-boiling homogeneous azeotrope which is 
pressure sensitive. (M. Van Winkle, Distillation, 1967, by courtesy McGraw-Hill Book Company.) 
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Figure 6-8 Boiling-point diagram for a heterogeneous minimum-boiling azeotrope. (M. Van Winkle, 
Distillation, 1967, by courtesy McGraw-Hill Book Company.) 
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Figure 6-9 Use of a two-column system to separate a heterogeneous minimum-boiling azeotrope. 
(M. Van Winkle, Distillation. 1967, by courtesy McGraw-Hill Book Company.) 
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6-2 SOLUTION OF PROBLEMS INVOLVING 

SINGLE COLUMNS USED TO EFFECT AZEOTROPIC 

AND EXTRACTIVE DISTILLATIONS 

Prior to the treatment of systems of azeotropic and extractive distillation col- 
umns, two other topics are considered, namely, the quantitative description of 
the behavior of solvents and the solution of problems involving columns in 
which three phases exist in the accumulator. 

A Quantitative Description of the Behavior of Solvents 

The behavior of solvents in the vapor and liquid phases which form nonideal 
solutions are described by the same set of expressions as those given by 
Eq. (5-1). Further insight into the behavior of solvents in azeotropic and extrac- 
tive distillation may be gained by the reconsideration of the first expression of 
Eq. (5-1), which may be restated in the following form 



(6-1 

where 



y ' = " r! 



If a mixture behaves as an ideal solution in the vapor phase y\ = 1 for all i, and 
if it also behaves as an ideal solution in the liquid phase y[ = 1 for all /, then 
Eq. (6-1) reduces to 

yi = K lXi (6-2) 

Azeotropic and extractive distillation are made possible by the unique varia- 
tions of the activity coefficients when a solvent is added to the mixture. A 
measure of the effect of a given solvent on two components may be expressed in 
terms of their volatility ratio. Let the volatility of component i be defined by 
y-JXi. Then the volatility of component i relative to any component b (or the 
relative volatility a, of component i relative to component b) is given by 



yt/Xi ytKM 



y b /*b y^blyl 



(6-3) 



In many systems, the vapor phase exhibits ideal behavior and Eq. (6-3) 
reduces to 

yJ±L = yj£i (6-4) 

' y>/*> ytK b v 

If equations of state are available for estimating the effect of a solvent on the yfs, 

then Eq. (6-4) can be used in the screening of solvents for a given 
separation. 2 ' 6 ' 13 ' 23 ' 27 ' 29 
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Almost Band Algorithms for Single Columns 

in the Service of Azeotropic and Extractive Distillations 

The Almost Band Algorithm presented in Chap. 5 may be used to describe a 
single column in which either an azeotropic or extractive distillation is carried 
out provided that the accumulator contains only one liquid phase and one vapor 
phase. In many azeotropic distillation columns, the accumulator contains two 
liquid phases and one vapor phase. In order to describe a column whose accu- 
mulator contains three phases, the Almost Band Algorithms presented in 
Chap. 5 must be modified. To illustrate the modifications of the Almost Band 
Algorithm which are required in order to describe a column having three phases 
in the accumulator, the [N(2c + 1) + 2] formulation of the Almost Band Algor- 
ithm for a column with a two-phase partial condenser is selected as the base 
case. Then the modifications required to describe a three-phase partial condenser 
are presented. 

As shown in Chap. 5, for the case where L x and L N are taken to be fixed (or 
specified), the [N(2c + 1) + 2] functions of the Almost Band Algorithm are as 
follows 

f= [ 5 i (//.i hi ~'fj. e ™,w % 2 — rn hc G;); =1 ,. v S N ] r (5-14) 
The functions S, and S , are given by Eqs. (5-12) and (5-13). The equilibrium 
functions and the material balance functions are of the same general form as 
those given by Eqs. (5-1) and (5-2). The enthalpy balance functions are given by 
Eqs. (5-4) and (5-17). 6 J 

The [N(2c + 1) + 2] independent variables are given by 

x= [Qc (0.i lj.2 '" Ij.c v hl v h2 ••• v hc T)) j=us Q R y (5-15) 

In the above listing of the variables, v u has been used to denote d { . 

Columns Having Two Liquid Phases in the Accumulator 

A sketch of the condenser-accumulator section for the general case where two 
liquid phases and one vapor phase are formed in the accumulator is shown in 
Fig. 6-10. The functions and variables selected depend upon the particular set of 
specifications made on the column. Three cases are considered. All of the 
specifications are the same for each case except for the specification of the type 
of condenser (partial or total) and the "product specifications" such as L x and 
L A or Q c and Q R . In addition to these two specifications, the fractions a and p of 
the liquid streams withdrawn from the system may be specified. Generally, a and 
p are set equal to or 1 such that one phase is returned to the column as reflux 
and the other phase is withdrawn as a product. 



CASE 1. SPECIFICATION OF Q c , Q R$ a, ft AND A PARTIAL CONDENSER 

Except for the first stage, the equations are of the same general form 
presented above. The equilibrium relationships needed to describe the two 
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Figure 6-10 Sketch of a three-phase separator. 
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where the superscripts 1 and 2 refer to the respective liquid phases. The 
component-material balance becomes 

mu = V2i-v li -l\ i -l 2 li (6-7) 

and the enthalpy balance must be modified to account for all of the streams 
withdrawn from the accumulator. Two possible formulations follow. In the first 
formulation, the independent variables and functions are as follows 

X = Kl •• »l.c/!.l '•• lie III '" lie 7i 

("i.i - »j.dj.i '" h.c Tj)j = 2.sY (6-8) 
f=K.i •'• m Uc f\ '-j\ c ) 2 ul -"f 2 Uc G x 

Km '•• mj.chi ■-- j), c G,-), = 2 , v]' (6-9) 
and the number of variables is equal to the number of functions, namely, 
[N(2c + 1) + c\ In the second formulation, the independent variables and func- 
tions are as follows 

* = [*■? v ul - v Ue l l Ui - /}., l 2 ul •• P Ue T x 

(vj.i •• v JmC l hl - lj, c 7J) Ja2f .vL v ] r (6-10) 
f=[5 1 m ul '" m Uc p ux -flcfli 'f\, c G x 

Km * * *nj.c hi '"he Gj)j = 2.s S y ] T (6-11) 
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The functions S x and S 2 are defined as follows 

in., 

S 1= i=» -1 (6-12) 

c 

I Is, 
Ss = ~ 1 (6-13) 

L.Y 

The second formulation in terms of [N(2c + 1) + 2 + c] variables and functions 
is seen to be symmetrical to the one given in Chap. 5 [see Eqs. (5-12) through 
(5-18)]. 



CASE 2. SPECIFICATION OF L\, I. v , a, ft AND A PARTIAL CONDENSER 

In this case Q c and Q R become variables, and the variables are given by 

* = [6ci>i.i - ri.c /l.i •• /!.c/?,i '•• lie T, 

Ki ••' v ldj,i •• h.c Tj) j=2 ,sQ R ] r (6-14) 
and the functions by 

f=Pi m ul •■' m Uc p ul -flcfl^ -fl c G x 

K l'~ Mj.cfj.l~' fj. c Gj)j= 2 , s S v ] ' (6-15) 

for a total of [N(2c + 1) + 2 + c] variables and an equal number of functions. 

CASE 3. SPECIFICATION OF L v , a, ft AND A TOTAL CONDENSER 

Since no product is withdrawn as a vapor, the variables v Xi (i = 1, 2, ..., c) are 
replaced by the mole fractions y Ui (i = 1, 2, ..., c). The functions/},- and/?, are 
formulated by replacing the ^,'s wherever they appear by the y u % and the 
material balance function m u becomes 

mii=v 2i -l\ i -l 2 li (6-16) 

The condition that the sum of the y u 's must be equal to unity is introduced as 
the function S t instead of Eq. (6-12) and S N is given by Eq. (6-13). The complete 
sets of variables and functions are as follows 

* = [Qcyui -yi.c /{.i ; - /i.c/J.i ••• lie 7; 

I Ki •• He h.i '" h.c Tj) Jm2tN Qtf (6-17) 

and f is given by Eq. (6-15). The number of variables is equal to the number of 
functions which is equal to [N(2c +l) + 2 + c]. 
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6-3 SYSTEMS OF COLUMNS IN THE SERVICE OF 
SEPARATING MIXTURES OF NONIDEAL SOLUTIONS 

Two approaches may be used to treat systems of interconnected columns in 
which nonideal solutions are being separated. First, the complete set of Newton- 
Raphson equations may be solved simultaneously as suggested by Kubicek 
et al. 22 and Hutchinson and Shewchuk. 21 In such a formulation of the problem, 
the stages are numbered consecutively, beginning with the first stage of the first 
column and ending with the last stage of the last column. The Newton-Raphson 
equations for a system may be formulated in a manner similar to that described 
for the Almost Band Algorithm. In the discussions which follow, this method is 
called the Almost Baud Algorithm for Systems. 

Alternatively, a column modular approach may be used wherein the Almost 
Band Algorithm is applied successively to each column of the system. After one 
or more trials have been made on each column of the system, the capital 
method of convergence is applied in a manner similar to that described for 
systems of interconnected columns. 



FORMULATION OF THE CAPITAL METHOD FOR SYSTEMS OF 
AZEOTROPIC AND EXTRACTIVE DISTILLATION COLUMNS 

Consider the system shown in Fig. 6-11 and suppose that two of the 
specifications consist of the rates B x and B 2 . Since 0.94 B 2 is recycled back to 
column 1 from column 2, and 0.06 B 2 is withdrawn from the system, the flow 
rates of all terminal streams may be computed where it is, of course, understood 
that the feed rates F u F 2 , F 3 , and their compositions have been specified. Let 
the positive multipliers 0j and 2 be defined as follows 

^ = 01 (M (6-18) 

«i, 1 \«f. 1 lea 

^ = 2 (M (6-19) 

«i, 2 W«\ 2 lea 



where the subscript ca denotes the most recently calculated value of the variable, 
and b it l jd u u and b i% 2 /d it 2 denote the corrected values which are to be found by 
the capital method of convergence. The values of the 0's are to be determined 
such that the corrected component-flow rates satisfy the component-material 
balances 

F X X U + F 2 X 2 , + 0546,. 2 - b u ,-<*,.,=<> (6-20) 

F 3*3, . + *«.! -&i2 -4.2=0 (6-21) 

and are in agreement with the specified values of B, and B 2 . Equations (6-18) 
through (6-21) may be solved simultaneously for d ul and d i2 . However, in 
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Figure 6-11 Sketch of system of columns used in Examples 6-1 and 6-2. 

order to avoid possible numerical problems, it is better to solve for the ratios 
p it ! and p L 2 which are defined by 



P«.i=4\i/Ki)« 

Pi, 2 =<f,\2/«2)« 



(6-22) 
(6-23) 



To facilitate the solving for these ratios, let Eqs. (6-18) and (6-19) be restated as 
follows 



where 



b i.i = r i,iPi,i 

'LI = ®l{Kl)ca 
ri,2 = ®2(bi.2)ca 



(6-24) 
(6-25) 
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Elimination of b t , and b L 2 fr° m Eqs. (6-20) and (6-21) by use of Eqs. (6-24) and 
(6-25) followed by the restatement of the resulting equations in matrix notation 
yields 

P,.i = _ (FiX u + F 2 X 2i ) 

Pi. 2 J I ^3*3, 



-Ri. 



0.94r ( - 2 
-K.-.2 



(6-26) 



where 



K.-. i =KiL + ''.m 

"u = KiL + ' , i.2 

Equation (6-26) is readily solved for p, , and p, 2 t0 g' ve 

0.94F 2 X 3) r, 2 + (F 1 A' 1 ,.-l-F 2 X 2 ,.)R, 2 



P.-. 1 



Pi. 2 = 



R«.|Kf.2-0.94r,. 1 r,. 2 

(F,X„. + F 2 X 2 ,>,,, + R,,,F 3 X3,. 

«uRu-0.94r u r,, 2 



(6-27) 



(6-28) 



The desired set of 0's is that set of positive numbers which satisfy the 
component-material balances [Eq. (6-26)] and the specified values of the ter- 
minal flow rates. Thus, the desired set of 0's is that set which makes g t = g 2 = 0, 
simultaneously, where 

»l(0|,©2) = - 1 






X K , 



1*1.2 

1=1 



1 



- 1 



(6-29) 



(6-30) 



Formulas for b L t and b L 2 are given by Eqs. (6-24) and (6-25), respectively, and 
B t and B 2 denote the specified values. The desired values of 0! and 2 may be 
found by use of the Newton-Raphson method. 5 After the 0's have been 
determined, the corrected b.'s and d/s needed to initiate the next trial on the 
system are readily computed. Details pertaining to the sequence of calculations 
are presented below. 

To demonstrate the application of the column modular method and system 
modular method (the Almost Band Algorithm for Systems), Examples 6-1 and 
6-2 are presented. The statements of Examples 6-1 and 6-2 are presented in 
Table 6-3, and the solutions are given in Tables 6-4 through 6-6. Example 6-1 is 
a relatively easy problem to solve while Example 6-2 is more difficult. A flow 
diagram of the system involved in Examples 6-1 and 6-2 is shown in Fig. 6-11. 

The data and curve fits used to solve Examples 6-1 and 6-2 are the same as 
those enumerated for Example 5-2. Likewise, the same assumptions and approx- 
imations were used. 

In the solution of Example 6-1, the temperature profiles between the top and 
bottom for each column were assumed to be linear. The top and bottom temper- 
atures for each column were taken equal to 100°F and 175°F, respectively. Initial 
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Table 6-3 Statement of Examples 6-1 and 6-2 



I. Feeds for Examples 6-1 and 6-2 (The symbols used 


in the statement 




of these examples are identified in Fig. 6-11.) 










Flow rate (mol/h) 




Component 


F l X u 


F 2 X 2i 


F,X 3i 


Methanol 





65 




15 


Acetone 





25 







Ethanol 





5 







Water 


5 


5 




5 


II. Other specifications for Examples 


► 6-1 and 6-2 




Variable 


Example 6-1 




Example 6-2 




Number of stages 










Column 1 


25 




50 




Column 2 


20 




40 




Type of condenser 


Total 




Total 




Reflux ratio 










Column 1 


2.5 




2.5 




Column 2 


1.5 




1.5 




Pressure 


760 mmHg 




760 mmHg 




«i 


285 mol/h fed to 




275 mol/h fed to 


» 




stage 10 of column 2 




stage 21 of column 2 


B 2 


215 mol/h, 94% of B 2 




215 mol/h, 94% of B 2 




is fed to stage 3 of 




is fed to stage 


6 of 




column 1 




column 1 




Feed plate location 










Fi 


2 




4 




F 2 


10 




21 




F> 


17 




17 




Thermal condition of 










Fi 


Liquid of 100°F 




Liquid at 100°F 




Fi 


Liquid of 170°F 




Liquid at 100°F 




F> 


Liquid at 100°F 




Liquid at 100°F 





profiles for the component-flow rates were also assumed to be linear, and they 
were estimated on the basis of assumed values for the 6,'s and d,'s for each 
column. 

The following procedure was used in the solution of Example 6-1 by the 
column modular method. After one complete trial had been made on column 1 
by use of the Almost Band Algorithm, the component flow rates {b it t } so ob- 
tained were used as the feecLto the second column. Then one trial on column 2 
was made by use of the Almost Band Algorithm. Next the capital method was 
applied to the most recentfets of terminal flow rates {d i%l } 9 {b Ll } 9 {d /t2 }, and 
{b it 2 }, and corrected sets were obtained which satisfied the component-material 
balances enclosing each column and the specified values of B t and B 2 . To 
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Table 6-4 Solution values of the product 
Example 6-1 Product flow rates (mol/h) 



Component 



'i. 2 



Methanol 
Acetone 
Ethanol 
Water 



8.9252 
8.4422 
1.1318 
3.6008 



98.9252 
16.5579 
12.0196 

157.4972 



68.3395 
16.5577 
3.34823 
1.75426 



45.5857 
0.0001267 
8.6713 
160.7429 



Example 6-2 Product flow rates (mol/h) 



Component 



'i.2 



Methanol 
Acetone 
Ethanol 
Water 



5.0092 

24.9999 

0.3614 

1.7297 



64.9705 
0.1981 : 
4.8876 
205.1428 



10' 



74.6729 
0.1981 x KT 
4.6227 
0.7042 



5.2976 
0.0 

0.2648 
209.4387 





Temperature 


(°F) 


of steam indicated 


Example 


J>i *i 




D 2 B 2 


6-1 
6-2 


138.38 159.14 
132.07 176.37 




141.52 177.04 
151.13 203.43 




Column modular method 




Almost Band Algorithm 


Example 


No. of trials Time (s) 


No. of trials Time (s)* 


6-1 
6-2 


14 (at B x = 277) 4 
70 (at B, = 275) 25.3 




9 (at B Y = 277) 3.7 
65 (at B l = 275) 27.3 



* AMDAHL, FORTRAN H OPT 2. 

initiate the second trial on column 1, the sets of d ( x \ b t j's, and b it 2 's found by 
use of the capital method were used in the set of assumed values. 

Example 6-1 was also solved by the Almost Band Algorithm for Systems 
(the system modular method) as well as the column modular method. Results 
obtained by each of these methods are presented in Tables 6-3 through 6-6. 

No difficulties were encountered in the solution of Example 6-1 by either of 
the two methods. However, by making minor changes in the specifications, this 
system becomes more difficult to solve as demonstrated by Example 6-2. 

Example 6-2 differs from Example 6-1 by the specification of more plates, 
the temperature of the feed F 2 , and the flow rate B v With the additional stages 
specified, this problem becomes very sensitive to the value specified for B v For 
By = 277 instead of the specified value B x = 275, Example 6-2 is relatively easy 
to solve by use of the combination of the column modular method. When B x 
was taken equal to 275, Example 6-2 could not be solved by either the column 
modular or the system modular method. However, Example 6-2 could be solved 
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Table 6-5 Final temperature and liquid rate profiles and other variables for 
column 1 of Example 6-2 



I. Profiles 






Liquid 






Liquid 




Temp 


flow rate 




Temp 


flow rate 


Plate 


(°F) 


(lb mol/h) 


Plate 


(°F) 


(lb mol/h) 


1 


132.07 


30.247 


26 


162.38 


371.07 


2 


133.11 


78.563 


27 


164.56 


370.92 


3 


135.00 


75.795 


28 


166.45 


370.88 


4 


139.39 


76.965 


29 


167.89 


270.90 


5 


148.86 


69.805 


30 


168.90 


370.94 


6 


171.36 


265.91 


31 


169.57 


370.97 


7 


172.43 


266.02 


32 


169.98 


371.00 


8 


172.89 


266.07 


33 


170.23 


371.02 


9 


173.09 


266.09 


34 


170.38 


371.03 


10 


173.18 


266.10 


35 


170.48 


371.03 


11 


173.21 


266.10 


36 


170.53 


371.04 


12 


173.21 


266.10 


37 


170.56 


371.04 


13 


173.20 


266.11 


38 


170.58 


371.04 


14 


173.15 


266.12 


39 


170.59 


371.04 


15 


173.05 


266.14 


40 


170.60 


371.04 


16 


172.85 


266.18 


41 


170.560 


371.04 


17 


172.45 


266.26 


42 


170.60 


371.04 


18 


171.66 


266.44 


43 


170.61 


371.04 


19 


170.00 


266.90 


44 


170.61 


371.04 


20 


166.12 


268.54 


45 


170.61 


371.04 


21 


154.94 


372.96 


46 


170.62 


371.04 


22 


155.66 


372.65 


47 


170.65 


371.02 


23 


156.73 


372.25 


48 


170.81 


370.89 


24 


158.23 


371.80 


49 


171.63 


370.13 


25 


160.17 


371.38 


50 


176.37 


275.00 



II. Final values of other variables 



Component 



Methanol 
Acetone 
Ethanol 
Water 



0.150667 
0.809183 
0.0062675 
0.033923 



Q c = 1.5515 x 10 6 Btu/h 
Q R = 1.6023 x 10 6 Btu/h 
t Mole fraction of each component in the vapor above the liquid in the accumulator. 



SYSTEMS OF AZEOTROPIC AND EXTRACTIVE DISTILLATION COLUMNS 237 



Table 6-6 Final temperature and liquid rate profiles and other variables for 
column 2 of Example 6-2 



l. Profile 






Liquid 






Liquid 




Temp 


flow rate 




Temp 


flow rate 


Plate 


(°F) 


(lb mol/h) 


Plate 


(°F) 


(lb mol/h) 


1 


151.13 


120.00 


21 


174.48 


385.37 


2 


152.05 


119.85 


22 


174.47 


385.37 


3 


152.93 


119.69 


23 


174.45 


385.37 


4 


153.73 


119.54 


24 


174.43 


385.37 


5 


154.44 


119.37 


25 


174.41 


385.37 


6 


155.06 


119.20 


26 


174.40 


385.37 


7 


155.60 


119.02 


27 


174.38 


385.37 


8 


156.07 


118.82 


28 


174.36 


385.37 


9 


156.65 


118.60 


29 


174.34 


385.37 


10 


156.91 


118.35 


30 


174.32 


385.37 


11 


157.31 


118.07 


31 


174.29 


385.38 


12 


157.75 


117.73 


32 


174.22 


385.42 


13 


158.25 


117.33 


33 


174.08 


385.53 


14 


158.85 


116.84 


34 


173.73 


385.82 


15 


159.66 


116.22 


35 


172.79 


406.87 


16 


160.74 


115.44 


36 


173.47 


406.33 


17 


162.20 


114.46 


37 


175.31 


404.86 


18 


164.24 


113.25 


38 


180.22 


402.04 


19 


167.02 


111.85 


39 


190.81 


400.25 


20 


170.58 


110.45 


40 


203.41 


215.00 






II. Final values of other v 


ariables 




Component 




>'„t 








Methanol 




0.960544 






Acetone 




0.625244 x 10" 


6 






Ethanol 




0.0351114 








Water 




0.0043440 









Q c = 3.132158 x 10 7 Btu/h 
Q R = 3.272744 x 10 7 
t Mole fraction of each component in the vapor above the liquid in the accumulator. 
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by the column modular method by using the following procedure. First, a 
modified version of Example 6-2 in which B t was taken equal to 277 was solved. 
The solution so obtained was then used as the starting values for Example 6-2. 
Selected values of the solution so obtained are presented in Tables 6-3 through 
6-6. However, when the solution at B x = 277 was used as the starting values for 
Example 6-2, a solution could not be obtained by use of the Almost Band 
Algorithm for Systems (the system modular method). 

In order to solve Example 6-2 by the system modular method, the following 
procedure was used. First, a solution to the following modified form of 
Example 6-2 was obtained. The recycle stream B 2 was replaced by an additional 
independent feed. This feed was taken to be liquid at 170°F and was assigned the 
following composition. 



Component mol/h 



Methanol 


0.25 


Acetone 


0.50 


Ethanol 


5.00 


Water 


189.50 



The flow rate of B x was again set equal to 277. 

After column 1 had been solved by use of the Almost Band Algorithm, the 
b it x's so obtained were used to solve column 2 by use of the Almost Band 
Algorithm. The solutions so obtained for the respective columns were used as 
the starting values for the system modular method. The final solution values of 
selected variables for this example are presented in Tables 6-3 through 6-6. 

The sensitivity of the system of columns of Example 6-2 to the specified 
value of B x is reflected by the fact that when the value of B t was changed from 
B t = 277 to B x = 275, the temperature profile and the mole fraction of acetone 
in B x changed markedly. For example, for B x = 277 and B t = 275, the corres- 
ponding temperatures of stage 30 were 168.90 °F and 154.42°F, respectively, and 
the corresponding molar flow rates of acetone in B x were 1.0348 and 0.0000198, 
respectively. Example 6-2 was included in order to demonstrate that the selection 
of an initial set of values of the variables is difficult for some problems. Experience 
thus far suggests that it is generally easier to pick a suitable set of starting values 
of the variables for the column modular method (the combination of the capital 
method and the Almost Band Algorithm) than it is for the system modular method 
(the Almost Band Algorithm for Systems). The effort required to pick the initial 
va'ues of the variables is not reflected in the computational times listed in 
Table 6-4. * 

Although Example 6£2 was originally devised by Gallun 9 to test the 
proposed calculational procedures, it does serve to illustrate extractive distilla- 
tion. Water is the extractive distillation solvent. The acetone is recovered in the 
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first column and the alcohols are recovered by the second column. The purity of 
acetone in the distillate of the first column could be improved, perhaps, by 
changing the specifications on the total flow rates. A program of the type used to 
solve this problem may be utilized to find the optimal set of operating conditions 
needed to effect a given separation. 

In conclusion, the techniques of azeotropic and extractive distillation have 
come of age. The advent of high-speed computers and the development of the 
mathematical techniques to solve problems involving these types of separations 
can only serve to increase and to quantify the application of azeotropic and 
extractive distillation. 

Before concluding this chapter, a useful algorithm proposed by Kubifcek 22 
for solving the equations for the Almost Band Algorithm for Systems is 
presented. 

Kubicek Algorithm for Systems 22 

This algorithm is useful for solving the Newton-Raphson equations for systems 
which contain several recycle streams. The elements lying in the submatrices 
along the principal diagonal are treated by gaussian elimination in the same 
manner as described for single columns while the nonzero elements lying above 
and below the submatrices along the principal diagonal may be treated by use of 
the Kubicek algorithm. Since the nonzero elements lying above the submatrices 
offer no particular difficulty in the gaussian elimination process, their treatment 
by the Kubidek algorithm is optional. 

Like the Broyden-Householder method, Kubicek algorithm is based on 
Householder's identity. 19 

(A + WCZT^A^-A-^C^+Z^-^-^'A- 1 (6-31) 

where A is an n by n matrix, W and Z are n by m matrices, and C is an m by m 
matrix. 

Suppose that a solution of the set of equations 

Bx = b (6-32) 

is desired where B is an n by n matrix and x and b are conformable column 
vectors. Then let 

B = A + R = A + R 1 I m R£ (6-33) 

n x m and \ m is an identity matrix of order m x m. 

(A + R 1 I m Rj)x = b (6-34) 



where R t and R 2 are of order n x m and l m is an identity matrix of order m x m. 
Thus 



Then 

x = [A + R 1 I m Rl]- 1 b (6-35) 
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Application of Householder's identity [Eq. (6-31)] gives 



Rj-'RlA-'Jb 



= A- 1 b-A- 1 R 1 (t 1 + R 2 r A- 1 R i r 1 RjA- 
Let the vector y and the matrix V be defined as follows 

Ay = b 
AV = R t 

Then Eq. (6-36) becomes 

x = y-V(I m 1 + RlV)- 1 Rjy 



Let 



z = (I m + RlV)- 1 R[y 



Since I~ * = I m , it is evident that Eq. (6-39) can be written as follows 

x = y - Vz 



(6-36) 

(6-37) 
(6-38) 

(6-39) 
(6-40) 

(6-41) 



The order of calculations is as follows where it is supposed that the LU 
factorization of the matrix A has been obtained, and it is desired to solve the 
equation Bx = b. 

Step L Find R by use of the defining equation R = B - A. Form the matrix R x 
from the columns of R containing nonzero elements and choose R 2 such 
that R = Ri^Rj • (Alternatively, form the matrix R 2 from the rows of R 
containing nonzero elements and choose Rj such that R = R^ R 2 •) 

Step 2. Solve Eq. (6-37) for y. Use the LU factorization of A. 

Step 3. Solve Eq. (6-38) for V. Use the LU factorization of A. 

Step 4. Compute RjV and Rjy. 

Step 5. Solve Eq. (6-40) for z. 

Step 6. Solve Eq. (6-41) for x. 



Example 6-3 Use 
Bx = b, where 


the Kubicek algorithm 


to solve 


the 


matrix equation 




10 0" 
2 c 
3 
3 2 4 


*1 

_*4_ 


[l 

4 










and the LU factorization of the matrix A is known 








A = 


"1 
0$2 

qJO 

e o 


0' 

3 
4 


= 


"1 





( 

1 ( 





3 0" 
3 
1 
1 


"1 



L° 



2 






3 



0' 



4 





Form R! from the columns of R which contain nonzero elements. 
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Solution 

Step 1. In this case 



B= A+ R 



1 








o" 







2 








+ 








3 














4 





Thus, 



and 



R!l m R 2 



Ri = 



"0 


0" 














3 


2 



"0 0" 







1 





lj 


3 2_ 











3 2 



10 
10 



Step 2. Since A is a diagonal matrix, the equation Ay = b may be solved 
directly for x by use of the multiplication rule, that is, 



10 0' 


y\ 




V 


2 


y 2 




4 


3 


ys 




6 


4 


-^4_ 




4 



Thus 



Step 3. Equation (6-38) becomes 



10 0" 


0u 


012 




'0 0" 


2 


"21 


022 







3 


031 


032 







4 


.041 


042_ 




3 2 



and thus 



V = 



"o 


" 














.3/4 


1/2. 
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Step 4. 



R 2 'V = 



10 
10 






" 

























o 


3/4 


1/2. 







and 





"l" 






10 


2 




2 


10 


2 
1 




2 



Rjy = 



Step 5. When the results obtained above are substituted into the 
equation 



(I„, + R 2 'V)z=R[y 



one obtains 



and thus 



1 Ollzn] 
1 z 21 



2 
2 

Sr^p 6. Substitution of the results obtained above in the equation 

x = y — Vz 

yields 

"l 

i 

x= "■> 






" 






"l " 




" " 




1 








2 




2 









2 








2 




2 
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3/4 


1/2. 






_1 . 




J/2. 




.-3/2. 
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NOTATION 

hi molar flow rate at which component / leaves the accumulator 

B total molar flow rate at which the bottom product is withdrawn from 

a column 

c total number of components 

d t molar flow rate at which component / leaves the column 

D total molar flow rate of the distillate 

jji equilibrium function for component i and plate j 

f vector of functions; see Eq. (6-5) 

f\ fugacity of component / in a vapor mixture; evaluated at the tempera- 

ture, pressure, and composition of the vapor 

.// fugacity of component / in a liquid mixture; evaluated at the 

temperature, pressure, and composition of the liquid 

/} fugacity of pure component / in the vapor phase at the temperature 

and pressure of the mixture 

/•' fugacity of pure component i in the liquid phase at the temperature 

and pressure of the mixture 

#!, g 2 functions; defined by Eqs. (6-29) and (6-30), respectively 

Gj enthalpy balance function; see Eq. (5-4) 

K t equilibrium ratio; defined below Eq. (6-1) 

Iji molar flow rate at which component i leaves plate j in the liquid 

phase 

Lj total molar flow rate at which the liquid leaves plate j 

iriji material-balance function for component i and plate j 

N total number of stages 

Pl u Pi, 2 ratios; defined by Eqs. (6-24) and (6-25), respectively 

Qc condenser duty 

Q R reboiler duty 

r .\ i> r L 2 functions of Q t and 2 , respectively; see Eqs. (6-24) and (6-25) 

Si specification function; see Eq. (6-12) 

S v specification function; see Eq. (6-13) 

y< mole fraction of component i in the vapor phase 

x, mole fraction of component / in the liquid phase 

Xi total mole fraction of component i in the feed to the column 

x vector of variables; see Eq. (6-6) 

Greek Letters 

a, p fractions of streams L\ and L\ withdrawn; see Fig. 6-10 

y) activity coefficient of component i in the vapor phase; see Eq. (6-1) 

y l { activity coefficient of component i in the liquid phase; see Eq. (6-1) 

0i, 2 multipliers; defined by Eqs. (6-18) and (6-19) 
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PROBLEMS 

6-1 Use the Kubicek algorithm to solve the matrix equation 

Bx = b 

where 



10 

2 

2 3 

L0 3 2 4J 



b = [l 4 6 4] T 

x = [x t x 2 x 3 x 4 ] T 

6-2 Repeat Prob. 6-1 for the case where the matrix B is given by 

10 

2 2 

3 

L0 3 2 4J 

and matrices b and x are the same as stated in Example 6-1. 

6-3 Produce an N[(2c + 1) + c + 2] Newton-Raphson formulation for case 1 (Q c , Q R , and a partial 
condenser) for a conventional distillation column having two liquid phases and one vapor phase in 
the partial condenser. 

6-4 (a) If in Example 6-3, the matrix R J is taken to be 

Rl = [0 3 2 0] 

find the R l needed in the Kubicek algorithm. 

(b) Repeat Example 6-3 for the Rj and corresponding values of Rj found in part (a). 

6-5 (a) Show that the 2c + 3 equilibrium relationships for a three-phase mixture may be stated in 
terms of the {y,} for the dew-point temperature as follows 



F(x lf x 2 , T) = Fftx u T) + F|(x 2 , T) 



where 



«=1 A 2i 
X l =1*1.1 *1.2 •" 
X 2= 1*2.1 *2,2 ••• 



*i. J r » mo ^ e fractions for liquid phase 1. 
x 2> J T , mole fractions for liquid phase 2. 



K u = ^(KuLfan where (K u ) ideMl is the ideal solution value of K u . 
K 2l - = jr (^2^ideai» where (K 2i ) ideil is the ideal solution value of K 2i . 
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{b) For the case where P and {yj are given and it is desired to find the dew-point temperature 
T and the compositions of the two liquid phases, devise a calculational procedure whereby it is 
possible to correct the values of x, and x 2 with each successive iteration. 

6-6 Formulate the equations for the determination of the dew point of a three phase mixture in 
terms of 2c + 2 independent functions and 2c + 2 independent variables. 
6-7 (a) State the 3c + 3 equations required to describe a three-phase isothermal flash. 

(b) For the case where the pressure P and temperature T of the three-phase flash are specified 
as well as the feed rate F and composition {*,}, formulate the isothermal flash problem in terms of 3c 
independent functions and the 3c independent variables 

x = [ / i.i - 'i.e '2.1 '•• l i.c »i *•• v e ] T 

(c) Repeat part (b) for the case where the formulation is in terms of 2c independent functions 
and the 2c independent variables 

*=['... -»,.«'i., -/,.j r 

6-8 (a) State the 3c + 4 equations required to described a three-phase adiabatic flash. 

(b) Formulate the adiabatic flash problem in which the composition, flow rate, and thermal 
condition of the feed is specified as well as the flash pressure, in terms of 3c + 1 independent 
functions and the 3c + 1 independent variables 

* = Pi.i -'i.c' 2 .i •• / 2 .c»i - v € T] T 

6-9 (a) Formulate the three-phase isothermal flash in terms of the independent variables t = LJV 
and 6 2 = L 2 /V, where L t and L 2 are the flow rates of liquid phases 1 and 2, and V is the flow of the 
vapor formed by the flash. Begin with 

V I, 



and obtain the functions 






where 



K = 



i + e l + e 2 



1 + (*,/*„) + (0 a /K 2l ) 



K u , K 2i = K values for phases 1 and 2, respectively, defined in Prob. 6-5. 

(b) Show that sufficient conditions for F,(0„ 2 ) to be monotonic in the l =0 and 2 = 
planes and that one and only one 0„ and one and only one B 2 exist such that F l (9 l ,0) = and 
F 1 (O,0 2 ) = O are as follows: 
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(1) !*.,*,>! (2) i^>l 






where 



(3) | ^<1 (4) t Ji<l 



Mi" ~7 '2,= 



«=1 .=1 

(5) For each K u < 1, the corresponding value of K 2i < 1, and 
for each K u > 1, the corresponding values of K 2i > 1. 
(c) Repeat part (b) for the function F 2 (0 l , 2 ). In this case the corresponding set of five 
sufficient conditions are obtained by replacing the subscript 1 by the subscript 2 in part (b). 
6-10 State the Newton-Raphson equations for the functions in Prob. 6-9, and formulate a calcula- 
tion^ procedure for computing corrected values of x, and x 2 after improved values of 0, and 2 
have been found on the basis of assumed sets of values for x, and x 2 . 

6-11 (a) In a manner analogous to the formulation of the flash function p{ij/) of Chap. 1, show that 
the three-phase isothermal flash problem may be formulated as follows 

PM., </,,) = y I Ai l_, 

" if - . !<M1 " *») + +JL(K U /K U ) - K u ] + K u l 

" i-i U 2 ^,(l - K u ) + + 2 [(K U /K 2i ) - K u ]} + Kj 



where 



^ = LJF + 2 = L 2 /F 

""" ~ ' were 



(b) Show that the functions P l and P 2 are not monotonic. (The functions P l and P 2 w C „ 
suggested by Professor John H. Erbar, p. 62, Proceedings 52 Annual Convention, Natural Gas Proces 
sors Association, 1973.) 
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CHAPTER 

SEVEN 

SOLUTION OF SYSTEMS OF COLUMNS 
WITH ENERGY EXCHANGE 
BETWEEN RECYCLE STREAMS 



Three types of energy exchange between columns are considered. In the first 
type, one stream is used to condense another. In the particular example con- 
sidered, the condenser of one column is used as the reboiler for another column. 
In the second type of energy exchange, energy is transferred from one recycle 
stream to another through the use of a heat exchanger. In the third type of 
energy exchange, an intercooler or interheater is used to adjust the heat content 
or temperature of a given stream. 

A column modular method which makes use of the capital method of 
convergence is presented for solving problems involving systems containing both 
mass and energy recycle streams. On the basis of an assumed set of values of the 
variables for the recycle streams, one complete trial is made on each column or 
unit of the system by use of the most appropriate calculation^ procedure for the 
column or unit. Then the capital method is used to place all terminal streams 
in material and energy balance. The values of the variables so obtained for the 
recycle streams are used to make the next trial on each column or unit of 
the system. 6 - 7 

The capital methold of convergence has been applied extensively to 
systems of all types of columns interconnected by recycle streams in which mass 
is transferred from one column to another. 5 Recycle streams of this type are 
referred to as mass recycle streams. The decomposition of a column or a system 

248 
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of columns into any number of columns interconnected by mass recycle streams 
has been effected by use of the capital method of convergence. 2 For certain 
types of systems in which the columns are at the operating condition of total 
reflux, the capital method has been shown to constitute an exact solution to 
problems involving such systems. 4 

The techniques developed in the application of the capital method to the 
types of problems considered in Sees. 7-1, 7-2, and 7-3 may be used with the 6 
method to solve certain types of problems involving single columns as shown in 
Sec. 7-4. 



7-1 COLUMNS HAVING A COMMON CONDENSER 
AND REBOILER 

To illustrate this type of energy exchange, suppose that it is desired to use the 
condenser of column 2 of Fig. 7-1 as the reboiler for column 1. In order for such 
an operation to be feasible, it is of course necessary for the dew-point tempera- 
ture T 2> 2 of the overhead K 2 , 2 from column 2 to be greater than the bubble- 
point temperature T v _ i, i of the liquid L V - 1, i entering the reboiler of column 1. 
Obviously, many pairs of operating pressures P 2 > Pi exist for which 




Figure 7-1 A system of two columns with energy recycle; the condenser of column 2 is the reboiler of 
column 1. 



250 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 

^2, 2 > T N _t j, where P t and P 2 are the operating pressures of columns 1 and 2, 
respectively. There are also obviously many choices of P 2 > P\ for which 
^2,2 ^ 7n-i, i- For any choice of pressures, it is possible, however, to find a 
solution for which the condenser duty of column 2 is equal to the reboiler duty 
of column 1 (Q C2 = Q Rl ). Even though an equality of the duties may exist, it will 
be impossible to transfer the energy from V u 2 to L v _ u j unless T 2 , 2 > T N _ u x . 
After a solution for which Q C2 = Q Rl has been obtained for a given set of 
column pressures, the approach temperatures T s _ u t and T 2 2 may be examined 
to determine whether or not the heat can be transferred with a reasonable size 
heat exchanger. If the area required is too large, the difference in the approach 
temperatures may be increased by increasing the pressure of column 2 relative to 
the pressure of column 1. The balance between heat transfer area and operating 
pressures is an economic one. 

There follows a description of the use of the capital method in the deter- 
mination of a solution for the system of columns shown in Fig. 7-1 such that the 
reboiler duty of column 1 is equal to the condenser duty of column 2, that is, 
such that Q Rl = Q C2 . For the system of columns shown in Fig. 7-1, suppose that 
column 1 has a partial condenser and that the flow rate, composition, and 
thermal condition of the feed are fixed as well as the pressure, the number of 
stages, and the feed-plate location. Likewise, suppose that the number of plates, 
the feed-plate location, and the pressure of column 2 are fixed. Two additional 
specifications may be made on each column. Since the precise choice of these 
additional specifications determines the form of the calculational procedures for 
each column as well as the system, only these additional specifications are listed 
in the problems considered. In each instance it is supposed, however, that the 
usual specifications of the type listed above have been made. 

To demonstrate the use of the capital method in the solution of problems 
involving such a system, suppose that the following set of additional 
specifications are made. 



Set 1 Additional specifications 



Column specifications System specifications 



Column 1. 



d', 1 ' \bJ h d\ 1 >Q*i-Qc2 

-2.2 *\; L 2 2 B 2 



Column 2. h±±. l -h hhl B 



The last subscript refers to the number of the column. The boilup ratio (W#i)„ 
of column 1 is to be adjusted from one system trial to the next until a solution 
has been found such that Q CI = Q Rl . 

The solution may be effected by use of the following calculational procedure. 
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On the basis of an assumed value for V Nl /B ln denoted by (V Nl IB x ) H , one com- 
plete trial is made on column 1. The results so obtained are used to make one 
complete trial on column 2. Then the capital method of convergence is 
applied in order to find a new value {V Nl /B l ) H+l such that all of the energy and 
material balances enclosing the terminal streams as well as the equilibrium 
relationships for these streams are satisfied at the condition Q Rl = Q C2 . The 
value so obtained for V N JB i is used to make the next column trial on column 1. 
In the application of the capital method to the system of two columns 
shown in Fig. 7-1, two multipliers are defined 



rr e M <"> 



where the subscript ca denotes the values of the variables obtained by the most 
recent trial calculation for columns 1 and 2. The quantities on the left-hand side 
denote the corrected values of the variables which are to be found by use of the 
capital method. To avoid numerical problems, it is recommended that vari- 
ables p L ! and p L 2 be used instead of d i% x and d it 2 , where 

p "-<kt < 7 - 3) 

Restatement of Eqs. (7-1) and (7-2) in terms of these new variables gives 

t u=' , uP.-,i (7-5) 

b i,2 = ri,2Pi,2 (7-6) 

where 

r.,i = @iC>.,i)«, 

The ©'s are to be picked such that the corrected component-flow rates satisfy 
the component-material balances enclosing each column as well as the energy 
balances and equilibrium relationships stated below. The component-material 
balances to be satisfied are 

™. -<i -*>.., =0 (7-7) 

K i - d u 2 - 6,, 2 = (7-8) 
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Equations (7-3) through (7-6) may be used to restate Eqs. (7-7) and (7-8) in 
terms of p i% t and p it 2 , namely, 

(d i .i)cPi.i+r i .iP i .i = FX i (7-9) 

n, i Pi, i - K i)caPi, 2 - n, iPi, 2 = o (7-10) 

Equations (7-9) and (7-10) are readily solved for p, { and p, 2 to give 

FX 

"■'-KA^r. (7 '" ) 

P ' ,2 "[(«iu). + 'uIK2L + r l .:] (7 " 12) 

To pick the set of 0's such that the component-material balances and the 
energy balances enclosing the two columns are satisfied simultaneously requires 
the introduction of additional variables which appear in the energy balances. 
When all of the reflux and boilup ratios are regarded as fixed, these equations 
contain the following variables: T lf l9 T 2 u T s - U i, T s ,, T t 2 , T 2 2 , r v _ 1>2 , 
T N 2 ; and the reboiler and condenser duties: Qh, Q Rl , Q C2 , and Q R2 . Corre- 
sponding to each of the eight unknown temperatures, a vapor-liquid equilibrium 
function may be formulated. Six energy-balance functions may be formulated by 
use of the six energy balances corresponding to the enclosures shown in Fig. 7-1, 
for a total of 14 functions. (These results are summarized in Table 7-1 and 
variables and functions for other sets of specifications are summarized in Table 
7-2.) When these equations are solved subject to the condition that Q C2 = Q RU 
one of the reflux or boilup ratios must be taken as an independent variable as 
discussed below. 



Formulation of the Vapor-Liquid Equilibrium and the Enthalpy Functions 

For the case where a partial condenser is used for column 1, the dew-point 
expression 

may be restated in functional form in terms of the component-flow rates as 
follows 



ff.-i 



r <W>i i- 1 



I4.i 






i 
0i = 



Di 



IJ^b-^-J (744) 
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where 

i— 1 

In the calculational procedure, d t x is restated in terms of p, t as given by 
Eqs. (7-3) and (7-11), namely, 

\ a x, l)ca "+" 'i, 1 

The functions corresponding to the remaining temperatures are developed in an 
analogous manner. The results so obtained are listed in Table 7-1. Although 
these functions are stated in terms of the variables d it x , d i% 2 , b it u and b it 2 , these 
variables are readily restated in terms of the r/s by use of Eqs. (7-3) through 
(7-6), and (7-11) and (7-12). 

To illustrate the formulation of the enthalpy balance functions from the 
energy balances, the function corresponding to the enclosure of the condenser- 
accumulator of column 1 is developed. The enthalpy balance enclosing this sec- 
tion of column 1 is given by 

t K. , W,(T 2 , ,) - d^Hfo. ,) - /,, , h t {T u ,)] - Q C1 = (7-16) 

1=1 

Elimination of / lft j by use of the component-material balance 

»2i.i-4.i-/ii.i=0 (7-17) 

yields 

c 

I K, i[H,(T 2 , ,) - hjj u ,)] - K ,[^7,. ,) - h ( (T u ,)]} - Q C1 = (7-18) 

1= 1 

Then, let 

i<i[HAT ul )-h/(T ul )] + Q cl 

99 =~ 1 (7-19) 

Z{K.+'u,,)[W.(7i. 1 )-MT lll )]} 

Since the vapor stream </, , and the liquid stream l u , are in equilibrium, /,, , 
appearing in Eq. (7-19) may be stated in terms of d u ,'as follows 



'^'kmah* (7 " 20) 
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The remaining enthalpy balance functions g l0 through g l4 are developed in a 
manner analogous to that demonstrated for g 9 . 

Instead of regarding all of the reflux and boilup ratios as fixed, let one of 
them be varied, say V Nl /B u as required to satisfy the condition that Q Rl = Q C2 . 
The new variable V Nl /B { is added to the set of variables and the variable Q C2 is 
removed from the set of variables and functions by replacing Q C2 by Q Rl . Thus, 
to solve this problem, the variables are taken to be 

x = [0, 2 Tj , T 2 M Tv-i, i 7\, i T { 2 T 2 2 Tv-i,2 T s 2 

Qci Qm Qhi Vsi/Bj (7-21) 

and the 14 functions are as shown in Table 7-1 with Q C2 replaced by Q Rl . In the 
solution of the g functions shown in Table 7-1 for the desired set of values of the 
variables, the terminal flow rates </, x , b it { , d i% 2 , and b i% 2 are of course restated in 
terms of p i% x and p L 2 by use of Eqs. (7-3) through (7-6). 

Calculational Procedure 

On the basis of an assumed value for V Nl /B u one complete trial is made on 
column 1. The set of bottom flow rates {b it x } so obtained is used as the feed to 
column 2. The reboiler duty Q Rl found for column 1 is taken to be the assumed 
value Q C2 for making the trial on column 2. Then the capital method is 
applied and a new value of V Ni /B l is obtained. This value of the boilup ratio is 
used in making the second trial on column 1. Also, in the application of the IN 
Newton-Raphson method to column 1, the assumed values of Q cl and Q R1 are 
set equal to the most recent set of values found by use of the capital method. 
In the application of the IN Newton-Raphson method to columns 1 and 2, the 
independent variables are taken to be Q C1 , Q RU {7}}, {Lj/Vjl for column 1 and 
Qci , Qr 2 , {Tj}, {Lj/Vj} for column 2. 

When the method is used to solve the equations for each column where the 
reflux ratio and boilup ratio are specified rather than the reflux rate and the 
distillate rate, the appropriate equations needed to apply the 6 method are 
developed in Sec. 7-4. 

Example 7-1 In this example, it is intended for the overhead condenser of 
column 2 of Fig. 7-1 to serve as the reboiler for column 1. The problem is to 
be solved subject to the condition that Q Rl = Q c2 . The statement of the 
example is given in Table 7-3, the initial values in Table 7-4, the final 
temperatures, flow rates, and product flow rates are given in Table 7-5. The 
convergence characteristics appear in Table 7-6, and the number of trials 
and computer time required to solve this example are presented in Table 
7-1 1. A comparison of T 2t 2 and T N _ ul in Tables 7-5 and 7-6 shows that it is 
possible to transfer the heat from K 22 to L N _ U t . This example and those 
which follow were taken from the results of Hass et al. 6 
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Table 7-3 Specifications for Example 7-1 (See Fig. 7-1), Example 7-2 (See 
Fig. 7-2) and Example 7-3 (See Fig. 7-3) 





1. Statement of Examples 


7-1 






Component 


Component 
number 




Feed 

FX f (mol/h) 




Ethane 
Propylene 
Propane 
Iso-butene 


1 

2 
3 
4 




15.0 
35.0 
30.0 
20.0 
100.0 




Other specifications 



Column 1. N = 20 and J = 1 1. The column has a partial condenser, and is to be operated at a 
reflux ratio L u 1 /D , = 4.0 at a pressure of 250 lb/in 2 abs. The pressure drop across each plate is 
negligible. The feed enters the column as a liquid at its bubble point (551.56°R) at the column 
pressure. The boilup ratio of column 1 is to be selected such that the reboiler duty Q RX of 
column 1 is equal to the condenser duty Q c2 of column 2. Use the vapor-liquid equilibrium 
and enthalpy data given in Tables B-l and B-2. Since the K values in Table B-l are at the base 
pressure of 300 lb/in 2 abs, approximate the K values at 250 lb/in 2 abs as follows 

KiUso- (300/250)*, 1 300 

Column 2. N = 12 and /= 6. The column has a partial condenser, and is to be operated at a 
reflux ratio L U2 /D 2 = 8.0 at a pressure of 350 lb/in 2 abs. A boilup ratio V N2 /B 2 of 38 095 is to 
be used. Use the vapor-liquid equilibrium data and the enthalpy data given in Tables B-l and 
B-2, approximate the K values in a manner analogous to that shown above for column 1. 

2. Statement of Example 7-2 (see Fig. 7-2) 



The specifications for this example are the same as those given for Example 7-1 except that the 
bottoms B, of column 2 is to be returned to stage j = 15 of column 1. 



3. Statement of Example 7-3 (see Fig. 7-3) 



L, ,.T' n f '° n , S ', £Xample 3re ,he Same as ,hose * iven for Exam P' e 7-1 except that the 
is 5 Zr If ^u ', '° ^ re ' Urned '° S,3gey ' = 15 ° f Column l and the boiIu P rati ° W*. 
cohfr!!? r ^ k " ° f C °' Umn ' iS t0 ^ ° perated independently of the condenser of 

» ET/h ft^H h M g£r (Uni ' 3 ° f Fig - ? - 3) ' the overa "-heat-transfer coefficient U is 
50 Btu/h ft and the area is 10 square feet. 



t 
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Table 7-4 Initial values of variables for Examples 7-1, 7-2, and 7-3 



1. Initial values for Example 7-1 (see Fig. 7-1) 



Column 1 Column 2 

T, , = 575°R r, 2 = 620.00°R 

Ts. i = 590°R r v 2 = 700.0°R 

T j. i = T j-i. .+0-79 (j = 2, 3 19) Tjt2 = T._, 2 + 7.275 (j = 2, 3 11) 

V x , , = D = 20 mol/h ^ 2 = d = 34 mol/h 

B, = 80 mol/h fl 2 = 39.9 mol/h 

L, , =80 mol/h L 12 = 272 mol/h 

K v , = 200 mol/h ^ 2 = 1520 mol/h 

V ht = 100 mol/h = 2, 3,..., 19) ^-' 2 = 306 mol/h (y = 2, 3 11) 

V Nl /B l = 2.5 Q C2 = 3.0 x 10 6 Btu/h 
Q cl = 8.00 x 10 5 Btu/h 
Q K1 = 1.00 x 10 6 Btu/h 



2. Initial values for Example 7-2 (see Fig. 7-2) 



Same as Example 7-1 except for the assumed values for the recycle stream which were as 
follows: 



Component (mol/h) 



Ethane 0.0 

Propylene 3.3 x 10~ 3 

Propane 2.0 x 10" 2 

Isobutene 9.5 



3. Initial values for Example 7-3 (see Fig. 7-3) 



The initial composition for the recycle stream is the same used in Example 7-2. The initial 
profiles for the columns are the same as in Example 7-1 except 

Q C2 = 1.00 x 10 6 Btu/h 

and for the double-pipe heat exchanger 

T V1 = 600°R 

T V2 = 680°R 



Table 7-5 Solution values of the temperatures and vapor rates for Example 7-1 
(see Fig. 7-1) 





I. 


Temperature and 


vapor rate 


profiles 






Column 1 








Column 2 






Vj 


Tj 






Vj 


T J 


Stage 


(mol/h) 


(°R) 


Stage 




(mol/h) 


(°R) 


1 


56.36 


547.47 


1 




34.51 


650.65 


2 


281.79 


557.52 


2 




310.55 


667.14 


3 


285.80 


560.92 


3 




310.97 


679.51 


4 


287.13 


562.17 


4 




314.83 


687.45 


5 


288.44 


562.73 


5 




318.76 


692.09 


6 


287.40 


563.09 


6 




321.57 


694.67 


7 


287.20 


563.42 


7 




336.16 


700.37 


8 


286.80 


563.86 


8 




341.33 


703.62 


9 


285.97 


564.65 


9 




344.60 


7Q5.40 


10 


284.15 


566.26 


10 




346.49 


706.37 


11 


280.34 


569.65 


11 




347.55 


706.88 


12 


286.20 


573.01 


12 




348.12 


707.16 


13 


288.67 


574.53 










14 


289.51 


575.39 










15 


289.54 


576.13 










16 


288.91 


577.15 










17 


287.19 


579.07 










18 


283.22 


583.13 










19 


275.26 


591.51 










20 


263.19 


606.26 










II. Product flow rates 


Component d t j 


*«.! 




Ki 




hi 


Ethane 


15.0 


1.076 


x 10" 4 


1.076 x 10" 4 


2.1 Ax 10" 10 


Propylene 


28.276 


6.725 




6.722 


3.0 x 10" 3 


Propane 


13.083 


16.92 




16.90 




1.85 x 10" 2 


Isobutene 


1.637 > 


c 10" 4 20.00 




10.88 




9.12 x 10 2 




56.36 


43.64 




34.51 




9.139 



Table 7-6 Convergence characteristics of the method of convergence for 
Example 7-1 (see Fig. 7-1) 



Trial 


©1 


©2 


7*i,i 


*i.i 


7n-i.i 


Tau 


*i.2 


Initial 
















Values 






575 


575 


589 


590 
605.52 


620 
650.11 


1 


0.28192 


0.62362 


547.94 


558.07 


590.47 


2 


2.2383 


1.3552 > 


547.51 


557.56 


591.42 


606.19 


650.62 


3 


0.80697 


0.86111 'A 


547.50 


557.55 


591.44 


606.21 


650.61 


4 


1.0009 


0.99947 


547.47 


557.52. 


591.51 


606.26 


650.65 


5 


1.0000 


1.0000 


547.47 


557.52 


591.51 


606.26 


650.65 
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A System of Two Distillation Columns in Which Mass is Recycled and 
the Condenser of Column 2 is to Serve as the Reboiler of Column 1 

The system shown in Fig. 7-2 may be formed from the one shown in Fig. 7-1 by 
returning the bottoms B 2 from column 2 to column 1. The addition of the 
recycle mass transfer stream does not change the general form of the equations 
for the capital method where the reflux ratios and boilup ratios are specified. 
The heat balance enclosing column 1 must be modified, however, in order to 
account for the recycle stream B 2 . The resulting expression for the enthalpy 
function g l0 is 



I t [d i .iH i (T ul ) + b i . l h i (T N . l )] + Qa 

g lQ = l=± 1 

X[FX l // / ( 7 ; ccd ) + 6, 2 /i l .(T v , 2 )] + e«i 



(7-22) 



Also, the component-material balance enclosing column 1 must be altered in 
order to account for the return of B 2 to column 1. Thus, instead of Eq. (7-9), one 
obtains 



K i)caPi, i + n, i Pi, i - r it2 p it 2 = FXi 



(7-23) 



When the condition that Q Kl = Q c2 is imposed on the system, the capital 
method again consists of 14 functions in 14 unknowns; see specification set 1 of 
Table 7-2. 



jRr 




Figure 7-2 A system of two columns with mass recycle and energy recycle; the condenser of column 
2 is the reboiler of column 1. 
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Example 7-2 This example is a minor variation of Example 7-1 in that the 
bottoms from column 2 are recycled to column 1 as shown in Fig. 7-2. Again 
the overhead condenser of column 2 is to serve as the reboiler for column 1, 
and the problem is to be solved subject to the condition that Q Rl = Q C2 . 
The statement of the example is given in Table 7-3, the initial values in Table 
7-4, the final temperatures, the total flow rates, and the final product flow 
rates are given in Table 7-7, and the convergence characteristics are given in 
Table 7-8. 



Table 7-7 Solution values of the temperatures and vapor rates for Example 7-2 
(see Fig. 7-2) 





I. 


Temperature and 


vapor rate profil 


les 








Column 1 








Column 2 








*; 


T J 






Vj 




T J 


Stage 


(mol/h) 


(°R) 


Stage 




(mol/h) 




(°R) 


1 


62.23 


549.84 


1 




37.77 




671.55 


2 


311.16 


558.99 


2 




339.95 




684.32 


3 


315.28 


562.07 


3 




345.48 




692.04 


4 


316.60 


563.20 


4 




350.36 




696.31 


5 


316.89 


563.72 


5 




353.56 




698.56 


6 


316.83 


564.07 


6 




355.39 




699.72 


7 


316.62 


564.39 


7 




372.16 




703.24 


8 


316.19 


564.82 


8 




375.98 




705.19 


9 


315.30 


565.58 


9 




378.22 




706.25 


10 


313.38 


567.12 


10 




379.48 




706.82 


11 


309.37 


570.35 


11 




380.16 




707.12 ♦ 


12 


315.17 


573.69 


12 




380.53 




707.28 


13 


317.15 


575.51 












14 


316.79 


577.28 












15 


314.11 


580.25 












16 


306.93 


582.20 












17 


303.21 


585.99 












18 


296.15 


593.31 












19 


285.63 


605.76 












20 


275.30 


622.62 












II. Product flow rates 


Component 


<, 


hi 




4.2 




hi 




Ethane 


15.0 


k 6.99 x 


io- 5 


6.99 


x 10" 5 


1.675 


x 10" 10 


Propylene 


30.695 { 


1" 4.307 




4.306 


1.659 


x 10" 3 


Propane 


1634 


9 13.48 




13.46 




1.224 


x 10~ 2 


Isobutene 


2.067 * 


10" 4 29.97 




20.00 




9.975 






62.23 


47.76 




37.77 




9.988 
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Table 7-8 Convergence characteristics of the method of convergence for 
Example 7-2 (see Fig. 7-2) 



Trial 



©, 



T s - 



Ts. 



T, 



Initial 
















Values 






575 
550.11 


579 
559.30 


589 
604.95 


590 
622.15 


620 


1 


0.30229 


2.9160 


671.34 


2 


1.6416 


2.2738 


549.88 


559.03 


605.64 


622.55 


671.52 


3 


0.91071 


0.67345 


549.84 


558.99 


605.76 


622.63 


671.55 


4 


0.99895 


0.99390 


549.84 


558.99 


605.76 


622.62 


671.55 


5 


0.99997 


1.0024 


549.84 


558.99 


605.76 


622.62 


671.55 


6 


1.0000 


1.0001 


549.84 


558.99 


605.76 


622.62 


671.55 



Trial 



ft-i 



Qrx 



VsJB, 



Initial 
















Values 


627 


692 


700 


8 x 10 5 


I x 10 6 


3 x 10 6 


2.5 


1 


684.30 


707.02 


707.23 


1.3912 x 10 6 


1.7616 x 10 6 


2.0578 x 10 6 


5.7630 


2 


684.32 


707.05 


707.24 


1.3899 x 10 6 


1.7606 x 10 6 


2.0566 x 10 6 


5.7646 


3 


684.31 


707.18 


707.31 


1.3897 x 10 6 


1.7604 x 10 6 


2.0564 x 10 6 


5.7630 


4 


684.32 


707.13 


707.28 


1.3897 x 10 6 


1.7604 x 10 6 


2.0564 x 10 6 


5.7644 


5 


684.32 


707.12 


707.28 


1.3897 x 10 6 


1.7604 x 10 6 


2.0564 x 10 6 


5.7644 


6 


684.32 , 


707.12 


707.28 


1.3897 x 10 6 


1.7604 x 10 6 


2.0564 x 10 6 


5.7644 



In the specifications given by set 2 of Table 7-2, the reflux ratios and boilup 
ratios are fixed and the capital method again consists of 14 functions in 14 
independent variables. If the reflux rates L lf t , L i 2 and the total flow rates D x 
and B 2 are specified instead of the reflux ratios and boilup ratios, the capital 
method reduces to two functions in two independent variables 0! and 2 ; see 
set 3 of Table 7-2. In this case the g functions for the capital method are 
given by 






(7-24) 



1i = "5- I K 2 



(7-25) 



7-2 ENERGY EXCHANGE BETWEEN RECYCLE STREAMS 
OF SYSTEMS OF DISTILLATION COLUMNS 



In many systems, energy is exchanged between recycle streams such as the 
streams B, and B 2 shown in Fig. 7-3. Consider the case where energy is trans- 
ferred from stream B 2 to B, in a double-pipe heat exchanger with countercurrent 
flow. 
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UNIT 3: DOUBLE-PIPE FEAT EXCHANGER 
T N2 



Bo _ 
T N2,(T T M 



'NT 



A. 



'NLO 



Figure 7-3 A system of two columns with heat exchange between recycle streams. 



First, suppose that the specifications for the columns and the exchanger are 
given by set 4 in Table 7-2. The exchanger is regarded as an additional unit of 
the system, and it is treated as another module in the calculational procedure. 
The modular and system equations for this unit are identical. The heat exchan- 
ger may be described by three independent equations, an energy balance on the 
stream B l9 an energy ba^nce on the stream B 2 , and the rate equation, 
Q = UA AT lm . These equatrons may be stated as two functions with Q a depen- 
dent variable as follows 
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3.5 = ^ j>.. itWv.) - MTv,. o)] + 1 (7-26) 

3.6 = ^ Z A, 2[MTv 2 ) - MTV2. o)] - 1 (7-27) 

V£ 1=1 



where 

_ ^[(Tv2.0-^l)-(7:v2-Tv..o)] 

\n[(T n . -T Nl )/(T N2 -T„ U0 )] 

The functions g 10 and g ti must also reflect the fact that streams B, and B 2 have 
passed through the heat exchanger. In this case 



ZKt«.-(7i. 1 ) + ft 1 , 1 MT„)] + e t . 1 



i=l 



»,o = -f^ 1 (7-28) 

£ [FX f H,^) + b u 2 MT V2 . o)] + 6ki 



3.3 = ^~ t R 2[MTv,. o) - H{T U 2 )] 

V/C2 i=l 

+ K jIMTv,. o) - MTv2)]} + 1^-1 (7-29) 

VX2 

When the specifications are taken to be those given as set 4 of Table 7-2, the 
capital method consists of finding the set of 16 variables which satisfy the 16 g 
functions simultaneously. 



Calculational Procedure 

The first trial through the system is initiated as follows. First one trial is made 
on column 1. To make this trial, values are assumed for B 2 , the composition of 
B 2 , and the temperature T N2 . On the basis of the results so obtained (T N1 , B 2 , 
and the composition of B 2 ) and an assumed value for T V2 , the equations for the 
double-pipe heat-exchanger [Eqs. (7-26) and (7-27)] are solved for T Nlt0 and 
T N2 . Next, on the basis of T Nl and the values found for B x and its composi- 
tion by the trial on column 1, one trial is made on column 2. Then the capital 
method is applied by finding the 16 variables [the elements of x listed as set 4 of 
Table 7-2] which satisfy the 16 functions. The values of the variables found by 
the capital method for the feedback streams [£ 2 , {x B2 .,}, 7*2. o> and 7^ 2 ] are 
used in making the next trial on each unit of the system. 
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Example 7-3 This example is a minor variation of Example 7-2 in that the 
streams B v and B 2 are passed through a heat exchanger as shown in 
Fig. 7-3, and columns 1 and 2 are to be provided with independent reboilers 
and condensers. The statement of this example is given in Table 7-3, the 
initial values in Table 7-4, the final temperatures, vapor rates, and product 
flow rates are given in Table 7-9. The convergence characteristics are given 
in Tables 7-10 and 7-11. 



Table 7-9 Solution values of the temperatures and vapor rates for Example 7-3 
(see Fig. 7-3) 





I. 


Temperature and ' 


vapor 


rate profiles 






Column 1 








Column 2 






V J 


T J 






Vj 


7} 


Stage 


(mol/h) 
61.54 


(•R) 


Stage 


(mol/h) 


(•R) 


1 


549.59 


1 




38.46 


670.70 


2 


307.72 


558.83 


2 




346.13 


683.70 


3 


311.83 


561.94 


3 




351.69 


691.61 


4 


313.15 


563.08 


4 




356.71 


696.00 


5 


313.44 


563.61 


5 




360.03 


698.33 


6 


313.39 


563.95 


6 




361.95 


699.54 


7 


313.17 


564.28 


7 




374.76 


703.14 


8 


312.75 


564.71 


8 




378.69 


705.14 


9 


311.86 


565.47 


9 




381.69 


706.22 


10 


309.96 


567.03 


10 




382.29 


706.80 


11 


305.97 


570.28 


11 




381.00 


707.11 


12 


311.77 


573.63 


12 




383.38 


707.28 


13 


313.77 


575.44 


13 




383.38 


707.28 


14 


313.48 


577.18 










15 


310.91 


580.08 










16 


307.88 


581.95 










17 


304.30 


585.60 










18 


297.40 


592.70 










19 


286.91 


604.92 










20 


276.31 


621.75 










II. Product rates 


Component 


4.i 


hi 




4.2 


hi 




Ethane 


15.00 


7.464 x 10 


-5 


7.464 x 


10" 5 0.0 




Propylene 


30.44 


4.563 




4.561 


1.747 x 


10" 3 


Propane 


16.105 | 


13.910 




13.897 


1.258 x 


10" 2 


Isobutene 


2.016 L 


10- 4 30.049 




20.001 


10.049 






61.545 «* 


48.521 




38.459 


10.064 





The final heat exchanger duty was 2.422 x 10 4 Btu/h 
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Table 7-10 Convergence characteristics of the method of convergence for 
Example 7-3 (see Fig. 7-3) 



Trial 


®. 


e>2 


^.., 


T2.1 


T*-i.i 


*!v.. 


T u 2 


T2.2 


Initial 
























values 






575 




575 




589.21 




590 


627.73 


692.73 


1 


0.65512 


176.57 


549.87 




559.17 




603.74 




620.90 


670.38 


683.61 


2 


2.5161 


121.47 


549.52 




558.52 




604.77 




621.52 


670.67 


683.66 


3 


0.83911 


58.991 


549.59 




558.84 




604.64 




621.47 


670.63 


683.66 


4 


0.99533 


8.5640 


549.58 




558.82 




604.83 




621.65 


670.67 


683.69 


5 


0.99856 


6.6618 


549.58 




558.83 




604.88 




621.70 


670.69 


683.69 


6 


0.99942 


2.7844 


549.83 




558.83 




604.90 




621.72 


670.69 


683.69 


7 


0.99905 


0.80965 


549.58 




558.83 




604.93 




621.75 


670.70 


683.70 


8 


1.0001 


1.0145 


549.58 




558.83 




604.83 




621.75 


670.70 


683.70 


9 


0.9998 


1.0006 


549.58 




558.83 




604.92 




621.75 


670.70 


683.70 


10 


1.0000 


1.000 


549.58 




558.83 




604.92 




621.75 


670.70 


683.70 


Trial 


Tv-,.2 


Tv.2 


Or. 


&i 


Qci 


Qhi 


'vi.o 


**2. 


Initial 
























values 


692 


700 


8 x 10 5 




1 x 10 6 




1 x 10 6 




3 x 10 6 


620 


680 


1 


704.51 


705.91 


1.3751 x 


10 6 


1.7641 x 


10 6 


1.7982 x 


10 6 


2.0765 x 10 6 


634.36 


648.35 


2 


704.75 


706.02 


1.3733 x 


10 6 


1.7626 x 


10 6 


1.7963 x 


10 6 


2.0745 x 10 6 


635.87 


648.79 


3 


705.29 


706.31 


1.3739 x 


10 6 


1.7632 x 


10 6 


1.7951 x 


10 6 


2.0742 x 10 6 


634.90 


648.93 


4 


706.40 


706.90 


1.3743 x 


10 6 


1.7648 x 


10 6 


1.7949 x 


10 6 


2.0729 x 10 6 


635.15 


649.36 


5 


706.74 


707.08 


1.3745 x 


10 6 


1.7640 x 


10 6 


1.7945 x 


10 6 


2.0723 x 10 6 


635.23 


649.51 


6 


706.89 


707.16 


1.3746 x 


10 6 


1.7641 x 


10 6 


1.7943 x 


10 6 


2.0721 x 10 6 


635.26 


649.57 


7 


707.13 


707.28 


1.3747 x 


10 6 


1.7642 x 


10 6 


1.7941 x 


10 6 


2.0719 x 10 6 


635.31 


649.67 


8 


707.11 


707.27 


1.3747 x 


10 6 


1.7642 x 


10 6 


1.7940 x 


10 6 


2.0719 x 10 6 


635.31 


649.65 


9 


707.11 


707.28 


1.3747 x 


10 6 


1.7642 x 


10 6 


1.7941 x 


10 6 


2.0719 x 10 6 


635.31 


649.65 


10 


707.11 


707.28 


1.3747 x 


10 6 


1.7642 x 


10 6 


1.7941 x 


10 6 


2.0719 x 10 6 


635.31 


649.65 



Table 7-11 Execution time and number of trialst required to solve 
Examples 7-1, 7-2, and 7-3 



Example 



No. of system 
trials 



Execution 
time (s) 



Compiler 



5 


8.32 


FORTRAN H 
Extended 


6 


11.72 


FORTRAN H 

Extended 


10 


16.67 


FORTRAN H 
Extended 



t For Examples 7-1 through 7-3, the execution time and number of trials are those obtained 
when the equations for the individual columns are solved by use of the IN Newton-Raphson 
method (4, 5). 
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7-3 ENERGY TRANSFER BY USE OF 
TRIM HEAT EXCHANGERS 



Consider the system shown in Fig. 7-4 in which a " trim " heat exchanger is used 
to cool the stream B 2 to the temperature T before it is returned to the reboiled 
absorber. This example was formulated and solved as Example 4-11. 
Specification of L V1 , D 2 , W l9 and W 2 fixes V x . Thus, in the capital method 
there are four g functions as shown in Chap. 4. 

In the application of the IN Newton-Raphson method, K, is required as 
specified and the temperature T of B 2 entering column 1 or the trim heat 
exchanger duty Q c is taken as the new independent variable. In this case the 
2N + 1 variables x and the functions f are as follows 

x = [0i 02 •'• On T T x T 2 ••• T N ] T 

i=[fofifi-'fsG 1 G 2 • G N ] r 

where L j /V j = 0j(Lj Vj) a . The new function f corresponding to the new 
independent variable T for the reboiled absorber is introduced to express the 
condition that the specified values (V^ must be equal to the calculated value of 
V x at convergence, that is, 



/o = 



Vx 



1 



(7-30) 



I^H3n c ' 




COLUMN 

REBOJLED 
ABSORBER 



■ Wi 



Qri ^ 




L NI 



1"ni 



T N2,0 






T NI,0 



i 



N- 
Or 



COLUMN 

2 

DISTILLATION 
COLUMN 



W 2 



B 




1 N2 



Figure 7-4 A system of an absorber and a distillation column with heat exchange between recycle 
streams and a trim heat exchanger. 
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The remaining functions j\, f 2 , ...,/ v consist of the enthalpy balance functions; 
see Chap. 4. 

The proposed calculational procedure consists of first making one trial cal- 
culation on the reboiled absorber by use of the [2N + 1] formulation of the 
Newton-Raphson method and then one trial on the distillation column by use of 
the method. Then the capital method is applied to the system in order to 
place it in agreement with the specified values of the terminal flow rates L Nl , W u 
W 2 , and D 2 . 

After a solution to the problem has been found, the duty Q cl of the trim heat 
exchanger is found by means of an energy balance enclosing it. 

A Combination of Energy Exchange Between Recycle Streams 
and a Trim Heat Exchanger 

A combination of the second and third types of energy exchange is illustrated by 
the system shown in Fig. 7-4. In this system a heat exchanger is used to remove 
heat from the bottoms B 2 of the reboiled absorber before returning it to the 
absorber. A "trim" heat exchanger is used to remove additional heat before the 
stream B 2 is fed to column 1. 

When the specifications are given by set 6 of Table 7-2, the capital method 
consists of 4 variables and 4 functions, namely, 

x = [0! e 2 3 4 r 

g = [0i 9 2 9z 9a\ T 
where 

"1 1 = 1 



1 



w IX2-I 
^2 1 = 1 

03 =-^- 1X2-1 
U 2 »=1 

04=^- IX2- 1 
D 2 i=l 

The calculational procedure is as follows. On the basis of an assumed set of 
compositions for the stream £ 2 , one trial calculation is made on column 1 by 
use of the IN + 1 formulation of the Newton-Raphson method. Then the equa- 
tions for the heat exchanger are solved for T Nlt0 and T N20 on the basis of the 
most recently calculated values for T Nl and T N2 . For the first trial through the 
system, an assumed value for T N2 is used in Eq. (7-27) in the calculations for 
the heat exchanger. Then the value so obtained for T N2 is used in making one 
trial on column 2 by use of the 6 method. Next, the capital method is applied. 
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The set of b it 2 's so obtained are used to make the next trial calculation on 
column 1. After a solution to the problem has been obtained, the required value 
of the cooler duty Q cl is readily determined by an enthalpy balance enclosing the 
trim heat exchanger. 

7-4 OTHER APPLICATIONS OF THE THETA METHODS 

In the same manner that the capital method was applied above to solve 
problems involving specifications other than the total flow rates, the method 
for single columns may be applied to solve problems involving specifications 
other than the total-flow rates. To demonstrate this application of the 6 method, 
it is applied to conventional distillation columns for which the reflux ratio L x /D 
and the boilup ratio V s /B are specified instead of the reflux rate L x and the 
distillate rate D. The remaining specifications for the column are the same as 
those enumerated in Chap. 2 in the application of the 6 method of convergence 
to conventional distillation columns. 

The specification of L x /D and V N /B gives rise to a method which consists 
of seven variables and seven functions. 8 The variables x are as follows 

x=[0 7i T 2 T N _, T N Q C QrT 

The multiplier is defined by Eq. (2-25), and the formula for the corrected 
distillate rate is given by Eq. (2-57). The seven functions are based on the follow- 
ing relationships, a dew point on D (or a bubble point where a total condenser is 
used), a dew point on V 2 , a bubble point on L jV _ l5 a bubble point on B, an 
energy balance enclosing the condenser, an energy balance enclosing the entire 
column, and an energy balance enclosing the reboiler. Expressions for these 
seven functions may be obtained by removing the column subscripts of the 
following functions which are presented in Table 7-1 

f =[01 02 03 04 09 010 01 1] 

The following calculational procedure may be used to solve problems of this 
type. 

Step 1. Assume a set of temperatures {7}} and vapor rates {Vj}. Find the corre- 
sponding liquid rates {L,} by use of total material balances. 

Step 2. Solve Eq. (2-18) for the vapor rates {vji} for each component i and 
compute the corresponding liquid rates {/,,}. 

Step 3. Apply the 6 method. Use the values so obtained (T U T 2 , T N _ l9 T N , D, V 2 , 
£n-i> Ky> Qci Qr) m tne energy balances and in the next trial. 

Step 4. Compute the remaining temperatures (T 3 , T 4 , . . ., 7^_ 2 ) by use of the K b 
method on the bask of the compositions obtained by use of Eq. (2-59). 

Step 5. Compute the remafaing vapor and liquid rates (K 3 , F 4 , ..., F N _ X , L 2 , 
L 3 , ..., L.v_ 2 ) by use of enthalpy and total material balances [see 
Eqs. (2-34). (2-35), (2-37), and (2-38)]. If the convergence criteria are 
satisfied, cease calculations; otherwise return to step 1. 
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Table 7-12 Convergence characteristics of the method for Example 2-7 
when the additional specifications are: LJD = 2 and V N /B= 1.80585 



Trial 


e 


T, 


T 2 


V. 


T N 


Qc 


Qr 


Initial 
















values 




610.0 


635.0 


885.0 


910.0 


3.0 x 10 5 


2.0 x 10 6 


1 


3.5990 


582.82 


619.01 


715.16 


790.96 


3.5863 x 10 5 


1.1689 x 10 6 


2 


2.0270 


566.62 


595.20 


773.53 


827.08 


3.8713 x 10 5 


1.3081 x 10 6 


3 


0.77160 


567.13 


593.51 


768.14 


826.54 


3.9443 x 10 5 


1.3194 x 10 6 


4 


1.0820 


567.29 


593.89 


767.93 


826.48 


3.9512 x 10 5 


1.3199 x 10 6 


5 


0.98006 


567.36 


594.04 


767.87 


826.45 


3.9542 x 10 5 


1.3201 x 10 6 


6 


1.0034 


567.36 


594.03 


767.88 


826.45 


3.9541 x 10 5 


1.3201 x 10 6 


7 


0.99926 


567.36 


594.04 


767.87 


826.45 


3.9543 x 10 5 


1.3201 x 10 6 


8 


1.0002 


567.36 


594.04 


767.87 


826.45 


3.9543 x 10 5 


1.3201 x 10 6 


9 


0.99991 


567.36 


594.04 


767.87 


826.45 


3.9543 x 10 5 


1.3201 x 10 6 



Example 7-4 Instead of specifying L x and D for Example 2-7, modify this 
example by taking the two additional specifications to be the reflux ratio 
LJD = 2.0 and the boilup ratio V N /B = 1.80585. When these particular 
values for the reflux ratio and the boilup ratio are selected, the correspond- 
ing final solution is the same as the one shown in Tables 2-3 through 2-5. 
For this pair of additional specifications, nine iterations were required and 
1.26 seconds of computer time (AMDAHL 470 V/6 computer, FORTRAN 
H EXTENDED). The convergence characteristics exhibited by this example 
for this version of the method are shown in Table 7-12. 

The method may be used to solve absorber and stripper problems in a manner 
similar to that described above for distillation columns. Several examples were 
solved by Haas. 7 Test examples such as the one proposed by Boyum 1 were 
solved without difficulty. Convergence problems were encountered, however, in 
the solution of other examples. These problems were eliminated, however, by 
subdividing the column into an appropriate number of subunits and treating the 
subunits as columns of a system by use of the capital method; see Problem 7-5. 
Also, fewer subunits were required to achieve convergence when about four trials 
were made on each column per system trial. 



NOTATION 

b i§ k molar flow rate of component i in the bottoms of column k 

B k total molar flow rate of the bottoms of column k 

d it k molar flow rate of component i in the distillate of column k 

D k total molar flow rate of the distillate of column k 

F total molar flow rate of the feed 

g t the /th function of the capital method of convergence 
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hi(Tj k ) molar enthalpy of component / in the liquid phase at the temperature 

Tj, k 
Hi(Tj k ) molar enthalpy of component / in the vapor phase at the temperature 

T, k 
Ki(T jt k ) K value for component i at the temperature 7} k and the pressure P k of 

column k 
l jitk molar flow rate of component i in the liquid phase leaving plate j of 

column k 
L jtk total molar flow rate of the liquid having plate j of column k 

p it k ratio of the corrected to the calculated distillate rates for component / 

and column k 
Q c k condenser duty of column k 

Q R k reboiler duty of column k 

r it l9 r u 2 functions of lf 2 and component i, defined by Eqs. (7-5) and (7-6) 
7feed temperature of the feed F 

T jt k temperature of plate j of column k 

v jit k molar flow rate at which component / in the vapor phase leaves plate; 

of column k 
V Jt k total molar flow rate at which the vapor leaves plate j of column k 

w,-, i, w it 2 molar flow rate at which component / is withdrawn from plate p of 

columns 1 and 2, respectively 
W u W 2 total molar flow rate at which component / is withdrawn from plate p 

columns 1 and 2, respectively 
X t total mole fraction of component / in the feed F 

x column vector of variables 



Mathematical symbols 



[*t x>Y = 



, the transpose of a row vector is equal to a column vector 



{x,} set of all values x u x 2 , . . . , x c . 



PROBLEMS 

7-1 Develop the equations necessary to describe a column in which each stage is regarded as a unit 
of a system. Apply the capital method to each stage and solve the equations by use of the 
Newton-Raphson method. 

7-2 Describe the differences in the method described in Prob. 7-1 and the 2N Newton-Raphson 
method described in Chap. 4. 

7-3 For the case where the reflux ratio LJD and the boilup ratio V s /B are specified in lieu of the 
reflux rate L x and the distillat^ rate D for a conventional distillation column having a partial 
condenser, formulate the g functus of the 6 method where the variables x are taken to be 
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7-4 (a) Formulate the functions needed to solve a typical absorber problem by the 6 method when 
the variables of the 9 method are taken to be 

x = [0 T x T N ] r 

(b) Formulate the equations necessary to compute the temperatures T 2 ,r 3 ,..., T N _ , by the K b 
method and the flow rates L 2 , L 3 , ..., L N . X by the constant-composition method. 
7-5 Formulate the functions for the capital method for the case where the absorber is subdivided 
into two columns 8 as shown in Fig. P7-5. The independent variables of the capital method are 
taken to be 

x = [0, 2 T x T M T M + l T N ] r 




COLUMN 
I 



v MHi 



<Mi 



COLUMN 
2 



M+l 



¥ N+I,i 



Ni 



Figure P7-5 Division of a single column into a system of two columns. 



7-6 Show thai the function g x given in Table 7-1 for a conventional distillation column is a mono- 
tonic decreasing function of 6 and has one zero lying between 6 = and 6 = oo. 
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CHAPTER 

EIGHT 

DISTILLATION ACCOMPANIED BY 
CHEMICAL REACTION 



Many separations which would be difficult to achieve by conventional distilla- 
tion processes may be effected by a distillation process in which a solvent is 
introduced which reacts chemically with one or more of the components to be 
separated. Three methods are presented for solving problems of this type. In 
Sec. 8-1, the 6 method of convergence is applied to conventional and complex 
distillation columns. In Sec. 8-2, the IN Newton-Raphson method is applied to 
absorbers and distillation columns in which one or more chemical reactions 
occur per stage. The first two methods are recommended for mixtures which do 
not deviate too widely from ideal solutions. For mixtures which form highly 
nonideal solutions and one or more chemical reactions occur per stage, a formu- 
lation of the Almost Band Algorithm such as the one presented in Sec. 8-3 is 
recommended. 



8-1 APPLICATION OF THE THETA METHOD OF 
CONVERGENCE TO DISTILLATION COLUMNS IN WHICH 
CHEMICAL REACTIONS OCCUR 

The method of convergence, which was originally formulated for the solution 
of distillation problems in which chemical reactions did not occur, is extended to 
include the case where one or more chemical reactions occur on each stage of a 
distillation column. The computational time of the method, which is one of the 
fastest known methods for solving distillation problems, is not significantly in- 
creased by the inclusion of one or more chemical reactions per stage. In the 

275 
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development which follows, the method of convergence is applied to distilla- 
tion columns in which one chemical reaction occurs on each plate. The formula- 
tion of the algorithm is followed by the solution of several numerical examples. 
In recent years, several calculational procedures have been proposed for 
solving distillation problems in which a chemical reaction occurs on each plate. 
Suzuki, et al. 24 used a procedure based on Muller's method; whereas, Jelinek 
and Hlavacek 14 used a relaxation method. Komatsu and Holland 17 and Nelson 19 
proposed different formulations of the Newton-Raphson method. 

Formulation of the 6 Method of Convergence 

Consider the case of an existing column such as the one shown in Fig. 2-3. 
Suppose that the specifications are taken to be: (1) the total number of stages 
and the location of the feed plate, (2) the complete definition of the feed (the 
total-flow rate, composition, and thermal condition), (3) the reflux rate, (4) the 
distillate rate, (5) the column pressure, and (6) the type of condenser (total or 
partial). On the basis of this set of specifications, it is desired to find the resulting 
compositions of the distillate and bottom products. 

The equations required to describe this column are developed in the order in 
which they are solved sequentially in the proposed calculational procedure. On 
the basis of assumed temperature and L/V profiles, the material balances, the 
physical equilibrium relationships, and the chemical rate expressions (or chemi- 
cal equilibrium expressions) are solved for the moles of each component which 
reacts per stage per unit time and for the component-flow rates. A formulation of 
the Newton-Raphson method is used. 

The remainder of the calculational procedure is analogous to that proposed 
for distillation columns without chemical reactions. After the component-mate- 
rial balances have been solved for the moles reacted and the component-flow 
rates, a 9 multiplier is found that places the column in overall material balance 
and in agreement with the specified value of the distillate rate D. Next, new sets 
of compositions are computed, and these are used to find a new set of tempera- 
tures by the K b method. On the basis of these temperatures and the most recent 
sets of compositions, a new set of total-flow rates is found by use of the enthalpy 
balances and the total material balances. The enthalpy balances are stated in the 
constant-composition form. 

Vapor-Liquid Equilibrium Relationships 

The equilibrium relationship for stage; and component i [the first expression of 
Eq. (5-1)] is readily restated in the following form 

hi = A ji v ji (8-1) 

where the absorption factotf^ is defined in the usual way 

yji L j 
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Material Balances 

The equations are formulated first for the case where a single reaction 

aA+bB*±cC + dD (8-3) 

occurs in the liquid phase on each stage. In the analysis which follows, this 
reaction is restated in the following equivalent form 

v A A + v H B+ v c C + v n D = (8-4) 

where 

v a = - 1 v H = -b/a v< = c/a v D = d/a 

The contents on each plate are assumed to be perfectly mixed. 

Let rjj denote the moles of A which disappear by reaction per unit time for 
any plate/ Then the mass balance for component / for a typical interior stagey 
Ui= W- Uf, N) is given by 

M iVj+Ui + M,/,.^,. - M^ - M^ + M^ = (8-5) 

where 

M, = molecular weight of component / 

Since M, is common to each term of Eq. (8-5), the material balance for compo- 
nent i on stage j reduces to 

V i, .- + h- 1. i ~ v ji ~ hi + S ji = ° (8-6) 

Use of the vapor-liquid equilibrium relationship l j{ = A n v j{ to eliminate the 
liquid flow rates from Eq. (8-6) yields 

A J- 1. i"j- 1, .--(! + Ajfa + v J+ lf , = -d n (8-7) 

The complete set of component-material balances for the conventional column 
may be represented by the following matrix equation 

M-= -/- v.ii (8-8) 

where the tridiagonal matrix A, and the column vectors f, and v,- contain the 
elements shown beneath Eq. (2-18). The column vector i\ is of the form 

n = [>/i r\ 2 ••• rj N ] r 

e enclosing a typical 
* all components / tc 

Vj+i+Lj.^Vj-Lj + Aj^O (8-9) 

where 

c c 

A ; = I h = 1j I v, = n,o 

1=1 i = 1 

c 

a = X v f 



The total material balance enclosing a typical plate j is found by summing 
each member of Eq. (8-6) over all components i to give 
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To restate Eq. (8-9) in terms of an assumed set of Lj/Vfs, let b } denote the 
assumed value of Lj/Vj for plate j. Then Eq. (8-9) may be restated in terms of the 
V/s and b/s as follows 

bj- l V J - l - (1 + bj)Vj +V j+i = -tmj (8-10) 

and the complete set of total material balances for the column may be repre- 
sented the matrix equation 

BV= -& -on] (8-11) 

where B is a tridiagonal matrix having the form 

"-(1+fti) 10 

*i -(i+M 1 



B 



o ••• o v.! -(i+b N ) 

and 3F and V are column vectors of the form 

J^ = [0 ••• V F L, ••• 0]' 

v = [d v 2 -- v N y 

Observe that for a column having a partial condenser D = V x and for a column 
having a total condenser Kj = 0. 

Formulation of the Chemical Reaction Function 

Consider first the rate of reaction for the second-order reversible reaction 

r jA = kjC JA C JB - k'jC jc C jD (8-12) 

where C jt is the concentration of component i in the liquid phase in moles per 
unit volume, r jA is the rate of disappearance of A in moles per unit time per unit 
volume, and kj and k) are the forward and reverse rate constants in the consis- 
tent units. The concentrations may be expressed in terms of the liquid flow rates 
as follows 

where pf is the molar density of the liquid phase. Thus, Eq. (8-12) becomes 

= { -&[kjljAljB-k'jl jc l jD ] (8-14) 



r jA — r 2 



Let the volume of liquid on stage ;' be denoted by l/|. Then the moles of A 
reacting per unit time on stagey is given by 

ni = *iAVi (8-15) 

Multiplication of each member of Eq. (8-14) by Uf followed by rearrangement 
yields the following form prthe reaction function, namely, 

UHoh 2 
R J = -*Tr- i k J l JA ha ~ k'jhdjo] - flj (8-16) 
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Table 8-1 Expressions for the reaction function Rj for various types of reactions 

1. Vapor phase reaction 

r jA = kjC jA C jH — kj C jC C jD 
where the concentrations are for the vapor phase. Then 

R i = v i [ k j v jA v jH - kjV Jc v JD ] - rjj 

j 

where p) is the molar density of the vapor phase. 
2. Chemical equilibrium in the vapor phase 

K y = U J c ' l \J jot ° 

w "(/r,)-'(/;j— 

where K Kj is the chemical equilibrium constant for stage j. The expression for Rj is readily 
obtained through the use of the above expression for K^ and the expression for/£, namely, 

fv = y»fW 

J ji ,/ 



Thus ^^| ( V )> jfl) - 

where K " = J^W L 

" WW*. 
" WW* 

" = "a + »» + v r + v„ 



- 1 



3. Chemical equilibrium in the liquid phase 

' 'jcrVJD, 



(/JtW/ib)'' 



"' (/*,)- w- 

By use of 



f " — IT 



and the definition of the ideal solution K value 

J ji 
the following functional form of R } is readily obtained 

R - K * K fJ K *J f (WW 1 . 

where the expression for K L yj is obtained from the one given above for K v yj by replacing y£ by yj;. 
Likewise, the expression for K KJ is obtained from the one given above for K yj by replacing % 

Observe that if all of the components which appear in both phases are in physical and chemical 
equilibrium, it follows then that 



^rj — *^Rj 



since /f =/f. 
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The functional forms of Rj for the case where the reaction occurs in the gas 
phase (at the rate r jA ) and for the cases where a state of dynamic equilibrium 
exists in the vapor and liquid phases are presented in Table 8-1. 

Determination of the Moles Reacted per Stage 

For a given set of 7}'s and Lj/Vfs, it is desired to find the set of rj/s which satisfy 
the material balances [Eqs. (8-8) and (8-11)] and which make each Rj = 0. The 
solution set of >//s may be found by use of the Newton-Raphson method which 
consists of the repeated solution of the Newton-Raphson equations 



where the jacobian matrix J^ has the form 



R 



(8-17) 





dR t 


dR x 




Sfji 


d*ls 


J R = 








dk s 


3Ry 




_drj l 


drj N 


Ai| = [A/y 1 Arj 2 


'•• A**]' 


R=[E 


'l #2 " 


RsV 



and 



The solution may be effected by use of analytical expressions for the partial 
derivatives of the R/s or by use of Broyden's method, which makes use of 
numerical approximations of the partial derivatives; 5 see Chaps. 4 and 15. 

The 9 Method of Convergence 

The 9 method of convergence is used to find a corrected set of compositions 
which are in turn used to find a new set of temperatures. After the above 
material balances have been solved, the set of calculated d,'s may not be in 
agreement with the specified value of D. The 9 method of convergence is used to 
find a set of (d t ) C o s an d (fr,) co 's which are in overall component-material balance 






(8-18) 



and in agreement with the specified value of D. Again the 9 multiplier can be 
defined by 



K 



Uiho Uila 



(8-19) 



where the subscript ca denotes the most recent values of $ild) ca found by the 
solution of the material balance equations. Use of Eq. (8-19) permits Eq. (8-18) 
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to be solved for (d,) co in terms of the 6 and the most recently calculated values of 
the terminal rates, namely, 

WL = (<*.)«?. (8-20) 

where 

FX { + v t (t> 



Pi' 



(ddca + Ofril 



The desired value of is that > that makes g(0) = 0, where 

g(0)=i(d i ) co -D (8-21) 

and the formula for (d,) co is given by Eq. (8-20). Equation (8-21) may be solved 
for by use of Newton's method which consists of the repeated use of the 
relationship 

«-- e >-m (8 - 22 > 

where 

a'(0 k ) = - f (J, ^^ ,)cflP ; 2 (8-23) 

After the desired value of 9 has been found, the corrected compositions are 
computed as follows 

(Jji)caPi_ (g_ 24 ) 



x Ji- 


c 

Z (IjdcaPi 
i=l 


y» = 


(VjdcaPi 
c 



(8-25) 

I,{Vji)caPi 

1=1 

On the basis of the mole fractions given by Eqs. (8-24) and (8-25), the most 
recently assumed temperature profile, and the activity coefficients used in the 
AjiS [see Eq. (8-2)], the new temperature profile is found by use of the K b 
method; see Eqs. (2-30) and (2-31). 

Enthalpy Balances 

When simultaneous mass transfer and chemical reaction occur, it is convenient 
to define the enthalpy of a component as the enthalpy it has at a given tempera- 
ture T in the perfect gas state at one atmosphere above its elements in their 
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standard states at some arbitrary datum temperature. For example, the enthalpy 
Hf(T) of component i in the perfect gas state at the temperature T is defined as 
follows 

H°(T) = AH} 0ti + (H r -H° )i (8-26) 

Values for the heats of formation AH } , , at K and the heat content of an 
element at temperature T above its enthalpy at K, (H , - //£),•, may be found 
in standard thermodynamic tables; see for example Ref. 22. 

To account for the deviation of an actual mixture from a perfect gas mixture, 
it has been demonstrated that the virtual values of the partial molar enthalpies 
Hi may be used in lieu of the partial molar enthalpies i7, to obtain the correct 
enthalpy of the mixture, 13 that is, 

n T H= £*,!/,= £>,.#, (8-27) 

i=l i = 1 

where H = enthalpy per mole of mixture 
Hj = partial molar enthalpy 
Hi = virtual value of the partial molar enthalpy 
Hi , n r = number of moles of component i and the total moles of mixture, 
respectively 

As shown in Chap. 14, the virtual value of the partial molar enthalpy is defined by 

Hi = H? + Q (8-28) 

where Q is the departure of the enthalpy of one mole of an actual gas mixture 
from one mole of a perfect gas mixture. Expressions for computing Q for several 
equations of state are also presented in Chap. 14. For the case of a liquid phase 
which forms an ideal solution which is independent of pressure, the enthalpy of 
the mixture is computed as follows 

n T H = t rtihi = t ntf = £ ntf* - X t ) (8-29) 

i=i i=i ,=i 

where A, is the latent heat of vaporization at a given temperature T. Since 

n T H = £ riihi = £ „ £ (Jf ? + Q*-) (8-30) 

1 = 1 i=i 

it follows by comparison of this expression with Eq. (8-29) that 

M* L =-iMi (8-31) 



i=i 



Let the virtual values of the enthalpies of component i in the vapor and 
liquid phases leaving plate j be denoted by H n and h Ji9 respectively. Then the 
enthalpy balance enclosin^stage ; (J + 1, N) is given by 

c 

S L<> i. . #, + i.i + lj- ufij- 1. .' - VjiHji - Ijihj,] = (8-32) 

1= 1 
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Use of the component-material balance [Eq. (8-6)] to eliminate one of the 
component-flow rates, say (,,, in Eq. (8-32) yields 

c 

Z [»;+ i. ,(«y + ,. , - *,.•) + I,- ,.,(/-';- ,. , - '»,,) - v^H,, - /.",,) - Sjjj,] = (8-33) 

1= 1 

Since v J+ Ui = V^ t y j+ lt ,-, Eq. (8-33) may be solved for V j+ { . 

Vj t (H Jt - hjdyji ~ Lj. x t (hj. u , - />>,_ Ul +t d^ 
V j+l =-^ c ^ (8-34) 

Z(^+i..--^«-)^+i.i 

1 = 1 

For / =/- 1 and/ the numerator of Eq. (8-34) contains the following additive 
terms, namely, for; =/— 1, 

V F i(H Fi -h f . Ui )y Fi 

i=l 

and for) =/ 

c 

*-/£(£/, ~hfi)x Fi 

i — 1 

For j = 1 and N, the following expressions are obtained for Q c and Q K 

Qc =v 2 i (Hzi - K)yn -d£ {h u - h u )x Di - £ s u h u 



Qr = Kv Z (H Si - h Ni )y Ni - L.v- ! Z (*.v- 1. ,• - VK- 1. j + Z 8 ^" 



(8-35) 



It is of interest to note that the familiar heat of reaction term is included in 
the sum of the ^ fy/s. Evaluation of this term by use of Eq. (8-28) gives 



ZMi.' = ^ 



£ vlHi + Of ) U ly/Alf; + rflfl = >/,(Atf ;) liq (8-36) 



where Af/J = £? =1 v,i/°, the heat of reaction in the perfect gas state at the 
temperature T. 

For the case where the liquid phase behaves ideally and is also independent 
of pressure, Eq. (8-31) may be used to further reduce Eq. (8-36) to 



I*A = ty 



JL*Wi-h) 



= 1jlv i h° i = r 1j (AH]) Uq (8-37) 
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Calculational Procedure 

1. Assume sets of values {7}}, {(Lj/Vj)}. 

2. On the basis of the most recent sets {7}„}, {(Lj/Vj) tt } find the set of rj/s which 
satisfy the material balances and the reaction functions. 

3. Find the that makes g(Q) = 0. 

4. Compute a new set of compositions by use of Eqs. (8-24) and (8-25). 

5. Compute a new set of temperatures by use of Eqs. (2-30) and (2-31). 

6. Compute a new set of total-flow rates by use of the energy balances and the 
total material balances. Then return to step 1. 

7. Repeat the process until the convergence criterion has been satisfied. 

Numerical example To demonstrate the characteristics of the proposed 
method of convergence for solving distillation problems in which a chemical 
reaction occurs on each stage, two numerical examples are presented. 
Example 8-1 is based on an esterification reaction 

CH3COOH + C 2 H 5 OH +±C 2 H 5 COOH + H 2 

which occurs in the liquid phase. The reaction is second order in both 
directions. A statement of this example appears in Table 8-2 and the solution 
is presented in Table 8-3. The K values, activity coefficients, vapor and 
liquid enthalpies, and the rate data used to solve this problem are presented 
in Tables B-19 through B-21. Although, these mixtures deviate significantly 
from ideal solutions, satisfactory convergence is achieved as shown in the 
last entry of Table 8-3. The method gives satisfactory convergence for all 
systems which do not deviate too widely from ideal solutions. 4 



Table 8-2 Statement of Example 8-1 

1. Column specifications and operating conditions 



Component Component no. 



Acetic acid 


1 


0.4963 


Ethanol 


2 


0.4808 


Water 


3 


0.0229 


Ethyl acetate 


4 


0.0 



Specifications 



Total condenser, P = 1 atm, boiling-point liquid feed, N = 13, /= 6, F = 0.1078 g mol/min, 
D = 0.0208 g mol min. Use a reflux ratio of 10. The holdup is taken as 1.0 liters for the reboiler 
and 0.3 liter for each plate jfind the condenser. The molar densities of the liquids acetic acid, 
ethyl alcohol, water, and ejtiyl acetate were: 17.470, 17.129, 55.49, and 10.22 moles per liter 
respectively. The mole frac$>n average of these was used as the molar density of the mixture. 
Use the vapor-liquid equilibrium, enthalpy, and reaction rate data given in Tables B-19 through 
B-21. 
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Table 8-3 Solution of Example 8-1 





1. Initial and final 


profiles 








Temperature (K) 






L/V 


Stage 


Initial 


Final 


Initial 


Final 


1 


345.0 


337.00 








2 


346.5 


336.91 




1.0 


0-9081 


3 


348.0 


337.15 




1.0 


0.9017 


4 


349.5 


338.05 




1.0 


0.8897 


5 


351.0 


339.87 




1.0 


0.8798 


6 


352.5 


347.71 




1.0 


1.3897 


7 


354.0 


348.16 




1.0 


1.4010 


8 


355.5 


348.53 




1.0 


1.4038 


9 


357.0 


348.89 




1.0 


1.4061 


10 


358.5 


349.37 




1.0 


1.4085 


11 


360.0 


350.37 




1.0 


1.4156 


12 


361.5 


353.68 




1.0 


1.4551 


13 


363.0 


361.57 




0.4 


0.3844 










f, gm 


mol/min 




/. 


v 








Stage 


Final 


Final 


Initial 


Final 


1 


0-2080 




0.0 




-0.1986 x 10" 3 


2 


0.2077 


0-2288 


0.0 




-0.1530 x 10" 3 


3 


0.2061 


0.2285^ 


0.0 




-0.1144 x 10" 3 


4 


0.2019 


0.2269 


0.0 




-0.0851 x 10- 3 


5 


0.1959 


0.2227 


0.0 




-0.0408 x 10" 3 


6 


0.3012 


0.2167 


0.3 




0.6029 x 10" 3 


7 


0.3004 


0.2144 


0.3 




0.6490 x 10- 3 


8 


0.2999 


0.2136 


0.3 




0.6748 x 10" 3 


9 


0.2996 


0.2131 


0.3 




0.6848 x 10" 3 


10 


0.2998 


0.2128 


0.3 




0.6898 x 10" 3 


11 


0.3015 


0.2130 


0.3 




0.7426 x 10" 3 


12 


0.3125 


0.2147 


0.3 




1.0620 x 10" 3 


13 


0.0867 


0.2257 


0.3 




6.0336 x 10- 3 


Execution Time = 


= 3.01 s. (FORTRAN H) 










2. Final 


product distribution 






Component 


b t 


&i 




FX { 


vilf,t 


1 


0.04278 


0.0002 




0.05350 


-0.01060 


2 


0.03781 


0.00332 




0.05183 


-0.01060 


3 


0.00496 


0.00811 




0.00247 


0.01060 


4 


0.00125 


0.00935 




0.0 


0.01060 




0.08680 


0.0208 




0.1078 





f Y,1j = r ll +*12 +-+>/l 



(Continued on page 286.) 



Table 8-3 (continued) 3. Convergence characteristics of the 6 method 



Iteration 



No. of trials required to find f/^s 



Initial value 


5.1191 


1 


1 


3.4557 


3 


2 


1.0146 


3 


3 


1.3308 


3 


4 


0.9527 


2 


5 


0.9566 


3 


6 


1.0287 


3 


7 


0.9763 


3 


8 


1.2134 


2 


9 


0.9781 


2 


10 


1.0192 


2 


11 


0.9696 


2 


12 


1.0163 




13 


0.9975 




14 


1.0135 




15 


0.9957 




16 


1.0000 





Generalization of the Proposed Calculational Procedure for the Case 
Where Any Number of Independent Reactions Occur on Each Stage 

To demonstrate the technique for generalization of the proposed procedure, 
consider the case where two reactions such as 

A + B<±C + D (I) 

A<±R + S (II) 

occur on each stage. The equations presented previously must now be modified 
to account for the fact that n Xj moles of A react on stagey by reaction I and rj Uj 
moles of A react on stage j by Reaction II. Thus, the component-material bal- 
ances [Eq. (8-5)] now become 

A,- v, = -/. - v^n, - v Hl n„ (8-38) 

and the total- material balances [Eq. (8-11)] become 

BV = -& - (jtf, - <x n Ti n (8-39) 

In the enthalpy balances [see Eq. (8-34)], the term £f = l 6 }i h^ is replaced by 

c c 

f=i i=i 

Also, there are now IN reaction functions {R {j ) and {R Uj } instead of only N. 

The equations for the method of convergence are the same form as those 
shown except for the fact that p, which appears in Eq. (8-20) is now given by 

{di)ca + 0(bi)ca 

In the general case of any number of reactions, care must be exercised in 
definition of the v,'s in order to avoid divisions by zero. In conclusion, the 6 
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method of convergence may be used to solve distillation problems involving 
conventional distillation columns in which any number of chemical reactions 
occur on each stage by making the appropriate modifications described above. 

8-2 FORMULATION OF THE 

N(r + 2) NEWTON-RAPHSON METHOD 

In this formulation of the Newton-Raphson method, it is supposed that r 
independent chemical reactions occur on each stage of a column. The Newton- 
Raphson formulation presented is analogous to the one recommended 
previously for absorber-type columns in which chemical reactions did not occur. 
The Newton-Raphson method is formulated first for an absorber in which 
one chemical reaction occurs per plate. Then, the method is modified as required 
to describe distillation columns in which chemical reactions occur. Although the 
resulting algorithm is readily applied to systems which are characterized by 
nonideal solution behavior, it is an exact application of the Newton-Raphson 
method for those systems in which ideal or near ideal solution behavior exists 
throughout the column. The algorithm presented is recommended for 
absorption-type columns which exhibit ideal or near ideal solution behavior. 

Formulation of the N(r + 2) Newton-Raphson Method for Absorbers 

Consider first the case where the reaction given by Eq. (8-3) occurs in the liquid 
phase on each stage. The rate expression for this reaction is given by Eq. (8-12) 
and the moles of A reacted per unit time per unit volume on stage j is denoted 
by rjj . In this case r = 1 and N(r + 2) = 3N. The 3N independent variables are 
the {Lj/Vj}, {7}}, and {rjj}. The variable Lj/Vj is normalized by introduction of the 
new variable 0, which is defined as follows 

%-'$).- * (8 - 4i) 

By taking (Lj/Vj) a to be equal to the most recent value of Lj/Vj found by the 
calculational procedure, it is evident that } approaches unity as the solution set 
of values of the variables is approached. 

Corresponding to these 3N independent variables, 3N independent functions 
must be selected. These are taken to be the dew-point functions {F,}, the 
enthalpy balance functions {G,}, and the reaction functions {R,}. The dew-point 
functions are given by Eq. (4-3), and the reaction functions are given by 
Eq. (8-16). The enthalpy balance functions are formulated by stating Eq. (8-22) 
in functional form to give 



ZMfy + 'A] 



G,= 



I fa+u iHj+i.t + lj-i,t hj-i,i] 



(8-42) 



As discussed below, G } = when the solution set of values of the variables has 
been found. 
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THE CONSTRAINING EQUATIONS 

For any choice of values for the independent variables, the corresponding values 
of the dependent variables, the {^,}, {/,,}, {!/.}, and {L,} may be found by use of 
the component-material balances, the equilibrium relationships, and the total- 
material balances. 

As before in Sec. 8-1, the equilibrium relationships [Eq. (8-2)] are used to 
eliminate the //s from the component-material balances. The complete set of 
equations may be stated in matrix form as indicated by Eq. (8-8). For an absor- 
ber, the vectors v, and / have the following meanings rather than those given 
beneath Eq. (2-18) 



and 



/i = UoiO ••• v N+u tf 



The total-material balances may be stated in terms of the independent 
variables {Lj/Vj} and solved for the vapor rates V as indicated by Eq. (8-11). For 
an absorber, the vectors #> and V have the following meanings rather than those 
given beneath Eq. (8-11) 

^ = [l o -o v, + l y 
V = [K t v 2 -- v N y 



Formulation of the Newton-Raphson Equations 

It is desired to find the solution set of values of the independent variables 

x = [>/i fli "• ris9 l 9 2 ••• X T x T 2 •" T N ] r (8-43) 

such that each of the functions 

f = [*i *2 ' • R» F, F 2 - F v G, G 2 ••• G N ] r (8-44) 

is equal to zero. This may be achieved by use of the Newton-Raphson method 
which consists of the repeated solution of the equation 

(8-45) 
where 



J = 



J AX = 


-f 


~ dR { 


dR t - 


drj, 


dF t 
~dT N 


dG y 
- 3*i 


dG N 
dT N . 



AX = X t . 1 -X l =[A»/ 1 Aij 2 •■■ Ati, 



A0, 



AW 
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This conventional form of the Newton-Raphson method was very sensitive to 
the set of starting values selected for the rjj\ and it was difficult to find a set for 
which the calculational procedure would converge to the solution set. In order 
to eliminate the sensitivity of the Newton-Raphson method to the starting values 
selected for the >//s, it was necessary to modify the procedure in the following 
manner. 

For each choice of T/s and 0/s, the component-material balances and total- 
material balances were solved for the set of rj/s that made each of the R's equal 
to zero. The desired set of rj/s were found by use of the Newton-Raphson 
method. In this case, the Newton-Raphson equations are of the form 



Jk Atj = - R 



where 



(8-46) 





dR t 


3R t 




W> 


Srjy 


J„= 








dR„ 


dR N 




d ni 


dtiN 



Af l=i|«+i-il.,= [Aih Arj 2 ••• Ati N ] r 

R = [R j R 2 • • R N ] ' 

After the rj/s that made each Rj = had been found, they were used together 
with the most recent set of T/s and 0/s to evaluate the elements of J and f of 
Eq. (8-45). This sequence of calculations in the application of the Newton- 
Raphson method is called procedure 1. 

Also, in order to achieve convergence, it was necessary to perform column 
scaling followed by row scaling (see Chap. 15) of the jacobian matrix. Conver- 
gence could not be achieved, however, by use of variable scaling followed by row 
scaling (see Chap. 15). 



Procedure 1: Newton-Raphson (with Analytical Expressions for 
the Partial Derivatives) 

Step 1. Assume a set of values for (Lj/Vj) ak . Set each 6 jfk = 1. Assume a set of 
values for T jmk (denoted by T k ) and for rj ln (denoted by n„). 

Step 2. On the basis of the values of the variables assumed in step 1, solve 
Eq. (8-49) repeatedly until a set of rj\ denoted by x\ k , is found for which 
R = 0. 

Step 3. On the basis of the most recent set of values of the variables, r\ k , 
( L j/ V j)k = e jtk (Lj/Vj)^ k , and T fc , evaluate f fc . If each element of f k - f k _ l 
satisfies the convergence criterion, cease calculations; otherwise, evaluate the 
elements of J k and solve Eq. (8-45) for AX and compute X k+l . If each T Jth+l 
is within the range of the curve fits, and each y> k+ x > 0, compute 



GL--G?). 
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and return to step 1. Otherwise reduce the correction AX repeatedly by the 
factor fl(p= 1/2, 1/4, ...) 

X k+1 = X k + 0AX 

until an X k + t is found which satisfies the above criterion. Then compute 
{Lj/Vj) atk+l . Replace the subscript k by k + 1. The partial derivatives 
appearing in J and J R may be evaluated by use of the analytical expressions 
appearing in Table 4-3 and Probs. 8-2 and 8-3. 

Another significantly faster procedure for solving the Newton-Raphson 
equations, called the Broyden-Bennett method, was proposed by Hess et al. 10 
The Broyden-Bennett algorithm may be used to solve the equations for an 
absorber-type column accompanied by a chemical reaction in the following 
manner. 



Procedure 2: Broyden-Bennett Algorithm 

Step 1. For the first trial, assume X , and use the Broyden-Bennett algorithm 

(see Chap. 4) to find an improved set of rj/s which satisfy Eqs. (8-8) and 

(8-11), and which make R = 0. 
Step 2. Evaluate the remaining partial derivatives of J numerically, as shown in 

step 2 of procedure 2 of Chap. 4, and then find the factors L and U such 

that 

J = L U 

Step 3. Same as step 3 of procedure 2 of Chap. 4. 

Step 4. Find the s k such that the euclidean norm of f (X k + s k P k ) is less than the 
norm of/(X fc ). For each choice of s k , use the Broyden-Bennett algorithm 
(see Chap. 4) to find an improved n (called % +1 ) which satisfies Eqs. (8-8) 
and (8-11) and which makes 

The remainder of step 4 is the same as step 4 of procedure 2 of Chap. 4. 
Step 5. Same as step 5 of procedure 2 of Chap. 4. 
Step 6. Same as step 6 of procedure 2 of Chap. 4. 

Formulation of the N(r + 2) Newton-Raphson Method 
for Distillation Columns 

The equations presented f£r the formulation of the N(r + 2) Newton-Raphson 
method for absorbers may $e applied to distillation columns in a manner similar 
to that demonstrated in Chap. 4 for the IN Newton-Raphson method for absor- 
bers and distillation columns. 
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Numerical examples Several mechanisms have been proposed for the reac- 
tion of monoethanolamine and carbon dioxide. 2, 7 - lu 16 A mechanism con- 
sisting of six reactions was proposed by Kent and Eisenberg, 15 and a 
mechanism consisting of two reactions was recently proposed by Hikita et al. l 1 
To demonstrate the proposed calculational procedures for absorbers, the 
mechanism proposed by Hikita et al. is used. The two-step mechanism con- 
sists of the reactions 

C0 2 + HOC 2 H 4 NH 2 +± HOC 2 H 4 NHCOO" + H + (A) 

H + + HOC 2 H 4 NH 2 <±HOC 2 H 4 NH 3 + (B) 

The equilibrium constants of reactions (A) and (B) are of the order of 10" 5 
and 10 10 , respectively. 11 Reaction (B) is ionic and virtually instantaneous, 
whereas reaction (A) is second order and is rate-controlling. Thus, the rate of 
reaction is given by reaction (A) and the stoichiometry is the sum of these 
reactions; that is, every time reaction (A) goes one time, reaction (B) then 
occurs instantaneously. Thus the overall reaction is 

C0 2 + 2HOC 2 H 4 NH 2 +± HOC 2 H 4 NH 3 + + HOC 2 H 4 NHCOO" 

Vapor-liquid equilibrium data and enthalpy data needed to describe this 
system.were taken from several sources. 16, 18, 20 

A statement of the monoethanolamine example, Example 8-2, is given in 
Table 8-4. The solution is given in Table 8-5, and convergence characteristics 
of procedures 1 and 2 are given in Table 8-6. To demonstrate the use of 
procedures 1 and 2 in the solution of problems involving conventional distil- 
lation columns, Example 8-1 was solved. A statement of this example is 



Table 8-4 Statement of Example 8-2 



Component / 0l v N+Ui 

Component no. (lb mol/min) (lb mol/min) 



Monoethanolamine 


1 


9.88 


0.0 


Water 


2 


190.12 


0.0 


Carbon dioxide 


3 


0.0 


4.0 


Amine carbamate 


4 


0.0 


0.0 


Methane 


5 


0.0 


96.0 






200.00 


100.0 



Other specifications 



The absorber is to operate at 100 lb/in 2 abs, N = 16, L = 200 lb mol/min and enters the 
absorber as a liquid at 100°F. The rich gas K„ +1 enters at the rate of 100 lb mol/min at 90°F. 
The liquid holdup on each stage is taken to be equal to 60 lb mol. To initiate the calculational 
procedure, take (Lj/Vj) a = 1, 0,. = 1, n , = 0.05, and T i = 100°F for all ;. Use the vapor-liquid 
equilibrium, enthalpy, and reaction rate data given in Tables B-22 through B-23. 
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Table 8-5 Solution of Example 8-2 







1. 7}, 


Vj, L Jt and tjj 


profiles 










Lj 


v , 


1j 


Stage 


Temperature (°F) 


lb mol/min 


lb mol/min 


lb mol/min 


1 


100.08 




200.03 


96.86 


0.0039 


2 


100.22 




200.02 


96.89 


0.0059 


3 


100.37 




200.02 


96.90 


0.0089 


4 


100.59 




200.02 


96.92 


0.0135 


5 


100.93 




201.01 


96.94 


0.0204 


6 


101.44 




201.00 


96.98 


0.0308 


7 


102.23 




199.99 


97.03 


0.0469 


8 


103.45 




199.98 


97.11 


0.0716 


9 


105.39 




199.97 


97.24 


0.1103 


10 


108.45 




199.97 


97.45 


0.1719 


11 


113.11 




199.97 


97.79 


0.2709 


12 


119.69 




199.94 


98.34 


0.4259 


13 


127.51 




199.72 


99.17 


0.6352 


14 


134.03 




199.00 


100.21 


0.8128 


15 


135.10 




197.61 


101.12 


0.7973 


16 


124.59 




195.16 


101.32 


0.5626 






2. Final 


1 product distribution 




Component 


'.v.- 


»» 


v . I n t 






1 


1.901 


0.001 


-7.978 






2 


189.250 


0.872 









3 


- 0.003 


0.008 


-3.989 






4 


3.989 





3.989 






5 


0.022 
195.165 


95.978 
96.859 










presented in Table 8-7. The convergence characteristics of procedures 1 and 
1 for Example 8-1 are presented in Table 8-8. Procedure 2 (the Broyden- 
Bennett Algorithm) is seen to require more trials, but less computer time, 
than procedure 1 (the Newton-Raphson method) with analytical expressions 
for the partial derivatives. These same characteristics were exhibited for 
columns in which chemical reactions did not occur. 10 The speed advantage 
of procedure 2 over procedure 1 can be expected to become more pro- 
nounced as the number of components and stages are increased. 

For distillation columns, the method presented in Sec. 8-1 required 
about the same amount of computer time as did procedures 1 or 2 for 
Example 8-1. As was found for distillation columns without reaction, the 
computer times required by the method and procedures 1 and 2 do not 
differ significantly. Heftvever, as the number of plates and components are 
increased, the speed advantages of the method over procedures 1 and 2 can 
be expected. 



Table 8-6 Convergence characteristics of procedures 1 and 2 for Example 8-2 



1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 



Procedure 1 



No. of trials 
required to 
Iteration find {>/,} 



Normt 



t Norm = — 
3N 

Execution time 



I(F 2 + K 2 + G 2 )j 

4.38 s (FORTRAN H) 



Iteration 



0.444 


1 


0.346 


2 


0.272 


3 


0.215 


4 


0.140 


5 


0.814 x 10~ * 


6 


0.578 x 10 l 


7 


0.258 x 10- * 


8 


0.141 x 10~ 2 


9 


0.140 x 10~ 4 


10 


0.179 x 10 5 


11 


0.987 x 10" 6 


12 




13 




14 




15 




16 




17 




18 




19 




20 



Procedure 2 



No. of trials 
required to 
find {,/.} 



NormJ 



0.444 
0.346 
0.201 
0.834 x 
0.137 
0.151 x 
0.981 x 
0.151 x 
0.749 x 
0.985 x 
0.749 x 
0.136 x 
0.259 x 
0.140 x 
0.186 x 
0.140 x 
0.111 x 
0.672 x 
0.106 x 
0.663 x 



10~ ! 

io- f 
io-« 

10-' 
\0~ 2 

io- 2 

10" 2 
10" 3 
10" 4 
I0 4 
10" 4 
i0~ 4 
10" 5 
IO 4 
10" 5 
10~ 6 



$ Norm = same as for procedure 1 
Execution time = 4.16 s (FORTRAN H) 



Table 8-7 Restatement and solution of Example 8-1, a conventional distillation 
column 



1. Column specifications and operating conditions 



Component Component no. 



Acetic acid 
Ethanol 
Water 
Ethyl acetate 



0.4963 
0.4808 
0.0229 
0.0 



Specifications 



Total condenser, P = 1 atm, boiling point liquid feed, reflux ratio, LJD= 10, boilup ratio, 
V N /B = 2.588. The holdup is taken as 1.0 liter for the reboiler and 0.3 liter for each plate and 
the condenser. The molar densities of the liquids acetic acid, ethyl alcohol water, and ethyl 
acetate are 17.470, 17.129, 55.49, and 10.22 moles per liter, respectively. The mole fraction 
average of these was used as the molar density of the mixture. 



2. Vapor-liquid equilibrium data, activity coefficients, and enthalpies; see Tables B-19 through 
B-21. 

3. Solution: see Table 8-3. 
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Table 8-8 Convergence characteristics of procedures 1 and 2 for Example 8-1 
by use of the N(r + 2) Newton-Raphson method 





Proced 


ure 1 






Procedure 2 






Number of 








Number of 






trials 








trials 






required to 








required to 




Iteration 


find ft,} 


Normf 


Iteration 


find {rjj} 


NormJ 


1 


2 


0.149 x 10" l 


1 




3 


0.258 x 10- » 


2 


3 


0.186 x 10* 


2 




3 


0.192 x 10" l 


3 


3 


0.167 x 10" ' 


3 




3 


0.117 x 10" 1 


4 


3 


0.684 x 10- 2 


4 




3 


0.854 x lO- 2 


5 


2 


0.315 x 10 2 


5 




3 


0.571 x 10" 2 


6 


2 


0.177 x 10~ 2 


6 




2 


0.568 x lO" 2 


7 


2 


0.714 x 10- 3 


7 




2 


0.373 x lO" 2 


8 


1 


0.210 x 10" 3 


8 




2 


0.125 x 10" 2 


9 


1 


0.440 x 10 -4 


9 




2 


0.783 x 10" 3 


10 


1 


0.576 x 10~ 5 


10 




2 


0.486 x 10" 3 


11 ■„ 


1 


0.260 x 10- 6 


11 
12 
13 
14 
15 






0.292 x 10" 3 
0.825 x 10 - 4 
0.559 x 10 ~ 4 
0.647 x 10" 5 
0.735 x lO" 6 




r v 


11/2 










tNorm = — |I(^ + * 


;+^)| 


+ 
+ 


Norm 


= same as procedure 1 


Execution 


time = 3.32 s 


(FORTRAN H 




Execution time = 2.41 


s, AMDAHL 


compiler) 








(FORTRAN H compil 


S r) 



8-3 FORMULATION OF AN ALMOST BAND ALGORITHM 

For the case where one or more reactions occur on each stage of an absorber 
or distillation column and the vapor and liquid phases form highly nonideal 
mixtures, a formulation of the Almost Band Algorithm is recommended In the 
present formulation for the case where one or more chemical reactions occur on 
each stage of an absorber, the following choice of N(2c + 1 + r) independent 
variables and N(2c + I + r) independent functions are made. In particular for 
the case of one chemical reaction per stage, the independent variables and func- 
tions are taken to be 

X = [(/,-, l i2 ■- l Jc v n v J2 ■■■ Vjc Tj r,j) }=u N ] T (8-47) 

f = [(/jri fjffjc m n m j2 ■■■ m jc G } R J )^ l , N ] T (8-48) 

where the subscript j = 1, ^ means that the arguments enclosed by parentheses 

are to be repeated for j = 1, 2, . . . , N. The equilibrium relationships are denoted 

by the functions./},, f J2 , ...,f Jc , the component-material balance functions by 
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m jU m j2 , ..., m, c , the enthalpy balance functions by G } , and the chemical reac- 
tion functions by R } . 

For any stagey, the equilibrium functions are given by 

fji = y^»h _ik± (8 . 49) 

1 = 1 1 = 1 

The component-material balance function for any stage; 

mjt = v j+ Ui + /,-_ Ui - Vji - /,, + djt (8-50) 

The enthalpy balance functions are given by Eq. (8-42). Use of the characteristics 
of homogeneous functions of degree zero and the approximations presented in 
Chap. 5 make it possible to regard the mixtures as ideal solutions in the partial 
differentiation of the G/s. This amounts to neglecting the dependencies of the 
enthalpies {//,,, h^ on compositions. Column scaling followed by row scaling is 
recommended. It is anticipated that an internal loop would be required. This loop 
would be similar to the one used above in the N(r + 2) formulation in which the 
solution set {«,} is found on the basis of the assumed sets {/.,.}, {y.,.}, and {T). 



NOTATION 

A ji yjiLj/yjlKji V h absorption factor for component i and plate j 

A, tridiagonal matrix; defined beneath Eq. (2-18) 

bj assumed value of Lj/Vj 

B tridiagonal matrix; defined beneath Eq. (8-11) 

b { molar flow rate of component i in the bottom product 

B total molar flow rate of the bottom product 

Cjt concentration of component i in the liquid or vapor phase (as in- 

dicated in the text) leaving plate; 

d ( molar flow rate of component i in the distillate 

D total molar flow rate of the distillate 

/i feed vector for component i; defined beneath Eq. (2-18) 

F total molar flow rate of the feed 

gift) a function of 0; defined by Eq. (8-21) 

hji virtual value of the partial molar enthalpy of component i in the liquid 

phase leaving plate ; 

h^ H°ji - Aji, where i/J ( is the enthalpy of pure component i in the perfect 

gas state at the temperature 7} and one atmosphere pressure above its 
elements in their standard states at some arbitrary datum temperature 
[see Eq. (8-26)], and k n is the latent heat of vaporization at the tem- 
perature Tj as defined below 

Hji virtual value of the partial molar enthalpy; defined by Eq. (8-28) 

H total enthalpy of one mole of a mixture 
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Hji partial molar enthalpy of component / in the vapor state; evaluated at 

the temperature, pressure, and composition of the vapor leaving plate; 
(AH r ) Iiq heat of reaction per mole of the base component A reacted; defined by 

Eq. (8-36) 
( A #r°)iiq heat of reaction per mole of the base component A reacted ; defined by 

Eq. (8-37) 
kj rate constant for the second-order forward reaction; see Eq. (8-12) 

k) rate constant for the second-order reverse reaction; see Eq. (8-12) 

Iji molar flow rate of component / in the liquid phase leaving plate; 

l Fi molar flow rate of component i in the liquid part of the feed, 

FX t = v Fi + /,, 
Lj total molar flow rate at which the liquid phase leaves plate; 

L F total molar flow rate of the liquid part of the feed, F = V,. + L, 

n ( molar flow rate of component i 

n T total molar flow rate 

Pi ratio of the corrected to the calculated values of d i9 computed by use 

of the expression given beneath Eq. (8-20) 
P total pressure 

r jA rate of reaction of the base component A ; moles A reacted per unit 

volume at the conditions of plate ; 
Rj reaction function for plate;; defined by Eq. (8-16); see also Table 8-1 

R column vector of the reaction functions; defined beneath Eq. (8-17) 

Vji molar flow rate at which component i leaves plate; in the vapor phase 

V, column vector of component flow rates; defined beneath Eq. (2-18) 

v Fi molar flow rate of component / in the vapor part of the feed 

Vj total molar flow rate at which the vapor phase leaves plate; 

V column vector of total vapor flow rates; defined beneath Eq. (8-11) 

Xji mole fraction of component / in the liquid phase leaving plate ; 

X t total mole fraction of component / in the feed 

y jt mole fraction of component i in the vapor phase leaving plate ; 

Greek letters 

otji relative volatility of component i at the temperature of plate ;; 

v <X Ji =K ji' K jb 

yji activity coefficient of component i in the vapor phase leaving plate;; 

y/i activity coefficient of component i in the liquid phase leaving plate;; 

s ji v i*ij 

i=l 

rjj moles of the base^component A reacted per unit time on stage ; 

r\ column vector ofcfy/s; defined beneath Eq. (8-8) 

* i * 

7=1 
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a multiplier; defined by Eq. (8-19) 

pj' molar density of the liquid phase leaving plate; 

p) molar density of the vapor phase leaving plate j 

kji molar latent heat of vaporization for component / at the temperature 

of plate j 
Q. a function of temperature, pressure and composition, see Eqs. (8-27) 

and (8-28) 

Subscripts 

ca calculated value 

co corrected value 

b base component for computing relative volatilities 

/ component number 

j stage number 

Superscripts 

L liquid phase 

V vapor phase 



PROBLEMS 

8-1 (a) Obtain the expression for dF j fdr\ k 

(b) Develop the formulas needed to evaluate {dVj/dri k } and {dl./di/J by use of the calculus of 
matrices. 

(c) Develop the formulas needed to evaluate {dVj/dri k } and {dLj/dri k } by use of the calculus of 
matrices. 

8-2 For the first-order unidirectional reaction which occurs in the liquid phase 

A-+R + S 

develop the expressions for Rj and dRj/drj k . 

8-3 Develop the complete set of equations for the application of the N(r + 2) Newton-Raphson 

method to conventional distillation columns. In particular obtain the expressions for 

(a) component-material balances 

(b) total material balances 

(c) enthalpy balance of functions 

(d) vapor-liquid equilibrium functions 

8-4 Develop the expressions given in Table 8-1 for /?.. 
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CHAPTER 

NINE 



OPTIMUM DESIGN AND OPERATION OF 

CONVENTIONAL AND COMPLEX 

DISTILLATION COLUMNS 



Procedures for solving several types of optimization problems commonly en- 
countered in the design and operation of conventional and complex distillation 
columns are presented. The continued increase in energy costs for operating 
distillation columns has created the need for rapid calculation^ procedures both 
for the design of new distillation columns and for the selection of optimum 
operating conditions for existing columns. Problems of the following types are 
solved: (1) determination of the minimum number of stages required to effect a 
specified separation at a given reflux ratio, (2) optimum economic design of a 
distillation column, and (3) minimization of the reflux ratio for an existing 
column by determination of the optimum feed plate location. These problems 
are solved by use of a modified form of the search procedure called the complex 
method, which was proposed by Box. 2 The primary modification consists of 
including the constraints in the objective function which reduces the time 
required to solve a problem by a factor of 1/10 or less. Furthermore, the 
difficulty of finding feasible solutions (solutions which satisfy the constraints) 
throughout the domain of the search variables is thereby eliminated. The solu- 
tion for which the objective function is a minimum is either a feasible solution or 
is in the near neighborhood of a feasible solution. 



299 



300 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 

After the near neighborhood of the optimum solution has been located, the 
equations describing the distillation column are solved exactly. These exact solu- 
tions may be found by use of any algorithm which one might have available. 
Thus, this adaptation of the complex method makes it possible to solve a large 
variety of optimization problems by use of the calculational procedure which is 
the most efficient one for the particular system under consideration. 

One of the first efforts to solve design problems by use of an optimization 
procedure was made by Srygley and Holland 19 who made use of the Hooke and 
Jeeves 13 search procedure. The proposed procedure was limited to the determi- 
nation of the minimum number of stages required to effect a specified separation 
at a given reflux ratio. Sargent and Gaminibandara 16 considered the more gen- 
eral problem of the optimum configuration of columns needed to effect a 
specified separation. More recently, an iterative procedure based on the Naphtali 
and Sandholm 14 formulation of the Newton-Raphson method was proposed by 
Ricker and Grens 15 for the minimization of the number of stages required to 
effect a specified separation at a given reflux ratio. 

The calculational procedures are presented first for conventional distillation 
columns and then for complex distillation columns. The conventional distillation 
column is completely determined by fixing the following variables: (1) the com- 
plete definition of the feed (total flow rate, composition, and thermal condition), 
(2) the column pressure (or the pressure at one point in the column, say in the 
accumulator), (3) the type of condenser, (4) k u the number of plates above and 
including the feed plate, (5) /c 2 , the total number of plates, and (6) two other 
specifications which are usually taken to be the reflux ratio and the distillate rate 
{Li/D, D} or two product specifications such as {b t /d h b h /d h ], {X Dl , x Bh ], 
{T D , T B }, or combinations of these. The subscript / is used to denote the light key 
and the subscript h is used to denote the heavy key. In all of the optimization 
problems considered herein, the variables listed in items (1), (2), and (3) are always 
fixed. For convenience these variables are referred to collectively as the "usual 
specifications." The remaining four variables, k u k 2 , and two other specifications 
such as LJD and D are called "additional specifications." 

Since all of the variables included in the usual specifications are commonly 
fixed, only the four variables classified as additional specifications need to be 
fixed in order to completely determine the column. These four variables may be 
picked from the set {k l9 k 2 ,L 1 /D, Z), b x jd x , b h /d h }. Instead of bjdj and b h /d h9 any 
other pair of specifications such as those enumerated above may be selected. 
Since integral numbers of plates are to be used, the specified values for both bjdx 
and b h /d h cannot necessarily be made exactly. However, better separations but 
not poorer separations of these components would be acceptable, which is ex- 
pressed in the form of constraints 

*i - U/i/ d h - \dJ L 
where the subscripts U and I denote the upper and lower bounds, that is, the 
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largest and smallest values of fc,/d f and b k /d k , respectively, which are acceptable. 
The light- and heavy-key components are usually but not necessarily adja- 
cent in volatility. The feed may contain components having volatilities lying 
between those of the keys. The specification of the ratios b t /d t and b h /d h is 
equivalent to specifying the molar flow rates or fractional recoveries of the keys 
in the distillate D and the bottoms B. A material balance on the light key gives 

F* f = d, + ft, = d f [l + V<*i] (9-1) 

Thus 

FX, 



and the fractional recovery is given by 

di 1 



FX l 1 + bt/dt 



(9-3) 



Expressions of the same form as those shown above are obtained for the heavy 
key by replacing the subscript / by the subscript h. For definiteness in the 
formulation of the optimization problem, the two product specifications are 
taken to be bt/dt and b h /d h (or d x and d h ). 

Let the total number of stages be denoted by N which includes the reboiler 
and the condenser, partial or total. The number of plates is then equal to N - 2 
which is also equal to k 2 for a conventional column. The upper and lower 
bounds on /cj are denoted by k lv and k lL , respectively. Similarly, the upper and 
lower bounds on the total number of plates are denoted by k 2U and k 2L , respec- 
tively. For example, values of k 2 greater than 50 or 100 are seldom encountered, 
and the designer might well take k w = k 2V = 100 (or 200). The lower bounds 
might well be taken to be k 1L = k 2L = 1. 

The proposed application of the complex method makes it possible to use 
any existing calculation^ procedure for solving the equations for a distillation 
column exactly. However, since repetitive calculations are involved in the search 
technique, computer time can be conserved by use of the calculation^ procedure 
which is most efficient for a given type of column. In a series of papers, 4 ' 5 ' 8 * 9 
comparisons of the computer times required to solve a wide variety of numerical 
examples by use of the 6 method and formulations of the Newton-Raphson 
method are presented. The following conclusions were reached. (1) For 
distillation-type columns in the service of separating ideal or near ideal solu- 
tions, the 9 method is more efficient than the Newton-Raphson formulations; 
(2) for absorber-type columns in the service of separating ideal or near ideal 
solutions, the formulation of the Newton-Raphson method in terms of 2N 
independent variables (where N is equal to the number of stages) is recom- 
mended; (3) for columns of all types in the service of separated highly nonideal 
solutions, the Almost Band Algorithm presented in Chap. 5 is recommended. 8 
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9-1 PROCEDURE 1. DETERMINATION OF THE 

MINIMUM NUMBER OF STAGES REQUIRED 

TO EFFECT A SPECIFIED SEPARATION 

AT A GIVEN REFLUX RATIO FOR CONVENTIONAL 

AND COMPLEX DISTILLATION COLUMNS 

The development is presented first for conventional distillation columns and 
then for complex columns. 

Conventional Distillation Columns 

In the formulation of this problem it is supposed that the variables listed as 
usual specifications are fixed. Of the four remaining variables required to com- 
pletely define the column, three are fixed, the purity specifications {bjd^ b h /d h } 
and the reflux ratio LJD. Thus, one additional variable remains to be fixed in 
order to determine the column. Consequently, the problem to be solved consists 
of finding the feed plate location /c x which minimizes the total number of plates 
k 2 (see Fig. 9-1) required to achieve the purity specification at the specified value 
of the reflux ratio. A concise statement of the problem follows: 

1. Specifications: (bjd^u, (b h /d h ) Li and L x jD 

2. Constraints : b, jd x < (b t /d^ , b h /d h > (b h /d h ) L 

Thus, the problem is to find the values of k x and k 2 (where k 2 = N - 2) which 



, r F 



k 2 




^r^ Q c 



C3 



Or 



Figure 9-1 A conventional distillation 
column. 
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minimize the total number of stages N. The objective function to be min- 
imized is then 

= N - 2 (9-4) 

subject to the constraints 

b,/d, < (bjd,^ b„ld h > (bJd h ) L (9-5) 

and the limits 

k lL <k { <k lv k 2L <k 2 <k 2l] D L <D<D V (9-6) 

The lower bound on the distillate rate D is 

D L = d x + d h (9-7) 

where d x and d h are computed by use of the specified values of bjdi and b h /d h 
and the component-material balances; see Eq. (9-2). The upper bound on D is, of 
course, equal to the total feed rate F, that is, 

D v = F (9-8) 

For definiteness, take k l(J = k 2U = 200, and k lL = k 2l = 2. 

The problem may be solved by use of the complex method of Box 2 which is 
based on the reduction of a simplex of solutions which satisfy the constraints. 
Finding such solutions can prove to be difficult, thereby requiring an excessive 
amount of computer time. To avoid this difficulty, the well-known technique of 
including the constraints in the objective function was employed. Several forms 
of the objective function including the one proposed by Srygley and Holland 19 
were investigated. The best of these consisted of including the constraints as an 
additive term as follows 

= ±[N-2y+±(s?+sl) (9-9) 

7l J 2 

where 

s, = (VW,M)</ s h = (b h /d h )J(b h /d h ) 

The factors^ and/ 2 make it possible to place different weights on the number of 
plates (N - 2) and the constraints. In the initial search, f x and f 2 were taken 
equal to a fraction or a multiple of the average of the simplex values of their 
respective numerators, and in the final search,^ was taken equal to a fraction or 
a multiple of the average of the simplex values of its respective numerator and/ 2 
was set equal to unity. This choice of/ 2 tended to drive the search either into the 
neighborhood or the region of feasible solutions. 

Use of the square of the terms shown in Eq. (9-9) tended to reduce the 
number of trials required to minimize the function 0. In the initial search, 
Eq. (9-9) was used as stated, and in the final search it was used as stated for 
s, > 1 and s h > 1. For either s, < 1 or s h < 1, the term s, or s h was replaced by 
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either In s t or In s h . Use of this variable form of the function places a penalty on 
making separations which are better than those specified and tends to drive the 
objective function toward equality constraints. 

In summary then, the function O given by Eq. (9-9) is to be searched for its 
minimum value over the variables {k l9 k 2 ,D}. The search is carried out by use of 
the following procedure. 

Initial Search 

In the initial search, approximate solutions are obtained to the equations 
describing a distillation column; see App. 9-2. This procedure makes use of 
component-material balances and equilibrium relationships, and it reflects fairly 
accurately the effect of varying k x and k 2 on the separations {b t /d i9 b h /d h }. In the 
initial search, the minimum value of O is determined for the specified value of 
the reflux ratio. Also in the initial search, the total distillate rate D is taken to be 
dependent on N, and it is estimated as described in App. 9-2. Thus, the function 
O is searched over only two variables, k x and k 2 , as follows: 

Step 1. Determine the feasibility of the purity specifications (the constraints) 
at N = N v at total reflux. Use the Fenske equation as described in App. 9-1. If it 
is impossible to satisfy the constraints at total reflux, calculations are ceased. If 
the specified separations cannot be made at total reflux, they cannot be made, of 
course, at any operating reflux less than total. If the separations are feasible (all 
constraints are satisfied) at N = N L at total reflux, go to step 2. 

Step 2. Search the objective function over k t and k 2 by use of a modified 
version of the complex method by Box 2 which is described in App. 9-3. Com- 
mence by finding five solutions which define the initial simplex. To find the 
initial solution, pick arbitrary values of k x and k 2 lying between the upper and 
lower bounds as follows 

k i = r l k 2 (9.10) 

k 2 = k 2 , L + r 2 (k 2U -k 2L ) (9-11) 

where r x and r 2 are random numbers lying between and 1. First k 2 is found by 
use of Eq. (9-10), and then k x is found by use of Eq. (9-10). For this set of values 
of k x and k 2 , take D x to be equal to the values predicted by the total reflux 
models as described in App. 9-2. For each of the remaining solutions, the values 
of k x and k 2 are selected by use of random numbers as described above and the 
corresponding values of D are selected as described in App. 9-2. 

Step 3. Search the function O by use of the complex method (see App. 9-3) 
over the variables k x and k 2 with the value of D being determined by the choice 
of k x and k 2 as described in App. 9-2. 
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Final Search 

In the final search, exact solutions of the equations describing the distillation 
column are used. The objective function is searched over the variables which are 
most conveniently fixed in the particular calculational procedure used to solve 
the equations for the distillation column. If the 6 method is used, the search 
variables are taken to be D, k u and k 2 . On the other hand, if the 2N Newton- 
Raphson method is used, the search variables are taken to be V N /B, k u and k 2 . 

In the final search, the function O is searched over the variables D, k u and 
k 2 . The final search is initiated by finding a solution by an exact calculational 
procedure for each vertex D, k l9 and k 2 determined by the initial search. After 
the function has been evaluated at each vertex, the complex method of Box is 
employed as described in App. 9-3. 

In order to demonstrate the use of this procedure, Example 9-1 is presented. 
The statement of this example is given in Tables 9-1 and 9-2. Results of the 
initial and final searches are presented in Table 9-3, and the final solution 
appears in Table 9-4. The term "iteration " which appears in Table 9-3 is used to 

Table 9-1 Common data and specifications for Examples 9-1 through 9-3 



Component Feed composition 

no Component X 



1 
2 
3 
4 
5 
6 
7 cis-l propeneyl benzene 0.0020 



Toluene 


0.008 


Ethyl benzene 


0.5104 


Styrene 


0.4777 


Isopropyl benzene 


0.0005 


l-methyl-3 ethyl benzene 


0.0001 


2-methyi styrene 


0.0013 



Other specifications 



The column has a total condenser which is to be operated at 40 mmHg. The pressure drop per 
stage may be taken to be 4.69 mmHg. The flow rate of the feed is 220.55 lb mol/h, and before 
entering the column, it is a liquid at its bubble-point temperature of 572°R at a pressure of 
270 mmHg. The vapor-liquid equilibrium data and the enthalpy data are given in Tables B-3 
and B-4. 



Table 9-2 Statement of Example 9-1 

The feed given in Table 9-1 is to be separated into two fractions by use of a conventional 
distillation column. In particular, it is desired to find the smallest number of plates required to 
effect the following separation between ethyl benzene (the light key) and styrene (the heavy key) 
at a reflux ratio LJD = 5.44. 

V4 < (bMu = 0.1248 
Kld h > (b h /d h ) L = 7.201 
All other specifications pertaining to the feed, the column, and the data are given in Table 9-1. 
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Table 9-3 Initial and final simplexes for Example 9-1 



Initial search 












Initial simplex 


















Vertices 








Variables 


1 




2 




3 


4 




5 


*i 


64 




76 




2 


47 




23 


k 2 


183 




114 




12 


160 




30 


LJD 


5.44 




5.44 




5.44 


5.44 




5.44 


D 


114 




115 




115 


114 




115 


[Eq. (9-9)] 


2.24 x 


10 50 


4.58 x 


10 42 


5.12 x 10 3 


1.35 x 


10 32 


9.08 x 10 2 


bjdi 


1.87 x 


10 24 


2.67 x 


10 20 


3.62 x 10" 3 


1.45 x 


10 15 


1.83 x 10" 2 


bjd h 


4.39 x 


10 34 


1.24 x 


10 31 


0.102 


1.08 x 


10 22 


3.54 












Final simplex 


















Vertices 








Variables 


1 




2 




3 


4 




5 


*i 


20 




19 




19 


19 




19 


k 2 


31 




31 




31 


31 




31 


LJD 


5.44 




5.44 




5.44 


5.44 




5.44 


D 


115 




115 




115 


115 




115 


[Eq. (9-9)] 


1.97 




2.01 




2.01 


2.01 




2.01 


bjdt 


1.77 x 


10" 2 


1.84 x 


10" 2 


1.84 x 10" 2 


1.84 x 


lO" 2 


1.84 x 10 -2 


Kld h 


14.3 




17.8 




17.8 


17.8 




17.8 


64 iterations were required to obtain the final simplex. 


Final search 












Initial simplex 


















Vertices 








Variables 


1 




2 




3 


4 




5 


k i 


20 




19 




20 


20 




20 


k 2 


31 




31. 




31 


31 




31 


LJD 


5.44 




5.44 




5.44 


5.44 




5.44 


D 


115 




107 




121 


118 




112 


[Eq. (9-9)] 


0.246 


I 


2.50 




1.93 


1.49 




1.53 


bjdt 


0.116 


0.185 




8.43 x 10" 2 


0.101 




0.140 


bjd h 


7.76 




9.36 




5.86 


6.63 




8.21 
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Table 9-3 (continued) 









Final simplex 












Vertices 






Variables 


1 


2 


3 


4 


5 


*i 


20 


20 


20 


20 


20 


k 2 


31 


33 


33 


32 


32 


LJD 


5.44 


5.44 


5.44 


5.44 


5.44 


D 


115 


115 


115 


115 


115 


[Eq. (9-9)] 


0.242 


0.267 


0.266 


1.30 


1.30 


V4 


0.116 


0.116 


0.117 


0.124 


0.124 


bjd h 


7.76 


7.27 


7.30 


7.00 


7.00 



21 iterations were required to obtain the final simplex, and 6.09 seconds of computer time, 
AMDAHL (FORTRAN H with OPT2) were required for the initial and final searches. 



denote the number of objective function evaluations. In order to reduce the time 
requirements of the final search, the complete set of equations needed to obtain 
an exact solution by the method were not iterated to convergence for each 
set of operating conditions. The criteria used were |1-0|<O.O1 and 
|0n+i - 0*1 < 0.01 where n is the trial number. Generally, fewer than five trials 
were required to satisfy this condition. After having satisfied these conditions, 
the objective function was evaluated. This trial procedure was repeated until a 
simplex was found for which the standard deviation of the objective function was 
< 0.005. In the selection of new points for the simplex, the same value of the 
normalization factors was used in the evaluation of the objective functions. After 
the optimum set of vertices had been found (see set 2 of Table 9-3), the problem 
was converged to 1 1 - 0\ < 10" 5 and \(V h n+l - Vj tH )/V JtH \ < 10" 3 . In the 
event that the final solution did not satisfy the constraints, the number of plates 
was increased by increments of one until a solution satisfying the constraints was 
obtained. Seldom was it necessary to add more than one plate. 

As shown in Table 9-3, a total of 6 seconds of computer time were required 
to solve Example 9-1. To solve this same problem when it was uniquely specified 
(the number of plates, the feed-plate location, the reflux, and distillate rates are 
fixed) required 0.5 seconds of computer time by the method. Thus, Example 
9-1 required about 12 times as much computer time to solve as was required to 
solve a typical distillation problem in which the plates, configuration, the reflux, 
and distillate rates are fixed. Since the method is 10 to 20 times faster than 
Newton-Raphson procedures, the proposed optimization procedure requires 
about the same amount of computer time as is required to solve a problem 
involving a fixed column by a Newton-Raphson procedure. 
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Table 9-4 Solution of Examples 9-1, 9-2 and 9-3 



I 


. Pressure, 


temperature, vapor, and liquid rate 


profiles 




Tj 


Pj 


Lj 


Vj 


Stage 


(°F) 


(mmHg) 


(lb mol/h) 


(lb mol/h) 


1 (condenser) 


126.91 


39.98 


621.12 


114.07 (distillate) 


2 


136.28 


44.68 


604.61 


735.19 


3 


140.66 


49.38 


598.18 


718.68 


4 


144.67 


54.07 


592.75 


712.25 


5 


148.44 


58.77 


587.86 


706.82 


6 


151.99 


63.46 


583.24 


701.93 


7 


155.35 


68.16 


578.63 


697.31 


8 


158.52 


72.85 


573.54 


692.70 


9 


161.50 


77.55 


566.76 


687.61 


10 (feed) 


164.32 


82.24 


749.52 


680.83 


11 


166.84 


86.94 


744.20 


643.04 


12 


169.23 


91.63 


739.28 


637.72 


13 


171.52 


96.33 


734.66 


632.80 


14 


173.73 


101.02 


730.29 


628.18 


15 


175.87 


105.72 


726.14 


623.81 


16 


177.96 


110.41 


722.17 


619.65 


17 


179.99 


115.11 


718.39 


615.69 


18 


181.99 


119.80 


714.78 


611.91 


19 


183.95 


124.50 


711.32 


608.30 


20 


185.88 


129.19 


708.01 


604.84 


21 


187.79 


133.89 


704.84 


601.53 


22 


189.69 


138.59 


701.80 


598.36 


23 


191.58 


143.28 


698.88 


595.32 


24 


193.46 


147.97 


696.07 


592.40 


25 


195.34 


152.67 


693.36 


589.59 


26 


197.21 


157.37 


690.71 


586.87 


27 


199.07 


162.06 


688.09 


584.23 


28 


200.92 


166.76 


685.38 


581.61 


29 


202.76 


171.45 


682.31 


578.90 


30 


204.59 


176.15 


678.18 


575.83 


31 


206.39 


180.84 


671.08 


571.70 


32 


208.19 


185.54 


655.62 


564.59 


33|(reboiler) 


209.97 


190.23 


106.48, (bottoms) 


549.40 


II. Product distribution 


Component 


(lb mol 


l/h) 


4 

(lb mol/h) 


b t /d t 


1 


7.1 x 


10 -io 


1.76 


4.022 x 10- 10 


2 (light key) 


12.4 




100.0 


0.1233 


3 (heavy key) 


93.3 




12.1 


7.7140 


4 


Oil 




1.34 x 10" 3 


81.2981 


5 


&x 


10" 2 


9.26 x 10~ 6 


2.3835 x 10 3 


6 


o$8 




2.05 x 10" 5 


1.3938 x 10 4 


7 


0.44 




4.26 x 10" 7 


1.0335 x 10 6 


B = 


= 106.27 


D = 


= 113.86 
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Procedure 1. Determination of the Minimum Number of Stages 
Required to Effect a Specified Separation at a Given Reflux Ratio 
for a Complex Distillation Column 

For definiteness, consider the complex column shown in Fig. 9-2 which has a 
sidestream W withdrawn in addition to the distillate and bottoms. For a com- 
plex column, /cj is equal to the number of plates above and inclusive of the plate 
from which the sidestream W is withdrawn, k 2 is equal to the number of plates 
above and inclusive of the plate on which the feed F enters, and k 3 denotes the 
total number of plates in the column, k 3 = N - 2. 

The withdrawal of this sidestream introduces two new variables which may 
be specified such as the stage number k x + 1 of the sidestream withdrawal, and 
its flow rate W. Instead of k x and W, any other two product specifications may 
be made such as {w r /d r , w s /d s ], {x Ws , x Wr \ and {T Wy x Wr ] as shown in Table 9-5. 
Components r and s consist of any two components of the feed which are 
selected in the order of increasing volatility; s is more volatile than r. In the 
following application of Box's complex method, it will be supposed that the 
additional specifications for the stream Ware {w s /d SJ w r /d r }. The complete set of 
additional purity specifications are taken to be 

{bi/d l9 b h /d h ,wJd M ,w r /d r } 

as shown by set 2 of item I of Table 9-5. At the specified reflux ratio L t /D, the 
total number of plates N - 2 is to be minimized subject to the purity constraints. 
When the purity constraints are included in the objective function, one obtains 



= j[N-2] 2 + 



[sf + 5, 2 + s 2 r + 5 S 2 ] 



(9-12) 




*-B 



Figure 9-2 A complex distillation 
column with one sidestream. 
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where 

*i = (friM)/(fr,/d,)c s h = (b h /d h )J(b h /d h ) 

s* = (w a /d a )/fa/d.)u s r = K/i r ) L /(w r /rf r ) 

which is subject to the limits 

/c 1L < /c x < /c li; k 2L <k 2 <k 2U k 3L <k 3 <k 3U 
D L <D<D V W L <W <W U 



(9-13) 



The following lower bounds were selected: k lL = /c 2L = k 3L = 3. The following 
upper bounds were selected: k lv = k 2U = k 3U = 200. 

The upper and lower bounds on D and W are established by use of the 
results obtained by finding the solutions at total reflux at the maximum and 
minimum number of plates as described in App. 9-1. The lower bounds on D 
and W were taken to be a fraction of the smaller values found at total reflux. 
Similarly, the upper bounds on D and W were taken to be a fraction larger than 
their corresponding values at total reflux. For the examples presented, the multi- 
pliers of 0.9 and 1.1 were used to compute the lower and upper bounds, 
respectively. 

The calculational procedure employed is the same as the one described for 
conventional distillation columns except for the difference in the search variables 
and the objective function. In the initial search, the independent or search var- 
iables are {k u k 2 , k 3 } and the dependent variables are {D, W} as shown in 
Table 9-6. To find the initial vertex, pick an arbitrary value of k 3 lying between 
the upper and lower bounds as follows 

k 3 = k 3L + r 3 (k 3U - k 3L ) 

where r 3 is a random number lying between and 1. On the basis of this value of 
k 3 , the values of k x and k 2 are obtained in the following manner 

ki = r x k 3 
k 2 = r 2 k 3 

where r x and r 2 are random numbers lying between and 1. The corresponding 
values of the dependent variables were selected as described in App. 9-2. The 
objective function given by Eq. (9-12) is used in both the initial and final 
searches. 

In the final search, the function is searched over {k u k 2 , k 3 , D, W). The 
final search is initiated by finding a solution to the equations for the complex 
column by an exact calculational procedure for a set of vertices which are 
obtained by use of a 10 f^rcent perturbation (by random numbers) about the 
final vertices {k x . k 2 , k 3 $D, W} of the initial search. The remainder of the 
calculational procedure is analogous to that described for conventional columns. 

Procedure 1 is readily generalized for problems involving other types of 



OPTIMUM DESIGN AND OPERATION OF DISTILLATION COLUMNS 313 



a -2 

Q .5 



rr» «*> rO ro 
c«: -^ -A* -* 



8. -a 



.22 
o 

08 

e2 



afar 

CT Q Q Q 



-* -« -« -« 



<N c-> tj- «r> 

CP\ Cf\ Cf\ 0\ 

tjb db op oh 

u, '£ pu m 



Q Q -* ^ 

f> «•» f» •»» 
.^ -* -* -* 

^ -^ -^ ^ 

-aT -aT -aT -*" 



8. .2 

Q .£ 



P. 73 



o 
U 



ST* 

Q Q Q Q 



.* -ac -ac -At 

-AC -A£ -A£ -* 

-aT -aT -aT -aT 



o^\ o^ os d\ 

60 60 60 60 

tJu £ tZ £ 



> J3 
C — 

8.-2 



w .2 



o 

u 



II <C « 



<G 7D ^ . 



-J Q 



q q' -aT -aT 
-aT -aT -a* -* 

-aT -aT -aT -* 



.* .* q cf 



Q *{ 
r 1 r 1 w "> 

^ s| Ji 4! 

-aT -aT -aT -* 
-aT -aT -« -« 



<N cr> rf V~> 

o\ o\ cK cK 

60 60 60 60 

£ £ £ £ 



314 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 



Or 



> 


<3, 


k| F 




\ 


• F 2. 


1 


' 






Figure 9-3 A complex distillation 
column with two feeds. 



columns such as those shown in Figs. 9-3, 9-4, and 9-5. For specification set 2 of 
items II, III, and IV of Table 9-5, the generalized form of the objective function 
given by Eq. (9-12) becomes 



1 1 \ 2n+2 

= T [N-2r+-L\ £s? 

J l J2 I i=l 



(9-14) 




Figure 9-4 A complex distillation column with one feed and two sidestreams. 
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-W 2 




~B 



Figure 9-5 A complex distillation column with two feeds and two sidestreams. 

where n is equal to the number of sidestreams withdrawn. The independent 
variables and dependent variables in the initial search and the independent 
variables of the final search are listed in Table 9-6. 

9-2 PROCEDURE 2. OPTIMUM ECONOMIC DESIGN OF 
CONVENTIONAL AND COMPLEX DISTILLATION COLUMNS 

Conventional Distillation Columns 

In the formulation of this problem, it is supposed that in addition to the usual 
specifications, two purity specifications (fr,/dj and b h /d h ) are made, and that it is 
required to find the feed-plate location [plate number (k x + 1)], the total number 
of plates /c 2 , and the corresponding values of the operating variables LJD and 
D that minimize the operating costs and capital costs per mole of the most 
valuable product (D or B). Since only two of the four additional variables 
required to define the column are specified, many solutions may be obtained by 
making different choices for two of the four remaining variables. The best choice 
for the remaining variables has been made when the objective function is 
minimized. 

When the purity constraints are included in the objective function, the prob- 
lem to be solved may be stated as follows. The economic objective function 



= ± [{(1 + R)C C + C }/D] 2 + - [s 2 h + s?] 



/i 



fi 



(9-15) 
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is to be minimized subject to the limits 

k iL <k t < k lv k 2l <k 2 < k 2u 

D L <D<D L , 0<L,/D<oo ^ 9 " 16 ^ 

The capital and operating costs are denoted by C c and C„, respectively, and R is 
the fractional return on investment. If the bottom product B is more' valuable 
than the top product D, then D is replaced by B in the objective function O given 
by Eq. (9-15). Alternatively, D could be replaced by the sum c t D + c 2 B where 
c, and c 2 are the relative values of the distillate and bottoms. The formulation of 
the first term or the economic part of the objective function O is described in 
App. 9-4. Again the weight factors were selected as described in procedure 1 
Also, the constraints s, (i = h, I) were replaced by (In ,,) for values of s, less than 
unity. The objective function given by Eq. (9-15) was minimized by use of the 
tollowmg calculational procedure. 

Initial Search 

In the first initial search, the objective function, given by Eq. (9-1) is searched 
over the independent variables {k u k 2 } at some arbitrarily selected value of I, ID 
m the same manner as described in procedure 1. In this first initial search D is 
o„nH k \ t epcnden ! variab,e - After the minimum number of stages N has been 
ound by this search, a second initial search is made with the total number of 

Sunot atth ' S K Va rf °/ N - !" thC SeC ° nd initiaI «■"*• the Gnomic objec- 
tive function given by Eq. 9-15 is searched over {k u LJD} with *, and D beine 

dependent. Note k 2 = N- 2, and D depends upon 'the fixed value of"* * 

vcrtZ t k S Z C ) ^/mr^^ ^ eXaCt S ° Iuti ° nS at P e »urbations of the 
rt£V r • ' ' ' ° Und by the second initial search - The n the economic 
objective function given by Eq. (9-15) is searched over these variables by use of 

£alTe P ^ meth0d ° f I "' T ° demo « the application of this procedure 
Examples ,s presented in Table 9-7. The results of the initial and fina 
searches are presented in Table 9-8. 

Table 9-7 Statement of Example 9-2 

^S^^^TS?^" stream whose composi,ion and 

teas, possib.e cos, per m ol! ol diSa.e Z 8 SePara "° n " '° * P " fan " d *' ^ 

V4<(V4)t; = 0.1248 
bjd h > (b h /d h ) L = 7.201 

Use the design equations and cost data given in Ann Q d nm- a • j 

are as follows: £ PP " ° ther des,gn data and cos <s needed 

Overall heat transfer coefficient of condenser = 250 Btu/(h ft °F) 

Cooling water at 55°F is available at a cost of S0.295/M gal 

Saturated steam at 490°F is available S2.50/MM Btu 
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Table 9-8 Initial and final searches for Example 9-2 





First initial search (at a 


fixed reflux ratio LJD = 4) 










Initial simplex 










Vertices 






Variables 


1 


2 


3 


4 


5 


*. 


64 


76 


2 


47 


23 


*2 


183 


114 


12 


160 


30 


D 


114 


115 


115 


114 


115 


LJD 


4.00 


4.00 


4.00 


4.00 


400 


[Eq. (9-9)] 


2.66 x 10 47 


1.63 x 10 39 


3.14 x 10 3 


1.04 x 10 30 


9.2 x 10 2 


bjd t 


6.44 x 10 22 


5.04 x 10 18 


4.88 x 10" 3 


1.27 x 10 14 


2.49 x 10~ 2 


hi** 


1.33 x 10 32 


2.00 x 10 29 


0.132 


8.30 x 10 20 


1.74 








Final simplex 












Vertices 






Variables 


1 


2 


3 


4 


5 


*. 


4 


4 


4 


4 


4 


*2 


28 


28 


28 


28 


28 


D 


115 


115 


115 


115 


115 


LJD 


4.00 


4.00 


4.00 


4.00 


400 


[Eq. (9-9)] 


2.00 


2.00 


2.00 


2.00 


2.00 


b,/d, 


9.99 x 10" 2 


9.99 x 10" 2 


9.99 x 10" 2 


9.99 x 10" 2 


9.99 x 10" 2 


Kld h 


7.39 


7.39 


7.39 


7.39 


7.39 


45 iterations were required to obtain the final simplex. 




Second initial search 


(at a fixed N = 


30) 










Initial simplex 












Vertices 






Variables 


1 


2 


3 


4 


5 


*i 


4 


5 


17 


18 


24 


*2 


28 


28 


28 


28 


28 


D 


115 


115 


115 


115 


115 


LJD 


4.00 


4.25 


4.50 


4.75 


500 


Diameter (ft) 


6 


6 


7 


7 


8 
8 58 x 10" 2 


Cost, $/mol D 


8.95 x 10" 2 


9.28 x 10" 2 


9.09 x 10" 2 


9.2 x 10~ 2 


[Eq. (9-15)] 


80.2 


86.5 


92.1 


97.6 


190 


bjd x 
bjd h 


9.99 x 10 - 2 


7.15 x 10" 2 


1.18 x 10" 2 


1.12 x 10" 2 


2.84 x 10~ 2 


7.39 


9.54 


3.28 


2.69 


0.675 



(Continued on page 318.) 



Table 9-8 (continued) 









Final simplex 












Vertices 






Variables 


1 


2 


3 


4 


5 


*i 


6 


6 


7 


7 


6 


*2 


28 


28 


28 


28 


28 


D 


115 


115 


115 


115 


115 


LJD 


3.08 


3.14 


2.78 


2.82 


3.17 


Diameter (ft) 


6 


5 


5 


5 


5 


Cost, $/mol D 


7.81 x 10" 


2 7.39 x 10" 2 


7.17 x 10" 2 


7.22 x 10" 2 


7.38 x 10 2 


[Eq. (9-15)] 


0.327 


0.353 


0.289 


0.299 


0.350 


bjd t 


0.125 


0.108 


0.124 


0.120 


0.108 


bjd h 


8.98 


9.59 


9.09 


9.19 


9.57 


25 iterations were required tc 


> obtain the final simplex. 






Final search 








Initial simplex 












Vertices 






Variables 


1 


2 


3 


4 


5 


*i 


6 


6 


8 


7 


6 


*2 


28 


30 


30 


30 


28 


D 


115 


108 


118 


119 


107 


LJD 


3.08 


3.33 


3.58 


3.83 


4.08 


Diameter (ft) 


5 


5 


5 


5 


5 


Cost, $/mol D 


6.69 x HT 


2 7.24 x 10" 2 


7.47 x 10 " 2 


7.80 x 10" 2 


8.11 x 10" 2 


[Eq. (9-15)] 


10.4 


11.7 


6.10 


5.70 


9.63 


bjd, 


0.282 


0.345 


0.188 


0.173 


0.321 


bjd h 


3.20 


3.66 


3.81 


3.86 


4.38 








Final simplex 












Vertices 






Variables 


1 


2 


3 


4 


5 


*i 


10 


10 


10 


10 


10 


k 2 


33 


33 


33 


33 


33 


D 


114 


114 


114 


114 


114 


LJD 


5.44 


5.45 


5.43 


5.45 


5.46 


Diameter (ft) 


6 


6 


6 


6 


6 


Cost, $/mol D 


0.106 


0.106 


0.106 


0.106 


0.106 


[Eq. (9-15)] 


0.225 


r 0.255 
I 0.123 


0.253 


0.255 


0.257 


bjd t 


0.125 


0.124 


0.123 


0.122 


Kld h 


7.73 


-P 7.72 


7.67 


7.71 


7.73 



48 iterations were required to obtain the final solutions, and 14.6 seconds of computer time, 
AMDAHL (FORTRAN H, OPT 2) were required for the initial and final searches. 
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Procedure 2. Optimum Economic Design of a Complex Distillation 
Column 

In the formulation of a typical problem of this type, consider again the complex 
column shown in Fig. 9-2, and suppose that the purity specifications or con- 
straints are taken to be (b h /d h ) L , (bjd^v, (w r /d r ) t , and (w s /J s ) i; . Then the prob- 
lem to be solved consists of finding the number of plates k { , /c 2 , and k 3 and the 
corresponding values of the operating variables L l /D, D, and W that minimize 
the operating costs and capital costs per mole of the most valuable product (D, 
B, or W). When the purity constraints are included in the objective function, the 
problem to be solved may be stated as follows. The economic objective function 

= y [{(1 + R)C C + C )/Df + 1 [sf + sf + sj + tf (9-17) 

./l J 2 

is to be minimized subject to the limits 



*i/, ^ ^i ^ km k 1L < k 2 < k 2 u k 3I < k 3 < k 3U 
W^WkWu D l <D<D v 0<L 1 /D<oo 



(9-18) 



The initial and final searches are carried out in a manner analogous to that 
described for conventional distillation columns. In the first initial search, the 
objective function given by Eq. (9-12) is searched over the independent variables 
{k\, k 2 , k 3 } at an arbitrarily assumed reflux ratio LJD as described in 
procedure 1 for complex columns. 

After the minimum number of stages has been found by this search, a second 
initial search is made with the total number of stages held fixed at this value of 
N. In the second initial search, the objective function given by Eq. (9-17) is 
searched over the variables {k l9 k 2 , D, W, LJD) with the value of the dependent 
variable /c 3 being fixed by the value of N found in the initial search (k 3 = N - 2). 

In the final search, the objective function given by Eq. (9-17) is searched 
over the variables {k u k 2 , /c 3 , D, W, LJD} in a manner analogous to that 
described in procedure 2 for conventional columns. 

Procedure 2 is readily generalized for any of the complex columns shown in 
Figs. 9-3, 9-4, and 9-5. For the case where the additional specifications are given 
by set 3 of Table 9-5, the economic objective function may be restated in the 
following form 

= 1 [{(1 + R)C C + C.}/D] 2 + 1 ^fs? (9-19) 

J I J 2 i=l 

where n is equal to the number of sidestreams withdrawn. The independent and 
dependent variables in the initial search and the independent variables in the 
final search are listed in Table 9-6. 
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9-3 PROCEDURE 3. MINIMIZATION OF 

THE REFLUX RATIO FOR EXISTING 

CONVENTIONAL AND COMPLEX DISTILLATION COLUMNS 

Conventional Columns 

In this example, the reflux ratio is to be minimized by finding the optimum feed 
plate location for a fixed number of total stages N or plates [k 2 = N - 2]. This 
example was included in order to demonstrate the use of the optimization 
procedure for solving problems involving existing columns. Again the variables 
listed as usual specifications are fixed. Of the four remaining variables required 
to completely define the column, three are fixed, namely, (&,/</,)„, {b h /d h ) L , and 
the total number of stages N. Thus, the column is completely determined by 
fixing one additional variable. This additional variable is taken to be the feed- 
plate location which minimizes the reflux ratio. When the constraints are 
included in the objective function, the problem to be solved consists of the 
minimization of 

O^UlJDY + UsI+sI) (9-20) 

Jl J 2 

subject to the limits 

D L <D<D V (9-21) 

The initial and final searches are carried out in a manner similar to that 
described in procedure 1. In the initial search, the objective function given by 
Eq. (9-20) is searched over the variables k x and LJD. Since the total number of 
stages is fixed, the value of D given by the calculational procedure in App. 9-2 is 
the same for all choices of LJD. 

In the final search, the objective function given by Eq. (9-20) is searched 
over the variables L 1 /D, k l9 and D. The results of the initial search {(Lj/D),, k u } 
where /= 1, 2, .... 5, are used as two of the three coordinates of each of the 
vertices of the initial simplex of the final search. A value of D is picked for each 
of the vertices of the initial simplex by choosing random values of D in the 
neighborhood of the value of D (say D k ) found in the initial search as follows 



1 + y 



(1 + y)/)*-^ 



(9-22) 



where r 3 is a random number lying between and 1. The constant y was taken 
equal to 0.2. In the event that the final solution did not satisfy the constraints, 
the reflux ratio was increased by increments of five percent until a solution was 
found which satisfied the constraints. 

This procedure is demonstrated by the solution of Example 9-3 which is 
presented in Tables 9-1, 9-9, and 9-10. The results of this example demonstrate 
that the proposed optimization procedure may be used to solve problems involv- 
ing existing columns as well as the design of new columns. Somewhat more 
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Table 9-9 Statement of Example 9-3 

An existing column with 31 plates, a total condenser, and a reboiler is to be used to separate 
the feed given in Table 9-1 at the operating conditions enumerated in this table. The specified 
separations for the light and heavy keys are as follows 

Mi £(V4)i/ = 0.1248 

bjd h > (bJd k ) L = 7.201 

Find the feed-plate location which minimizes the reflux ratio required to effect this separation. 
Provisions may be made to introduce the feed on any plate between 2 and 28. 



computer time was required to solve this example because the criterion on the 
standard deviation of the objective function in the final search was reduced from 
< 0.005 to < 0.001. Relative to other examples solved 1 such as the example 
presented in Table 9-11, the objective functions for Examples 9-1, 9-2, and 9-3 
were relatively flat in the neighborhood of the minimum, and a relatively tight 
tolerance on the deviation of the objective function was required in order to 
force the optimization procedure to continue the search until the minimum value 
of the function had been found. 

Procedure 3. Minimization of the Reflux Ratio 
for an Existing Complex Column 

When the purity constraints are included as additive terms in the objective 
function, one obtains 

= | [LJDf + 1 [sf + s 2 h + s r 2 + s s 2 ] 2 (9-23) 

which is subject to the limits 

D L <D<D V W L <W<W V (9-24) 

where N is fixed. 

In the initial search, the function O given by Eq. (9-23) is searched over 
{/Ci, * 2 , LJD) with {/c 3 , D, W} being dependent (k 3 = N - 2). The flow rates D 
and W are found by the calculational procedure described in App. 9-2. 

In the final search, the function O is searched over {k u k 2 , LJD, W} with 
the dependent variable k 3 being computed from k 3 = N - 2. 

Discussion of the Results Obtained for Complex Columns 

In order to demonstrate the application of the proposed 
were solved using each of the objective functions present* 
specifications common to all examples is presented in 
obtained for each of these various types of specificati 
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Table 9-10 Initial and final searches for Example 9-3 



Initial search 








Initial simplex 












Vertices 






Variables 


1 


2 


3 


4 


5 


*■ 


19 


25 


18 


17 


23 


k 2 


31 


31 


31 


31 


31 


D 


115 


115 


115 


115 


115 


LJD 


4.0 


4.5 


5.0 


5.5 


6.0 


[Eq. (9-20)] 


19.2 


22.3 


25.9 


28.0 


30.7 


b,/d, 


0.0482 


0.0566 


0.149 


0.149 


0.0629 


V4, 


32.4 


55.8 


67.0 


89.0 


84.6 








Final simplex 












Vertices 






Variables 


1 


2 


3 


4 


5 


*i 


21 


21 


21 


21 


21 


k 2 


31 


31 


31 


31 


31 


D 


115 


115 


115 


115 


115 


LJD 


2.73 


2.73 


2.73 


2.73 


2.73 


[Eq. (9-20)] 


0.740 


0.739 


0.739 


0.739 


0.738 


bi/d, 


0.0360 


0.0620 


0.062 


0.062 


0.062 


bjd h 


7.22 


7.21 


7.22 


7.20 


7.21 


73 iterations were 


required to obtain the final simplex. 






Final search 








Initial simplex 












Vertices 






Variables 


1 


2 


3 


4 


5 


*i 


21 


22 


21 


22 


20 


k 2 


31 


31 


31 


31 


31 


D 


115 


119 


108 


114 


126 


LJD 


2.73 


3.23 


3.73 


4.23 


4.73 


[Eq. (9-20)] 


21.0 


20.0 


22.5 


23.2 


25.5 


bjd t 


Q.326 


0.242 


0.301 


0.207 


0.0895 


Kld h 


2176 


2.99 


4.35 


4.51 


4.17 
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Table 9-10 (continued) 









Final simplex 












Vertices 






Variables 


1 


2 


3 


4 


5 


*. 


21 


21 


21 


21 


21 


*2 


31 


31 


31 


31 


31 


D 


115 


115 


115 


115 


115 


LJD 


5.51 


5.51 


5.51 


5.51 


5.51 


[Eq. (9-20)] 


0.250 


0.250 


0.250 


0.250 


0.250 


bi/d, 


0.125 


0.125 


0.125 


0.125 


0.125 


bjd h 


7.21 


7.21 


7.21 


7.21 


7.21 



100 iterations were required to obtain the final simplex, and 17.9 seconds of computer time, 
AMDAHL (FORTRAN H, OPT 2) were required for the initial and final searches. 



Table 9-11 Specifications common to all examples for complex columns 







Composition 


Composition 


Component 




of feed F, 


of feed F 2 


no. 


Component 


X u 


Xu 


1 


Methane 


0.050 


0.020 


2 


Ethane 


0.100 


0.100 


3 


Propylene (/) 


0.150 


0.060 


4 


Propane (5) 


0.150 


0.125 


5 


Isobutane (r) 


0.150 


0.035 


6 


n-butane (h) 


0.100 


0.150 


7 


n-pentane 


0.100 


0.152 


8 


Hexane 


0.100 


0.113 


9 


Heptane 


0.050 


0.090 


10 


Octane 


0.030 


0.085 


11 


400 NBP 


0.020 


0.070 




Bubble point 


63.018°F 


164.442°F 




at 300 lb/in 2 abs 






Other specifications 



The column has a partial condenser which is to be operated at 300 lb/in 2 abs. The distillate is 
removed as dewpoint vapor. The bottoms and the sidestream products are removed as bubble- 
point liquids. Feeds enter as liquids at their bubble point at the column pressure. Vapor-liquid 
equilibrium data and enthalpy data are given in Tables B-l and B-2. 
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Table 9-12 Optimum values of k u k 2 ,k 3 ,k r ,k 5 , L, /D, D, W u W 2 for the types of sets 
of specifications listed in Table 9-5 













Optimum variables 






Number of 


Number of 


Total 


Item 


Set 


k i 


*2 


*3 


K 


*5 


LJD 


D 


W x 


W 2 


iterations: 
initial search 


iterations: 
final search 


computer 
time (s) 


I 


It 


4 


8 


13 






2.00 


35.00 


5.00 






19 


0.36 




2 


4 


5 


11 






2.00 


34.00 


4.61 




72 


40 


4.15 




3 


6 


5 


12 






1.07 


34.20 


5.69 




164 


80 


6.8 




4 


7 


5 


13 






1.01 


33.40 


4.30 




38 


73 


6.86 




5 


7 


3 


8 






2.00 


27.60 


16.80 




97 


32 


2.76 




6 


3 


3 


9 






2.00 


23.70 


20.9 




72 


29 


3.16 


II 


It 


7 


8 


13 






2.00 


61.23 








20 


0.33 




2 


7 


10 


12 






2.00 


62.8 






96 


59 


5.14 




3 


7 


9 


12 






1.99 


63.3 






127 


94 


8.57 




4 


7 


11 


13 






1.68 


61.4 






39 


100 


6.01 


III 


It 

2 


4 

7 


7 
6 


12 
12 


13 
13 




2.00 
2.00 


30.00 
30.6 


5.00 

5.45 


9.00 

7.12 




19 
66 


038 




97 


7.35 




3 


8 


7 


12 


14 




2.04 


30.8 


5.41 


6.38 


142 


100 


10.82 




4 


8 


6 


12 


13 




1.49 


30.9 


5.37 


5.67 


50 


88 


7.25 


IV 


It 

2 


4 
7 


5 
7 


6 
6 


12 
11 


13 
14 


2.00 
2.00 


65.00 
68.1 


10.00 
10.8 


25.00 
23.9 




18 
49 


037 




96 


5.67 




3 


6 


5 


16 


13 


17 


1.99 


66.7 


10.3 


23.1 


201 


61 


8.17 




4 


10 


7 


5 


6 


13 


2.02 


66.1 


10.5 


23.4 


143 


87 


7.00 



f These variables were specified for the first example of each set of specifications. 



Table 9-4) are given in Table 9-12. All examples were solved by use of the 6 
method of convergence which is generally an order of magnitude (or more) faster 
than the Newton-Raphson formulations. 8 

In the first set of specifications for each type of problem (see, for example, 
item I, set 1 of Table 9-5), the specifications for an existing column are made, 
namely, L x /D, A k lm k 2 , and W x . The results for this set as well as the other sets 
of specifications are given in Table 9-12. The computer time required to solve 
the optimization problems ranges from 10 to 20 times that required to solve a 
problem for an existing column. 

The desirable characteristics of the initial search, which was originally 
proposed by Srygley and Holland 19 for minimizing the number of equilibrium 
stages at a fixed reflux ratio, are clearly demonstrated in the solutions of the 
examples considered. The initial search produced values for the minimum 
number of plates which were consistently close to the solution values obtained 
by the final search of procedure 1. 

In the determination of the optimum economic design by procedure 2, the 
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second part of the initial search is employed because the starting value for the 
reflux ratio LJD may be far from its optimum value. The improved value of 
LJD found by the second initial search reduces the region to be searched in the 
final search procedure, thereby reducing the computer time required to find the 
optimum economic solution. 

The coordinates of the initial simplex of the final search were obtained by 
varying those of the final simplex of the initial search by + 10 percent through 
the use of random numbers. This procedure promoted the expansion of the 
region of the search for the minimum. As in the case of conventional columns, 
the computer time requirement was reduced by the convergence criterion placed 
on at each vertex. At the end of the final search, one of the simplex vertices was 
picked as the optimum. Then additional trials were made as required in order to 
obtain a solution which met the convergence criteria. If the constraints were not 
satisfied by this solution, minor adjustments of the variables were made such as 
adding one plate or increasing the reflux ratio. In the solution of the problems 
presented, it was seldom necessary to make these adjustments. 



NOTATION 

Aji absorption faction for component / and stagey; A j( = Lj/Kji/Vj 

b ( molar flow rate of component i in the bottoms 

B total molar flow rate of the bottoms 

C c capital cost per unit time 

C operating costs per unit time 

d t molar flow rate of component / in the distillate 

D total molar flow rate of the distillate 

F total molar flow rate of the feed 

k u . . . , k 5 number cf plates; see Figs. 9-1, 9-2, 9-3, 9-4, and 9-5 

Kji ideal solution K value 

Iji molar flow rate of component i leaving plate j 

Lj total molar flow rate of the liquid leaving plate j 

N total number of stages, which includes all plates, the reboiler and 

the condenser (partial or total) 

objective function 

p plate number of a sidestream withdrawal 

P column pressure 

q plate number of a sidestream withdrawal 

Qc condenser duty 

Q R reboiler duty 

r random number lying between and 1; also used to denote a 

component for which a specification is made; K r < K s . 

R expected return on investment 

5 a component for which a specification is made 
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Sl,S h 



w 

x Ji 

X Bi 

x, 



[Xj x 2 x 3 ] 



separation specifications on the light and heavy keys; defined 

beneath Eq. (9-9) 

molar flow rate of component i in the vapor leaving stage j 

total molar flow rate of the vapor leaving stage j 

total molar flow rate of the vapor part of a partially vaporized 

feed 

total molar flow rate of a sidestream 

mole fraction of component i in the liquid leaving stage j 

mole fraction of component i in the bottoms 

mole fraction of component i in the feed 



L*3. 



set of all numbers x l9 x 2 , . . . , x c 



PROBLEMS 



9-1 A knowledge of the temperature of the cooling medium which may be used to produce liquid 
reflux and the knowledge of the approximate composition of the distillate are commonly used to set 
the column pressure. A distillation column having a total condenser and operating at a reflux ratio 
L i /D = 1 is to produce 50 lb mol of distillate per hour. Cooling water is available to condense the 
overhead vapor in the condenser-accumulator section. The distillate and reflux are to leave the 
condenser-accumulator as a liquid at their boiling point of 150°F. 
Given : 



Component 


(lb mol/h) 


Kt 


1 

2 
3 


5.5 

1S.0 

26.5 

D = 50.0 


0.017/3Pt 
0.02 T/3P 
0.03 T/3P 



t T is in °F and P in atm. 



(a) Compute the column pressure. 

(b) Compute the temperature of the overhead vapor. 

9-2 Repeat Prob. 9-1 for the case of a partial condenser. In many instances where the distillate is to 
be used in the vapor state, it is economically advantageous to use a partial condenser. In general when 
a partial condenser is used, the column pressure can be reduced and/or a refrigerated coolant may be 
avoided. To illustrate the reduction in pressure, repeat Prob. 9-1 for the case where a partial conden- 
ser is used. 
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9-3 On the basis of the enthalpy data given in Example 1-5, compute the condenser duty required in 
Prob. 9-1. 

9-4 On the basis of the enthalpy data given in Example 1-5, compute the condenser duty required for 
the column in Prob. 9-2. 

(a) On the basis of the availability of cooling water at 80°F and an outlet temperature of 135°F, 
compute the flow rate of cooling water required in lb/h per 50 lb mol of distillate per hour. 

(b) If the condenser has an overall heat transfer coefficient of 300 Btu/(h ft 2 °F), compute the 
condenser cooling area required per 50 lb mol of distillate per hour. 
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APPENDIX 9-1 APPROXIMATE SOLUTIONS 
AT TOTAL REFLUX 

The equations are presented first for conventional distillation columns and then 
for complex columns. 

Conventional Columns 

For a column having a partial condenser the Fenske equation 3 is given by 

«.• d h 

where the relative volatility a, = KJK h , and N is equal to the total number 
stages. Also, the heavy key is taken to be the base component and denoted by 
the subscript h. For a column having a total condenser, N in Eq. (1) is replaced 
by N - 1. Although Eq. (1) applies exactly only if the relative volatilities remain 
constant throughout the column, it is generally satisfactory for determining 
whether a realistic set of values have been specified for bjd l and b h /d h , where the 
light key is denoted by the subscript /. Since the relative volatilities generally 
vary throughout the column, a set must be selected for use in Eq. (1). For 
definiteness, the a/s are evaluated at the boiling-point temperature of the feed at 
the column pressure. For the case where b l /d l and b h /d h are specified, Eq. (1) 
may be solved for N to give 

(M , = In (bJdJJWdfo (2) 

[ )min In a, K} 

If 

(N) min > N v (3) 

where N v = k 2t v -f- 2, then the specified separation is impossible. If 

(N) min < N v (4) 

the separation is feasible. 

After finding N by use of Eq. (2), the complete set of bjd^ are found 
through the use of Eq. (1). Then the total distillate rate at total reflux is found by 
solving the overall component-material balances for d i9 and summing all com- 
ponents to give 

o= id t = i^i/p + (m*,)] (5) 



Other Specifications 

Suppose that the purity specifications are taken to be X Dtl and x Bth . In general 
D and B are not determined by the specification of these two mole fractions 
except for the case of a binary mixture. To apply Fenske's equation to determine 



OPTIMUM DESIGN AND OPERATION OF DISTILLATION COLUMNS 329 

the feasibility of the specified separation, the following relationships may be 
used. First, observe that 



I *. 



X I), I ~~ 



A. 



and 



b,= 



ii = 



FX { 



FX, ; 

l+d,/b, 1+R/W 

FX, FX: 



l + b,/d t l + (V4X * 



(6) 



(7) 



(8) 



The above expressions contain two unknowns, b h /d h and N. Use of the 
above expressions for d, and b t permits the two expressions given by Eq. (6) to 
be restated in functional form in terms of the two unknowns as follows 



gi (N,b„/d h ) = 



92(N,b h /d h )- 




(9) 



(10) 



where b t , b h , d ( , and & x are given by Eqs. (7) and (8). The desired value of the 
variables (N > 0, b h /d h > 0) that make g l =g 2 = may be found by use of the 
Newton-Raphson technique or other numerical methods. 

Since the equilibrium relationship for the distillate and bottoms depends 
upon the respective sets of mole fractions {X Di } and {x Bi }, the relationships may 
be stated in terms of the d.'s and fe/s. The determination of T D and T B at total 
reflux may be reduced to a trial-and-error problem in a manner analogous to 
that demonstrated above for the specification of a set of mole fractions. 



Complex Distillation Columns 

Modifications of the equations for conventional columns which are needed in order 
to obtain approximate solutions for complex columns are presented below for 
the special case of a column having one liquid sidestream withdrawn from stage 
number (/cj + 1). 

The Fenske equation 3 given by Eq. (1) is valid for complex columns 
where N is equal to the total number of stages for a column having a partial 
condenser, and a, = K { IK h . The Fenske equation for the sidestream shown in 
Fig. 9-2 is 



di d r \oL r ) 



-(*i + n 



(ii) 
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For the case where bjd^ b h /d hy w r /d r , and w s /d s are specified, Eqs. (1) and 
(11) give 

(M\ _ *" (bMJjbMu 

{ ,min In a, l ' 

lh x _ ^ (Y>rldr)Ll(*>Mv ! m v 

In a s /a r 
If either 

(N) min > N v 
or 

(felJmin > #C/ 

then the specified separation is impossible. If 

(N) min <N v and (^Ln < ^i/ 

then the specified separation is feasible. The generalization of the above equa- 
tions for the case where any number of sidestreams are withdrawn is readily 
deduced. 

For the case where specifications such as mole fractions rather than mole 
ratios are made, the development of the corresponding equations is analogous to 
that described for conventional distillation columns. 



APPENDIX 9-2 APPROXIMATE SOLUTIONS 
AT OPERATING REFLUXES 

The method is developed first for conventional distillation columns and then 
modified as required to describe complex columns. 

Conventional Columns 

The approximate method used consisted of solving the combined component- 
material balances and equilibrium relationships for the light key (i = /) and the 
heavy key (i = h) components on the basis of assumed temperature and total 
vapor rate (or total liquid rate) profiles. As shown in Chap. 2, the equations to 
be solved may be stated in the following matrix form 

A I v f =-/. (1) 

The speed of the approximate method is enhanced by the fact that Eq. (1) is 
solved for only two components, the light and heavy keys (i = /, i = h). This 
equation is readily solved; for d t and the vrfs by use of the Thomas algorithm as 
demonstrated in Chap. 2; After v Ni has been computed, b t is found by use of the 
expressions 

bi = A m v Ni (2) 
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This expression is readily developed by use of the equilibrium relationship of the 
reboiler 

y Ni = K Ni x Ni = K Bi x Bi (3) 

The calculation of b { (i - /i, /) marks the end of one complete trial by the 
approximate method. 

Temperature Profiles 

Any number of methods could be used to pick adequate temperature profiles. 
The following relatively simple procedure was used to select these profiles. The 
temperatures of all intermediate stages were taken to be linear with stage 
number between the distillate temperature T D and the bottoms temperature T B . 
For different numbers of stages, the top and bottom temperatures were 
estimated as follows. First, the lowest overhead temperature T Dt L and the highest 
bottoms temperature T B v were found by use of a modified form of Fenske's 
equation which was deduced in the following manner. Since the value of (N) min 
computed by Eq. (2) on the basis of the specified values of b x jd x and b h /d h is less 
than N Ut a separation better than the specified one can be obtained. Thus, it is 
desirable to revise Eq. (1) such that each separation is better than the one which 
was specified. The result may be realized by introducing the factor ft as follows 

ln l*(b h /d h ) L 



Ww = J» (4) 

In a, v ' 

After Eq. (4) had been solved for fi, the corresponding set of b./d.'s is found by 
use of the following form of Eq. (1) 



b, (b„\ . 



Nv 



(5) 



After the b./d.'s have been computed by use of Eq. (5), the d t 9 s are given by the 
following form of the overall material balance 

FY 

Next the distillate rate D at N v is found by summing the d/s over all compon- 
ents /. Then the fr.'s and the sets of mole fractions {X Di } and {x Bi } are computed. 
The mole fractions are used to compute the temperatures T Dt L and T Bt v . 

By replacing N v by N L (where N L = k 2L + 2) in Eq. (5), the highest over- 
head temperature T D< v and the lowest bottoms temperature T Bf L as well as the 
total distillate rate D at N L may be obtained. 

For any set of arbitrary values of k u k 2 lying between the upper and lower 
bounds of these respective variables, the overhead and bottoms temperatures 
T D (N) and T B (N) were found by assuming T D (N) to vary linearly between T Dt L 
and T v with the total number of stages, and T B (N) to vary linearly between 
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T Bt L and T Bt v with the total number of stages. The temperatures of the inter- 
mediate stages were taken to be linear with stage number between T D (N) and 
UN). 

For each choice of N lying between N L and N v , the distillate rate D was 
found by linear interpolation between the values of D at N L and at N v . 

Total Vapor Rate (or Liquid Rate) Profiles 

The total vapor rate was assumed to be constant throughout the rectifying 
section, and denoted by Vj= V r . Then for a specified reflux ratio 



V r = L x + D = 



D +l 



D (7) 



where the distillate rate D is computed as described above for each choice of N. 
The corresponding value of B was found by use of the overall material balance, 
B = F - D. Similarly, the total flow rates were assumed to be constant through- 
out the stripping section. These rates were computed as follows 

L s = L r + L F (8) 

and 

V S = L S -B (9) 

Complex Distillation Columns 

The method used to obtain approximate solutions to complex columns consists 
of an extension of the one proposed above for conventional columns. The equa- 
tions used consist of a combination of the component-material balances and the 
equilibrium relationships. For the complex column with one feed shown in 
Fig. 9-2, the combination of the equilibrium relationships and the component- 
material balances are given by Eq. (1). For multiple feed plates and sidestream 
withdrawals, minor modifications of A, and f x are required. 

The temperatures of all stages between the top temperature T D of the over- 
head condenser and the temperature T B of the reboiler were assumed to vary 
linearly with stage number. The temperatures T D and T B corresponding to the 
best possible separation are found by taking the total number of stages equal to 
the upper bound N L . In order to find a set of specifications each of which is 
better than the specified value, let jx x and /x 2 be determined, respectively, by 
solving the following equations 

(M^ (10 ) 

{ In a, 

In fi2 ^ Wr ^ L 



k (M^-! (11) j 

In a s /a r J 
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After Eqs. (10) and (11) have been solved for fi l and f.i 2 , the new sets of b./d.'s 
and Wi/dfS are found as follows 

After the complete sets of fc./d.'s and w./^'s have been computed by use of 
Eq. (12), the d.-'s are found by use of the following form of an overall material 
balance 

FX ■ 
d ' = \+ b,/d, '+ w,/d, ° 3) 

Next the fc/s and w,'s are found 

*'-(*)* w > = (i) d > < 14 > 

The total distillate rate D and the sidestream withdrawal rate W are found by 
summing the d.'s and the vv/s, respectively, over all components. 

Next the mole fractions {X Di } and {x Bi } are computed. By use of these mole 
fractions and the equilibrium relationships, the lower bound on the distillate 
temperature T D (denoted by T Dt L ) and the upper bound on the bottoms tempera- 
ture T B (denoted by T Bt v ) are determined. 

By replacing N v by N L (where N L = k 3L + 2), the upper bound T Dt v of the 
distillate temperature and the lower bound T B L on the bottoms temperature as 
well as the corresponding values of D and W are determined. 

For any set of arbitrary values of k u /c 2 , and k 3 lying between the upper and 
lower bounds of these respective variables, the overhead and bottoms tempera- 
ture T D (N) and T B (N) are found by assuming T D (N) to vary linearly between 
T D (N) and T B (N) with the total number of stages. Similarly, T B (N) is assumed to 
vary linearly between T Bf L and T Bf v with the total number of stages. The temper- 
atures of the intermediate stages are assumed to vary linearly with stage number 
between T D (N) and T B (N). 

For each choice of N lying between N L and N U9 the distillate rate D and the 
sidestream withdrawal rate W are found by linear interpolation between the 
values of D and W, respectively, at N L and at N v . 

The total flow rates are assumed to be constant throughout each section of 
the column, say k l9 fc 2 , k 3 . Adjustments to the total flow rates are made, 
however, at each point where a stream is either introduced or withdrawn. 



APPENDIX 9-3 A MODIFIED FORM OF 
THE COMPLEX METHOD OF BOX 2 FOR 
OBJECTIVE FUNCTIONS HAVING NO CONSTRAINTS 

An abbreviated statement of this revised form of the Complex Method proposed 
by Box 2 follows. This method makes use of at least n + 1 vertices or solutions, 
where n is the number of variables over which the objective function is searched. 
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The total number of vertices is denoted by /c, where k > n + 1. First an initial 
solution is found. Then an additional k - 1 vertices of the first simplex figure are 
found by choosing sets of independent variables lying between the upper and 
lower bounds, x iV and x iL , respectively, of the independent variables by use of 
random numbers as follows 

*ij = x iL + njixnj - x u ) (i = 1, 2, ..., n) (1) 

where the r { /s are random numbers generated in the range to 1, and; denotes 
the sets of variables for the yth solution. The initial set is denoted by j = 1, and 
the remaining sets by j = 2, 3, . . . , k. 

The objective function is evaluated at each vertex, and the vertex yielding 
the poorest value of the objective function is rejected and replaced by the point 
N located at a distance /?(/? > 1) times as far from the centroid of the remaining 
points as the distance of this rejected vertex, and in the direction of the vector 
which points from the rejected point to the centroid (see Fig. 9-6). The rejected 
point R is excluded in computing the centroid M 



1 



k 



(2) 



-,.« /c _ 1 
The coordinates of point N are found by 

x i, N = P( x i, M ~ *i, r) + *i, M (3 ) 




3 

R (LARGEST 0) 



2 R'(NEXT LARGEST 0) 



(1) Evaluate O at each of the vertices. Number of vertices > number of search variables. 

(2) Compute centroid Sf based on points 1, 2, 4, and locate point N. 

(3) If N <0 R , accept point N and reject R. 

(4) If C^ > R , evaluate Q, ; if M < R , accept point M and reject R. 

(5) If N > R , Si > R , repeat procedure for the next poorest point R'. 

Figure 9-6 Graphical representation of Box's method. 
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If the value of at x N is less than its value at the rejected point R, then the 
new point N is accepted. If the new point N gives a poorer value for the 
objective function than that given by the rejected point R, then the value of 
the objective function at the centroid M is found. If the value of the objective 
function at the centroid M is less than its value at the rejected point R y then 
the centroid M is accepted as the new point. Otherwise, if neither N nor M give 
a smaller value for than does the rejected point R, then the rejected point of 
the simplex is retained, and the next poorest point of the simplex is selected as 
the rejected point and the procedure described above is repeated. 

Integral values for the number of plates were found by rounding the corre- 
sponding values of x, ; - to the nearest integer. For example, if the value of x itj 
corresponding to the number of plates in a given section is found to be 5.6, then 
the integral number of plates used for this section of the column in the evalua- 
tion of the objective function was taken equal to 6. If, however, a value of 
x, j = 5.4 is found, then the corresponding integral number of plates was taken 
equal to 5 in the evaluation of the objective function. The original values of x, j 
(5.6 or 5.4) were used, however, in the subsequent generation of vertices. 



APPENDIX 9-4 FORMULATION OF 
THE ECONOMIC OBJECTIVE FUNCTION 

The economic objective function is formulated on the basis of (1) capital costs, 
(2) return on investment, and (3) operating costs. The objective function is for- 
mulated as an expression of the desire to minimize the total costs per mole of the 
most valuable product. The capital costs consist of the installed costs of the 
following items: the pressure vessel or shell of the distillation column, the trays, 
the condenser, and the reboiler. 

After the column diameter had been estimated by use of the relationships 
recommended by Glitsch, Inc., 6 the cost of the shell was estimated by use of the 
data presented by Guthrie. 7 Guthrie's data were also used to estimate the costs 
of the plates, the condenser, and the reboiler. Guthrie's data (originally presented 
in graphical form) were converted to the form of curve fits which are given 
below. 

A straight-line depreciation of the capital investment over a 10-year period 
was assumed, and the corresponding annual capital investment, C , was 
computed. If R is used to denote the expected fractional return on investment, 
then the return on the investment per year is RC ci and the total cost associated 
with the capital investment is (1 + R)C C . 

Operating costs, C , consist of the costs of supplying the required condenser 
and reboiler duties for one year. A summary of the equations used to evaluate 
the objective function follow. 
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Investment Costs 

To compute the costs of the empty column (or the shell), the diameter of the 
column is needed. Consider the case where the column is to be operated at 80 
percent of vapor flood, and two-pass ballast trays with 24-inch tray spacings are 
to be used. The column diameter may be estimated by use of the following 
relationship given by Glitsch. 6 

n _ l^ioad ~ 500) V Xo . Ad - 5 

5.22(^ oad - 5) + 461 + 3.75 + ^ U ' 

where D = inside diameter of the column in feet 
^ioad = liquid load in gal/min 
^oad = vapor load in ft 3 /s 

The liquid and vapor loads were approximated on the basis of the molar flow 
rates, composition, and temperature of the top plate as follows 

where M t is the molecular weight of component /'. The mass density may be 
estimated as proposed by Reid and Sherwood 17 as follows 

t luMi 
Pl = _L-L (3) 

i= 1 

The mass density of component i in the liquid phase p u may be approximated as 
suggested by Reid and Sherwood. 17 

pLi = C,(5.3 4- 3.0T/T C ) ^ 

where p Li = mass density 

C, = constant for each component / 
T c = critical temperature 

The vapor load was computed as follows 
The mass density of the vapor was estimated as follows 

HzM?.*""') (6) 

where Z m — £/=iZ lf y lh Z u is equal to the compressibility factor of pure com- 
ponent i at the temperature T x and pressure P x of plate 1, and y u is the mole 
fraction of component i in the vapor that leaves plate 1. 
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After the diameter D of the column has been computed, the cost of the 
empty column may be computed by use of the following curve fit which is based 
on the data of Guthrie 7 

Q e „ = {[620 + 398(D - 2)]^jy M F P I (7) 

where b = height of the pressure vessel in feet 

C shell = cost (FOB) of pressure vessel (or shell) in 1977 dollars 
F M = adjustment factor for the material of construction 
F P = adjustment factor for the column pressure 
/ = inflation index to correct the cost from mid- 1968 to the end of 1977 
dollars 

The cost of the trays, C lray , was computed by use of Guthrie's data in the 
form of the curve fit 



Qra y = A^|l6^jVs + F t + F M )\l 



(8) 



where N r = total number of trays 

D = internal diameter of the column in feet 
F M = adjustment factor for the material of construction 
F s = adjustment factor for the tray spacing 
F, = adjustment factor for the type of trays 
/ = index of inflation factor to correct the cost from mid- 1968 to the 

end of 1977 
x = cost factor for capacity; see tabular material below 
C tray = cost of the trays (FOB) in 1977 dollars 

The cost factor x as a function of the internal diameter is presented in the 
following table. 



Variation of the cost factor x with the column diameter 
D(ft) 



D((t) 0<D<3 3<D<5 5<D<7 7 < D < 10 



1-0 1.16 1.36 1.47 



data. 



The cost of installation, C inst , was computed as follows by use of Guthrie's 



Qnst = [Cshell + C tray ]F 7 (9) 

where C inst = cost of column with the trays installed in 1977 dollars 
F, = factor needed to convert FOB costs to installed costs 
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The cost of the condenser depends upon the surface area required to remove 
Qc (Btu/h) from the overhead vapor. The heat transfer area A c and the asso- 
ciated coolant flow rate w c (of exit temperature T c ou( ) may be found by solving 
the following equations simultaneously 

Qc = WcC pC (T c , out -T Ctin ) (10) 

Q c =U c A c AT lm (11) 

where A c — heat transfer area required, ft 2 

U c = overall heat transfer coefficient, Btu/(h ft 2 °F) 
&T lm = log mean of the distillate temperature T D , and the inlet and outlet 
temperatures of the cooling water, T c% in and T c oul 
w c = flow rate of the coolant, lb/h 

The value of A c so obtained was used to compute the cost of the condenser, 
C CO nd> by use of the following curve fit of Guthrie's data 



r 

^-cond 



Hmf 



[(0.85 + F P )F M ]/ (12) 



where C cond = cost (FOB) of the condenser in 1977 dollars 

The remaining symbols have the same meanings given previously. 

The heat transfer area A R of the reboiler and the flow rate w R of the steam 
(or the condensing vapor) were computed by use of the following equations 

e* = *,w* (13) 

Qr = U r A r (T s -T b ) (14) 

where A R = heat transfer area of the reboiler, ft 2 

U R = overall heat transfer coefficient of the reboiler, Btu/(h ft 2 °F) 
T s = saturation temperature of the condensing vapor 
w R = flow rate of the condensing vapor, lb/h 
X s = latent heat of vaporization of the heat transfer medium 

The cost of the reboiler was computed as follows 

C reboil = [ 2075 (l^) O ' 65 J[( 1 -35 + F p )F M ]I (15) 

where C reboil is the FOB cost of the reboiler in 1977 dollars, and the symbols F p , 
F M , and / have the same meanings given above. 

The installed costs of the condenser and reboiler were computed by use of 
an equation of the same form as Eq. (9). 

The operating costs were computed by use of the flow rates vv c and w R found 
by solving Eqs. (10), (11), (13), and (14). 



CHAPTER 

TEN 



CHARACTERISTICS OF 

CONTINUOUS DISTILLATION COLUMNS 

AT VARIOUS MODES OF OPERATION 



In this chapter the behavior of continuous distillation columns is examined over 
a wide range of operating conditions. Continuous distillation columns may be 
operated at a variety of conditions which range from total reflux to columns at a 
fixed, finite reflux rate with distillate rates ranging from zero to the feed rate. The 
characteristic behavior which can be expected of continuous columns at these 
operating conditions is presented in Sees. 10-1 through 10-3. Calculational 
procedures needed to predict the behavior of continuous distillation columns at 
these operating conditions are also presented. The operating conditions and 
geometrical considerations required to place a continuous and a batch distilla- 
tion column in a one-to-one correspondence at total reflux are also presented. 

The operating condition of total reflux is subject to several interpretations. 
Four general types of total reflux are considered in this chapter, namely, 

Type 1: Total Reflux in Continuous Columns: 

Hm —L- = 1, B + D = F, B and D are finite. 

Type 2: Total Reflux in Both Sections of a Column: 

D = 0, B = 0, F = 
Type 3: Total Reflux in the Rectifying Section: 

D = 0, B = F 
Type 4: Total Reboil in the Stripping Section: 

B = 0, D = F 

339 
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Columns operating at these four types of total reflux are considered in Sees. 10-1 
through 10-3. 

When the term total reflux is used, one customarily visualizes the type of 
operation classified as type 2 wherein D = 0, B = 0, F = 0. Such a column con- 
tains enough vapor and liquid to be operational at steady state but has neither 
feed nor product streams. In such a column, all of the overhead vapor leaving 
the top plate is condensed and returned to the column as reflux and all of the 
liquid leaving the bottom of the column is vaporized in the reboiler and returned 
to the column. This operating condition is easily achieved in either a laboratory 
or a commercial column. 

10-1 CONTINUOUS DISTILLATION COLUMNS 

AT TOTAL REFLUX, 

TYPE 1: {Lj/V j+ x = 1, F = D + B, D ± 0, B ± 0) 

Total reflux of type 1 may be approached in a continuous distillation column 
by approaching total reflux conditions in both the rectifying and stripping sections. 
The designer approaches this type of operation of a continuous distillation column 
as the reflux ratio is increased indefinitely at a fixed feed rate and nonzero product 
rates. In the limit, this type of operation is recognized as total reflux of type 1, 
continuous distillation columns at total reflux. The necessary conditions for an 
equivalence to exist between columns at the operation conditions of total reflux 
of types 1 and 2 are presented in Sec. 10-2. Total reflux of types 1 and 2 are of 
significant interest because columns at these types of operation produce the best 
possible separations. 

In the analysis of continuous distillation columns at total reflux, three differ- 
ent calculational procedures are presented; namely, the method of convergence 
and two formulations of the Newton-Raphson method, one analogous to the 2N 
Newton-Raphson method and the other to the Almost Band Algorithm. The 
formulation of each of these methods for continuous distillation columns at total 
reflux is presented below. 

The 6 Method of Convergence 

For definiteness, suppose that the following specifications are made on a 
column: (1) the feed rate F and its composition {X t }, (2) the distillate rate D, 
(3) the column pressure, (4) the number of stages N, and (5) the type of conden- 
ser (total or partial). 

Fewer equations are required to describe distillation columns at total reflux 
than are required to describe columns operating at finite reflux ratios. The 
condition that L,/lj+ 1 = 1 (in the limit as V j+ x -» oo) eliminates the necessity for 
the determination of the total flow rates, and consequently the energy balance 
for each stage may be omitted from the set of equations to be solved. This type 
of total reflux appears to have been first proposed by Robinson and Gilliland. 13 

As a consequence of the condition L/V,- +1 = 1 (as V j+1 -> oo), the compo- 
nent-material balance for each stage reduces to 

>',+ i,/ = *,7 = l,2,...,iV-l) (10-1) 
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as shown in Chap. 1. Since F, D, and B are all finite and positive, the 
component-material balance enclosing the entire column is 

FXi = d ( + b, (10-2) 

In the following development of the equations needed for the method of 
convergence and the Newton-Raphson method which follows, it is supposed that 
both the vapor and liquid phases form ideal solutions throughout the column. 
For any component /*, the N equilibrium relationships for a column having a 
partial condenser (y u = X Di ) 

yji = Kji*ji (/= 1, 2, ...,JV) (10-3) 

may be solved simultaneously with the N component-material balances given bv 
Eq. (10-1) to give 

X in K ti 

.*2, 1 



Xjj _ 1 



(10-4) 



X Di K ji K j . l { ■■•K 2i K li 
x Ni x Bi 1 



^Di X Di Kni^n- 1,1 \" ' KuK u 
Fenske 3 was among the first to state the equations in this form. 

For the case where the column has a total condenser (x u = X Dl ), Eqs. (10-1) 
and (10-3) may be solved to give 



4^ = i 



^D« 



X 



2i 



L Di 



K, 



(10-5) 



KjiKj-i,i ••• K 3i K 2i 

*Bi 1 



K Ni K N _ j ,- • • • K 3i K 2i 



After (x Bi /X Di ) ca has been evaluated by use of Eq. (10-4) [or Eq. (10-5)] on 
the basis of an assumed temperature profile, the value of (fc,7</,) ca is computed as 
follows 

G).-Ste)„ 
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The 6 method is developed in the same manner as described in Chap. 2. The 
resulting equations are as follows 



(<!"'($;! 



(4L= FXi 



(10-7) 



1 + 0(&,ML 

9(0)=i(d i ) co ~D 



The corrected compositions {x 71 } and {y yi } are computed as follows 



1 = 1 



where 



(^Di)c< 



(4L 



On the basis of these compositions (either the x/sor the y^s), a new set of 
temperatures may be computed by use of the K b method. The temperatures so 
obtained are used for the next trial. This formulation of the method was first 
proposed by Lyster et al. 9 To demonstrate the convergence characteristics of this 
method, Example 10-1 stated in Table 10-1 was solved. The solution of this 
example is presented in Tables 10-2 and 10-3. 



The N Newton-Raphson Method 

The formulation of this method parallels the formulation presented in Chap. 4 
for the IN Newton-Raphson method for columns operating at finite reflux 
ratios. Again ideal solutions are assumed, and the condition that L j /V J + l = 1 (as 
V jJt x -► oo ) eliminates the necessity for making energy balances. Suppose that the 
specifications for the conventional distillation column are the same as those 
stated above in the formulation of the 6 method. 

In the following development, which is based on the work of Izarraraz, 8 the 
yjiS are taken to be the independent variables and the x^s as the dependent 
variables. The y^s and x^-'s play the same roles in the following development as 
did the vrfs and l j( \ respectively, in the development of the IN Newton- 
Raphson method in Chap. 4. When the x/s are eliminated from the component- 
material balances [Eqs. (10-1) and (10-2)] by use of the equilibrium relationships 
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Table 10-1 Statement of Example 10-1 

Component FX Specifications 



C 3 H 8 




5.0 


'-QH 10 




15.0 


"-C 4 H 10 




25.0 


,-C 5 H I2 




20.0 


n-C 5 H 12 




35.0 


F = 


100.0 





Boiling point liquid feed, partial condenser, column pressure = 
300 lb/in 2 abs, 3 rectifying plates, and 8 stripping plates 
plus a reboiler. The column is at total reflux in both the 
rectifying and stripping section. The feed rate F = 100, 
and D = B = 50 mol/h. Use the equilibrium and enthalpy data 
given in Tables B-l and B-2 of App. B. 



Table 10-2 Convergence characteristics of the 6 method of convergence for 
Example 10-1 





Initial 




Temperature (°F), trial number 














Plate 


Profile 


1 


2t 3 


4 


5 


1 (distillatet) 


190 


246.24 


239.34 239.72 


239.71 


239.7 It 


2 


200 


266.88 


254.08 255.27 


255.17 


255.17 


3 


210 


286.67 


269.41 271.59 


271.59 


271.62 


4 


220 


310.89 


284.29 288.09 


287.49 


287.57 


5 (feed) 


230 


326.32 


297.29 301.75 


300.97 


301.09 


6 


240 


335.07 


307.58 311.90 


311.13 


311.25 


7 


250 


338.88 


315.13 318.87 


318.16 


318.27 


8 


260 


339.82 


320.41 323.33 


322.84 


322.92 


9 


270 


339.35 


324.06 326.27 


325.92 


325.97 


10 


280 


338.29 


328.24 328.24 


327.99 


328.03 


11 


290 


337.05 


328.46 329.63 


329.46 


329.48 


12 


300 


335.85 


329.86 330.66 


330.55 


330.57 


13 (reboiler) 


310 


334.79 


330.97 331.49 


331.42 


33143 


D (calculated) 


348.684 


58.511 


49.238 50.128 


49.981 


50.003 


9 


3.0842 x 10 " 3 


3.54508 


0.835601 1.02858 


0.995848 


1.00057 



AMDAHL, Computer time = 0.16 s, WATFIV Compiler 
tThe temperature 239.7 1°F is the dew-point temperature of the distillate, and the 
corresponding bubble-point temperature of the distillate (in the liquid state) is 224.83°F 



Table 10-3 Product Distribution 
for Example 10-1 

Component b { d- 



Cj H 8 


0.0 


4.9999 


i-C 4 H 10 


0.0079 


14.992 


n-C 4 H 10 


0.1341 


24.866 


i-C 5 H 12 


16.209 


3.709 


«-C 5 H 12 


33.651 


1.3492 
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[Eq. (10-3)], the following set of equations is obtained for a column having a 
partial condenser 

By Ni _ -FX t 



-yu- 



yu 



DK X 



D 



y 2i 



\>2i = 



(10-9) 






- y Ni = o 



The first expression of Eq. (10-9) consists of a modified form of the overall 
component-material balance [Eq. (10-2)] in which X m has been replaced by its 
equivalent y u (for a partial condenser) and .y Bi - has been expressed in terms of y Ni 
by use of the equilibrium relationship y Ni = K Ni x Ni = K Ni x Bi .Thus the combin- 
ation of the component-material balances and equilibrium relationships may be 
represented by the matrix equation 

A,y,= -/ (10-10) 



where 



A; = 



-1 

1 

ST. "' 







-1 



B 



DK K 











1 



o o -— -^ -1 

*^N- 1, i 

/ = [(-FX 1 /D)0 ... 0]' 
y« = [yi, v 2l - ••• y Ni ] T 

This matrix equation is readily solved for the y-s by use of the following 
algorithm which is developed in a manner analogous to the Thomas algorithm 
(see Prob. 10-1). For the set of equations 

B l x l + C s x N = D l 
A 2 x x + B 2 x 2 = D 2 
A 3 x 2 + B 5 x 3 = D 3 (10-11) 



A N x N _ t + B s x N — D N 
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in which the A\ #'s, Cs and D's are constant, compute 



Then 



gk = D k -A k g k _ l {k = 2 ,3,...,N-l) 

Gn (l-e N )B N 



x N =g N (k = N,N- 1, ...,2) 

**-i =9k-i -e k -iX N (fc = 2, 3, ..., N) 



(10-12) 



(10-13) 



The N functions based on the equilibrium relationships are stated in terms 
of dew-point functions, namely, 

Fj=ij£--i)yji (io-i4) 

and the N Newton-Raphson equations may be represented by the matrix 
equation 

J AT= -f (10-15) 

where the Jacobian J contains the partial derivatives dFj/dT k (/ = 1, 2, ..., N; 
k= 1,2,..., AT), and 

\T = [AT l AT 2 ... AT N ] r 
t=[F x F 2 ...F N ] T 

The partial derivatives appearing in the jacobian J may be evaluated in a 
manner similar to that demonstrated for procedure 1 in Chap. 4. For any par- 
ticular 7}, say T k , 

where dK y JdT k = for; + k. The partial derivatives of the y-s with respect to 
each T k may be found by use of the calculus of matrices in a manner analogous 
to that demonstrated in Chap. 4. In particular, after the component-material 
balances [Eq. (10-10)] have been solved for the y Jt \ the partial derivatives may 
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Table 10-4 Convergence characteristics of the N Newton-Raphson 
method for Example 10-1 







Temperature (°F), trial number 






Initial 












Plate 


profile 


1 


2 


3 


4 


5t 


1 (distillatet) 


190 


231.72 


231.60 


237.46 


239.60 


239.71t 


2 


200 


229.50 


244.01 


249.56 


254.56 


255.16 


3 


210 


230.69 


258.86 


262.80 


269.88 


271.59 


4 


220 


235.09 


279.61 


280.20 


285.44 


287.50 


5 (feed) 


230 


242.40 


307.06 


302.40 


301.01 


301.07 


6 


240 


266.11 


338.84 


325.24 


313.76 


311.28 


7 


250 


265.42 


355.71 


335.17 


320.12 


322.91 


8 


260 


282.62 


362.26 


336.42 


323.45 


322.91 


9 


270 


302.28 


360.55 


333.53 


325.94 


325.96 


10 


280 


319.62 


355.36 


330.73 


327.98 


328.02 


11 


290 


330.27 


348.76 


329.52 


329.49 


329.48 


12 


300 


334.24 


342.70 


329.81 


330.59 


330.56 


13 (reboiler) 


310 


334.81 


338.47 


330.77 


331.44 


331.43 


D (calculated) 


36.978 


44.030 


55.514 


50.687 


49.978 


49.998 



AMDAHL, Computer time = 1.17 s, WATFIV Compiler 
t The temperature of 239.7 1°F is the dew-point temperature of the distillate, and 
its corresponding bubble-point temperature of the distillate (in the liquid state) is 

224.83°F. 



be computed by use of 



•dT k 



= -(^)y.- (io-i7) 



in a manner similar to that shown in Chap. 4 for dvJdT k . 

Example 10-1 was also solved by use of the N Newton-Raphson method. 8 
The convergence characteristics of this method for this example are shown in 
Table 10-4. Again as in Chap. 4, the corrections AT were reduced by the factors 
1/2, 1/4, 1/8, . . . , until the T/s so obtained were within the range of the curve fits. 
A comparison of the computer times given in Tables 10-2 and 10-4 shows that 
the 6 method is several times faster than the N Newton-Raphson method. 



The Almost Band Algorithm 

For highly nonideal solutions, the Almost Band Algorithm is recommended. The 
following formulation of the Almost Band Algorithm follows closely the one 
recommended by Izarraraz et al. 7 Suppose that the column has a partial conden- 
ser and that the distillate rate V l is specified. The equations required to describe 
the column consist of the equilibrium relationships 
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\/= 1,2, ...,c / 

c 

2>*=1 (/ = 1,2,..., tf) (10-18) 

1 = 1 ' 

c 

1^=1 0=1,2 N) 

and the material balances 

„. -v //=1,2,...,N-1\ 

FXi = »u+In, (i=l,2,...,c) 

Let the following set of independent variables be selected. 

* = Ki •• oi.c (*;.. •• x y , c T^.,,,., / w-1 ... l Nc T N ]' (10-20) 

The problem may be formulated in terms of the following [N(c + l) + c] 
independent functions 

f=K.i mi. 2 ■■■ m Uc S, (/).,/). 2 ■j lc F J )j =UN _ l f Nl f^ 2 ■■■f N , c ]' 

(10-21) 
where 



(10-19) 



5>.i 



5 - , = 1 


- 1 


"* K i 


m lf = FX, - 


" v u ~ lm 



f y v uVu i „ 



C/ = 2,3 TV- 1) 



i = i 



Jji — yji x j- i,i ~ y/iKji x ji 

JNi — yNi X N- l.i ~~ 



_ ,,v v. yNiK Ni i Ni 



1 = 1 

c 

F >=I>,.-i 0=1,2, ...,jv) 

i= 1 

When the independent variables and functions are ordered as indicated by Eqs. 
(10-20) and (10-21), a banded jacobian matrix is obtained in which most of the 
elements lie along the principal diagonal as shown in Fig. 10-1. 

Example 10-1 was also solved by use of the Almost Band Algorithm, and the 
results obtained are presented in Table 10-5. Again the computer time required 
by the Almost Band Algorithm is several times that required by the method. 
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N-l 





1 


2 


, 3 


4 


5 






N-l 


N 






t 


tim 


1 




c+l 












1 




2 






Note: (1) All of the shaded 
squares contain 


3 








zero elements. 








(2) All squares ore 












(c+l) by (c+l) 




















except the bottom 


4 








pair which are 


- 










c 


by (ctl). 








t 










cH 






*c*l -* 


_ 




i_ 










t 




■ 


c 






1 1 







Figure 10-1 An [N(c + l) + c] Almost Band Formulation of the Newton-Raphson method for a 
distillation column at total reflux. 



Table 10-5 Convergence characteristics of the Almost Band Algorithm for 
Example 10-1 









Temperature 


(°F), trial number 








Initial 


















profile 


1 


2 


3 


4 


5 


6 


7 


1 (distillatet 


) 190 


192.23 


217.20 


226.82 


233.07 


236.33 


239.70 


239.71 


2 


200 


208.36 


233.64 


242.06 


248.60 


251.96 


255.22 


255.18 


3 


210 


219.54 


246.34 


255.57 


263.88 


267.91 


271.70 


271.62 


4 


220 


230.10 


257.33 


268.87 


279.08 


283.59 


287.68 


287.56 


5 (feed) 


230 


240.13 


267.32 


281.64 


292.82 


297.28 


301.21 


301.08 


6 


240 


248.82 


274.19 


291.53 


303.04 


307.44 


311.35 


311.24 


7 


250 


257.75 


281.86 


300.58 


311.05 


314.89 


318.34 


318.26 


8 


260 


266.13 


287.30 


306.18 


315.75 


319.47 


322.95 


322.91 


9 


270 


275.34 


294.83 


312.11 


319.94 


323.04 


325.99 


325.97 


10 


280 


284.61 


301.99 


316.77 


322.00 


325.56 


328.04 


328.23 


11 


290 


293.79 


308.42 


320.27 


325.29 


327.40 


329.48 


329.48 


12 


300 


302.92 


314.36 


323.43 


327.19 


328.88 


330.56 


330.56 


13 (reboiler) 


310 


312.07 


320.21 


326.46 


329.05 


330.23 


331.42 


331.43 


D (calculated) 


59.5 


58.313 


54.156 


52.078 


51.039 


50.519 


50.0000 


50.0000 



AMDAHL. Computer time = 3.92 s, WATFIV Compiler 
t The temperature of 239.7 1°F is the dew-point temperature of the distillate, and its corre- 
sponding bubble-point temperature of the distillate (in the liquid state) is 224.83°F. 
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102 CONTINUOUS AND BATCH DISTILLATION COLUMNS 
AT TOTAL REFLUX IN BOTH SECTIONS, 
TYPE 2: (D = 0, B = 0, F = 0) 

This operating condition may be approached in a number of ways. A continuous 
distillation column may be placed on total reflux operation by setting the exter- 
nal rates equal to zero. This type of operation is commonly used in the startup of 
either a continuous or a batch distillation column. After a given quantity of feed 
has been introduced into the column, it may be allowed to come to a steady 
state in which no streams enter or leave the column. As will be demonstrated 
below, the precise steady state which is reached depends upon the holdup on 
each plate as well as the holdups in the accumulator and the reboiler. 

The equations required to describe distillation columns at total reflux in 
both sections are formulated in a manner analogous to that shown in Sec. 10-1 
for the method and the two Newton-Raphson methods. For purposes of illus- 
tration, the equations for the 6 method are developed below. 



The 6 Method of Convergence 

For a distillation column operating at steady state at total reflux of type 2 
(D = 0, B = 0, F = 0), the overhead vapor leaving the top of the column is 
condensed in a total condenser and returned to the column as liquid reflux. 
Similarly all of the liquid leaving the bottom plate enters the reboiler and after it 
has been vaporized reenters the bottom plate as vapor. 

In the interest of simplicity, the vapor holdup throughout the column is 
regarded as negligible. Suppose that the remaining specifications are taken to be 
(1) the total number N of equilibrium stages, (2) the column pressure, (3) the 
composition {*.} and total moles U F of feed introduced to the column, and 
(4) the moles of liquid holdup Uj (j = 1, 2, . . . , N) on N - 1 of the N stages. The 
total moles of feed U F introduced to the column is of course equal to the sum of 
the holdups V j (j = 1, 2, . . . , N). 

The component-material balances may be combined with the equilibrium 
relationships for ideal solutions to give the following set of equations 

i*u K 2i U x 
«3* 1 V, 



u u KuKsi Ui (10-22) 



"iv, 1 U N 



u n KuKsi" KutUi 
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The set of N - 1 specified values of Uj and U F serve to determine the complete 
set of U/s since 

iuj=U F (10-23) 

7=1 

Thus on the basis of the known values of the U/s and a set of assumed 7}'s 
(/ = 1, 2, ..., N), the Uji/uuS are readily computed by use of Eq. (10-22). Of the 
N holdups, let L/ 2 , l/ 3 , ..., U N be selected as the independent set. Each of these 
N - 1 independent holdups gives rise to a multiplier defined by 

I?*) = 0,(M 0' = 2,3,...,N) (10-24) 

\"i.7a> \"i.7«i 

as suggested by Barb and Holland 1 ' 2 and Holland. 5 The 0/s are to be 
determined such that the corrected w,/s are in overall component-material bal- 
ance and in agreement with the specified values of the U/s. The formula for 
(u u ) co is developed as follows. Since the corrected u/s are required to be in 
overall component-material balance, it follows that 

U F X t = liujdc (10-25) 

;=i 

By use of the defining equation for the 0/s [Eq. (10-24)], the following formula 
for (u u ) co is readily obtained from Eq. (10-25) 

(u u ) co = — ^ ( 10 - 26 ) 

i=2 

The desired set of 0's is that set of positive numbers that makes g 2 = # 3 = • • • = 
g N = 0, simultaneously, 

gj (6 2 . >,..., N )=t ( Uji ) co -U } (j = 2, 3, ... , N) (10-27) , 

where (u u ) co is given by Eq. (10-26) and | 

Instead of the set <?/s 0' = 2, 3, ... , N), the set of g/s (j = 1, 2, . . . , N - 1) may ] 
be used to find the set of 0/s {j = 2, 3, . . . , N). After the 0/s have been computed j 
by use of a numerical method such as the Newton-Raphson method, the cor- ,; 
rected u^'s are found by use of Eq. (10-28). Then the mole fractions are readily 
computed by employing the next expression which follows from the definition of j 
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a mole fraction and the fact that the 6/s have been found that make 

c 

Z (Uji)co = U J 
i= 1 

for each j. Thus 



x 



_ W^? = ( U Ji/ U li)ca( U li)co /m _v 

7 ZK-«-/ M l«)c>li)co 



After the x ;i 's have been determined, the temperatures are found in the usual way 
by the K b method. These temperatures are used to find the next set of u ■ i /u li , s by 
Eq. (10-22). 



The Modified 8 Method of Convergence 

In the interest of increasing the speed of performing the calculations, the follow- 
ing approximations are made. Let the 0's corresponding to the holdups be set 
equal to each other, namely, 

= 0j (/ = 2,3,...,JV) (10-30) 

This is selected such that the sum of the specified holdups 



N 
7 = 2 



is satisfied, that is, such that 



9(0)= Z i(»ji)co- ivj (10-31) 

i=2 i=l j=2 



where 

U F X t 



("l«)a 



N 



i + ^ZK./unl 



j=2 



and (u^ is given by Eq. (10-28) with 0j replaced by 0. [Note that the function 
g(6) is merely the sum of the g/s given by Eq. (10-27).] 

EXAMPLES To demonstrate the effect of the holdup specifications on the 
steady state solution of a batch distillation column at total reflux (a column 
operating at total reflux of type 2: D = 0, B = 0, F = 0), Examples 10-2 and 
10-3 are presented in Table 10-6. The temperature profiles given in Table 
10-7 were found by solving Examples 10-2 and 10-3 by use of the calcula- 
tional procedure described above.. 
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Table 10-6 Statement of Examples 10-2 and 10-3: effect of holdup on 
distillation columns at total reflux, type 1 (D = 0, B = 0, F = 0) 



Examples 10-2 and 10-3 



Component 



U F X t 



^3 H 8 

i-C 4 H 10 
n-C 4 H 10 
Z-C 5 H 12 
n-C 5 H 12 



2.5 
7.5 
12.5 
10.0 
17.5 
50.0 



Other conditions 



Q R = 350,000 Btu/h; column pressure 
= 300 lb/in 2 abs. The column has 
a total condenser, 12 plates, and a 
reboiler. The K data and enthalpy 
data are given in Tables B-l and B-2. 



Holdups (moles) 



Stage 



Example 10-2 Example 10-3 



1 (condenser) 

2 

3 

4 

5 

6 

7 

8 

9 
10 
11 
12 
13 
14 (reboiler) 



34 
50 



3.57143 
3.57143 
3.57143 
3.57143 
3.57143 
3.57143 
3.57143 
3.57143 
3.57143 
3.57143 
3.57143 
3.57143 
3.57143 
3.57143 
50.00000 



Table 10-7 Solution of Examples 10-2 and 10-3: effect of holdup dis- 
tributions on distillation columns at total reflux (D = 0, B = 0, F = 0) 



Temperature profiles (°F) for Examples 10-2 and 10-3 



Stage 



Example 10-2 



Example 10-3 



1 (condenser) 


175.24 


2 


190.55 


3 


203.61 


4 


213.24 


5 


219.91 


6 


224.67 


7 


228.57 


8 


232.58 


9 


237.80 


10 


245.51 


11 


256.82 


12 


271.59 


13 


289.73 


14 (reboiler) 


302.34 



175.67 
191.05 
208.89 
225.04 
240.95 
258.31 
276.78 
294.00 
307.79 
317.54 
323.92 
327.95 
330.49 
332.12 



The Limiting Conditions of Equivalence for Total Reflux of Types 1 and 2 

Consider first the equations for total reflux of type 2, and note that the U/s 
appearing explicitly may be eliminated from the component-material 
balances by multiplying each expression of Eq. (10-22) by UrfUj. But the 
expressions so obtained still depend upon the holdups because the 0/s, and hence 
the x Jt % depend upon the holdups. The component-material balances given by 
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Eq. (10-22) are of the same general form at those given by Eq. (10-4) for a 
continuous column. 

For the particular set of specifications that follow, the steady state solution 
obtained for the batch distillation (a column at total reflux of type 2, D = 0, 
B = 0, F = 0) is the same as that obtained for a continuous distillation column 
with the same number of plates at total reflux. 

1. l/ i = 0(/ = 2,3,...,N-l) 

2. U l /U N = D/B and U F /U l = F/D 

3. The feeds F and U F have the same composition 

Note Uj (;=1, 2, ..., N) and U F refer, of course, to the batch distillation 
column. By following the analysis offered by Barb and Holland, 12 the equiv- 
alence of the solutions for the batch and continuous columns is readily shown 
as follows. Since Uj = (j = 2, 3, ..., N - 1), the material balance given by 
Eq. (10-25) reduces to 

l/F^i = K)« + K*)co (10-32) 

and 

KL = TTT7 — 7— r ( 10 " 33 ) 

Thus, Eq. (10-27) reduces to 

9i(0s)= i(uu)co"U l (10-34) 

i=l 

In view of conditions 2 and 3 given above and Eq. (10-32), Eq. (10-34) may be 
restated as follows 

D c FX 

^ ) ',S hW4 - j (10 - 35) 

Now recall that for a continuous column at total reflux of type 1, the g function 
given by Eq. (10-7) may be restated in the form 



«-,?,TT 



FX; 



-D 



For a given set of (bi/d^s, the N > which makes (D/U^g^Os) = is ob- 
viously equal to the which makes the above function g(0) = 0. Also, it is 
readily shown that Eq. (10-22) reduces to the same set of x^/x^'s as those given 
by Eq. (10-5) for the continuous column. First, the expression for each stage; of 
Eq. (10-22) is multiplied by UJUj, and then condition 1 (Uj = 0, j = 2, 3, ..., 
N - 1) is imposed. The resulting set of equations are identical to those given by 
Eq. (10-5) for a continuous distillation with a total condenser. 

Since all actual columns have finite holdups on each stage, the separations 
achieved in a column at total reflux of type 2 (D = 0, B = 0, F = 0) may differ 
considerably from those given by the continuous column at total reflux of type 1. 
The deviation of the separations achieved by the two types of operation is il- 
lustrated by the following example taken from Barb and Holland. 1 * 



1. 2 
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Table 10-8 Statement of Example 10-4 

Conditions: All conditions are the same as those given 
for Examples 10-2 and 10-3 except the holdups which are 
specified as follows: 

U F = 50; V x = U N ; U k = Uj j = 2, 3, ..., N - 1. 

50 - \2U k 
"i- ^ 



Obtain the solutions for a sequence of problems with 
U k ranging from 2.0 to 0.001. 



From the statement of Example 10-4 presented in Table 10-8, it is seen that 
the holdups Uj (j = 2, 3, ..., N - 1) were decreased while the sum of the (7/s 
(j = 1, 2, . . ., N) was held fixed with U l = U N . As the l//s (/ = 2, 3, . . ., N - 1) 
go to zero, Example 10-4 approaches Example 10-1. In the statement for the 
continuous column, D/B=l and F/D = 2; whereas, for Example 10-4, 
Ui/Un = 1 an d Uf/Ui = 2. As is to be expected, the solution obtained is the 
same as the one obtained for Example 10-1, the continuous column. 
The approach of the solution for the batch column to that for the continuous 
column is displayed in Fig. 10-2 by showing the approach of the bubble-point 
temperature of the distillate (or reflux) of the batch column to 224.83°F, 
the bubble-point temperature of the distillate of the continuous column. 
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2.0 
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""^■^^^^-Solution : Example 10-4 
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Figure 10-2 Approach of the 
steady state solutions for the 
start-up period of a batch 
column to the solution for a 
corresponding continuous col- 
umn. [C. D. Holland, Unsteady 
State Processes with Applica- 
tions in Multicomponent Dis- 
tillation, 1966, by courtesy 
Prentice-Hall, Inc.] 
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10-3 OPERATING CHARACTERISTICS OF 
CONTINUOUS DISTILLATION COLUMNS OVER 
WIDE RANGES OF DISTILLATE AND REFLUX RATES 

To determine the behavior of a distillation column over wide ranges of operating 
conditions, calculational procedures are needed for treating certain limiting con- 
ditions which arise such as D = and D = F. Procedures are presented and 
discussed below. 

One of the more interesting results obtained in this section is shown in 
Fig. 10-3. Examination of this figure shows that as the distillate rate is varied 
from D = to D = F at a fixed reflux rate L lf there exists a particular 
D (0 < D < F) at which the mole fraction of each component other than the 
lightest and the heaviest of the mixture passes through a maximum. The lightest 
component is seen to have its maximum X D at D = 0, and the heaviest compo- 
nent has its maximum X D (namely X D = X) at D = F. The results shown in 
Fig. 10-3 were obtained by solving Example 10-1 at each of several distillate 
rates ranging from D = to D = F at L x = 125. 
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Figure 10-3 Variation of the distillate rate D at a fixed reflux rate, L x = 125. 
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A Continuous Distillation Column at Total Reflux in 

the Rectifying Section D = 0, B = F, and L x = Finite Number 

In addition to the above specifications, it is also supposed that the following 
variables and operating conditions are fixed: the number of stages N, the feed 
plate location/ the model for the feed plate behavior, the complete definition of 
the feed (the composition, flow rate, and thermal condition), and the column 
pressure. Since D = 0, the condenser behaves as a total condenser, and thus 
x u = X Di . 

Problems of this type may be solved by use of the 9 method of convergence 
as demonstrated by Lyster et al. 9 However, since (b,) co is known in advance to be 
equal to FX i9 the 6 method reduces to direct iteration and convergence may 
become slow. Thus, the application of the IN Newton-Raphson method to 
problems of this type is recommended. 

The problem may be formulated in terms of either the mole fractions or the 
component-flow rates. When the component-flow rates are used, the resulting set 
of equations differ only in minor respects from those presented in Chap. 4 for 
conventional distillation columns. The problem is formulated in terms of the 
following set of independent variables 

x = [0 2 3 ... e N Q c T t T 2 ... T N Q R f (10-36) 

Except for the component-material balance enclosing the condenser- 
accumulator section 

-l u + v 2i = (10-37) 

the remaining component-material balances are the same as those shown for 
conventional distillation columns in Chap. 4. The combined set of component- 
material balances and equilibrium relationships may be represented again by the 
matrix equation 



A,v, = -/ (10-38) 



where 



A,= 



-1 

1 




1 

-(1 + ^2.) 

A 2i 




1 

-(1+^3.) 1 


















A N . 2ti 



-(1+^N-l,,) 


1 



v f = [/ lf v 2i v 3i •• r iV .] r 

/ = [0-"0 r f| . / Fi . 0- Of 

Note that by commencing with the top row and adding each row to the one 
below it and then replacing the latter by the result so obtained, an upper triangu- 
lar matrix which is bidiagonal is obtained (see Prob. 10-8). 
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Similarly, the total-material balances are the same as those presented for 
conventional distillation columns except for the condenser-accumulator section, 
and for this stage, 

-L l + V 2 =0 (10-39) 

The complete set of total-material balances may be represented in the usual 
way by 

RV = -& (10-40) 

where the matrix R is readily formed from the matrix A, of Eq. (10-38) by 
replacing A j( by Rj, where 

R j = j (L j /V j ) a 
The vectors V and jF contain the elements 

v = [ii v 2 v 3 ••• VsY 

& = [0 ••• V F L F ... 0]' (10-41) 

The matrix equation RV = -& is readily solved by converting R to an upper 
triangular matrix which is bidiagonal by the same procedure described above 
for A f . 

Observe that in the solution of Eq. (10-40), L x is regarded as a dependent 
variable, that is, on the basis of a given set of 0/s (j = 2, 3, ..., N\ L x and the 
complete set of V/s (j = 2, 3, ..., N) may be computed. When the solution set of 
0/s has been found, the value of L x given by Eq. (10-40) must be equal, of 
course, to the specified value of L x . This condition is assured by taking one 
of the functions to be 

S *=7TT-- 1 0°- 42 ) 

V^l/spec 

This is only one of the IN + 1 independent functions which are needed to 
solve this problem in terms of the IN + 1 independent variables enumerated by 
Eq. (10-36). The remaining functions are taken to be the equilibrium functions 
Fj (;=1,2,..., N) and the energy balance functions G, (j =1,2,..., N). Thus, 
the complete set f is 

f=[5 1 F, F 2 ... F N G x G 2 ... G N ] T (10-43) 

Except for the function F u the equilibrium functions are of the same form as 
those stated in Chap. 4. The bubble-point form of the function F x is used, 
namely, 

L \ 1 = 1 

Enthalpy balance functions which are somewhat simpler in form than those 
presented in Chap. 4 may be obtained by taking advantage of the fact that 
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d t = 0. In this formulation of the enthalpy balance functions, the enclosures for 
the energy balances include the condenser-accumulator and each stage below it. 
[It should be observed that the Newton-Raphson method could have been for- 
mulated in terms of IN — 1 independent variables by omitting Q c , Q R , and T N .] 
The condenser duty could have been omitted by enclosing the top stage instead 
of the condenser section. The temperature T N could have been omitted because 
the composition of the bottoms is known to be that of the feed, and the reboiler 
duty Qr could have been omitted because it appears in only one function, G N . 

In Example 10-5, the specifications are taken to be D = 0, B = F and 
L x = 125 lb mol/h for the example stated in Table 10-1. Composition profiles for 
a column at this operation are presented in Fig. 10-4. 

When the distillate rate is fixed and the reflux rate is varied, the composi- 
tions obtained for the example stated in Table 10-1 are shown in Fig. 10-5. As 
Kj/Lj approaches 1, a continuous distillation column at total reflux in both 
sections is obtained. The range of operation displayed in Fig. 10-5 extends from 
total reflux, V 2 /L l = 1, to the limiting condition of no liquid reflux (L i = 0) for 
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Figure 10-4 Composition profiles at total reflux in the rectifying section. 
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1.0 2.0 3.0 4.0 5.0 

RATIO OF VAPOR RATE, V jt TO THE LIQUID RATE, L, , 
(V 2 /L, = I + D /L,) 
Figure 10-5 Variation of the reflux rate L, at a fixed distillate rate D. 

the rectifying section. In the limit as L x approaches zero, X Di approaches the 
mole fraction of component i in the vapor that enters the plate above the feed 
plate. 



A Continuous Distillation Column at Total Reboil in 

the Stripping Section (B = 0, D = F, and L x = Finite Number) 

When a finite value is specified for L x and D is taken equal to F, the condition of 
total reboil (B = 0) in the stripping section is realized. The equations needed to 
apply the 2N Newton-Raphson method are formulated in a manner analogous 
to that demonstrated above for total reflux in the rectifying section. The condi- 
tion that B — is reflected by the equations for the JVth stage. The matrices of 
Eq. (10-38), the component-material balances, contain the following elements 



A.- = 



~-(l + ^u) 

1 


1 

"(1 + ^2,) 




1 










0' 












^n -2, i 




-(1 + ^-1,,) 


1 
-1 



(10-45) 



v i = [di v 2i v 3i ... v Ni ] T 

/ = [0- v Fi l Fi ••• 0] r 



Table 10-9 Statement and solution of Example 10-6 



1. Statement of Example 


10-6 












The statement of this example is the same as stated for ] 


Example 10-1 except that in this 


case D = F, B 


= 0, and L 


, = 125 lb 


mol/h. 










2. Convergence characteristics of the temperatures and vapor rates 








Temperature (°F), trial number 








Initial 














Plate 


profile 


1 


2 


3 


4 


5 


6 


1 


270 


269.14 


269.14 


269.14 


269.14 


269.14 


269.14 


2 


280 


292.03 


292.99 


293.00 


293.00 


293.00 


293.00 


3 


290 


301.12 


302.48 


302.48 


302.48 


302.48 


302.48 


4 


300 


305.91 


306.26 


306.19 


306.19 


306.19 


306.19 


5 


310 


308.52 


307.77 


307.69 


307.69 


307.69 


307.69 


6 


320 


319.61 


319.19 


319.14 


319.14 


319.14 


319.14 


7 


330 


326.43 


325.93 


325.89 


325.89 


325.89 


325.89 


8 


340 


330.17 


329.85 


329.83 


329.83 


329.83 


329.83 


9 


350 


330.68 


332.16 


332.17 


332.17 


332.17 


332.17 


10 


360 


326.52 


333.21 


333.61 


333.62 


333.62 


333.62 


11 


370 


314.72 


331.34 


334.49 


334.56 


334.56 


334.56 


12 


380 


289.84 


318.64 


333.39 


335.20 


335.22 


335.22 


13 


390 


241.98 


274.39 


312.20 


332.53 


335.65 


335.70 








Vapor i 


rates, lb i 


mol/h 








Initial 














Plate 


profile 


1 


2 


3 


4 


5 


6 


2 


235.0 


225.00 


225.00 


225.00 


225.00 


225.00 


225.00 


3 


241.0 


236.85 


228.81 


228.21 


228.21 


228.21 


228.21 


4 


244.6 


243.27 


231.69 


230.25 


230.24 


230.24 


230.24 


5 


244.6 


242.02 


232.27 


231.16 


231.11 


231.11 


231.11 


6 


244.6 


246.97 


238.22 


237.06 


237.05 


237.05 


237.05 


7 


244.6 


253.72 


245.47 


244.30 


244.29 


244.29 


244.29 


8 


244.6 


257.06 


250.27 


249.33 


249.33 


249.33 


249.33 


9 


244.6 


257.83 


253.12 


252.55 


252.54 


252.54 


252.54 


10 


244.6 


257.17 


255.28 


254.55 


254.54 


254.54 


254.54 


11 


244.6 


256.46 


259.74 


255.87 


255.81 


255.81 


255.80 


12 


244.6 


258.07 


273.93 


258.82 


256.65 


256.64 


256.64 


13 


244.6 


266.97 


311.11 


291.06 


259.66 


257.28 


257.22 


3. Final bottoms composition 


Component 


FX 


x B 










C 3 H 8 




5.0 


0.24796! 


> x 10' 5 








i-C 4 H 10 




15.0 


0.331362 


I x 10~ 3 








n-C 4 H 1( 


) 


25.0 


0.236626 x 10" 2 








i-C 5 H 12 




20.0 


0.145221 


I 








n-C 5 H i: 


i 


35.0 


0.852083 
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Matrices R, V, and !F of Eq. (10-40) contain the following elements 



R = 



-(l + *i) 10 

R x -(1+K 2 ) 10 








R N _ 2 -(l + K N _i) 1 







Rs 



-1 



(10-46) 



v = [d, v 2 ... v N y 

& = [0 ... V F L F •••0] r 

By first adding row N to row N — 1 and replacing row N — 1 by the result so 
obtained and then continuing this operation for successive rows, it is possible to 
transform Eqs. (10-45) and (10-46) to bidiagonal form. 
The independent variables are 



x = [0i 02 -0*-i Qc Ti T 2 .- T^fiJ 7 " 



and the corresponding functions f are 



f=Pi *"i Fi -F N G l G 2 -G N ] T 



(10-47) 



(10-48) 



where S x is again given by Eq. (10-42) and the functions {F,} are the same as 
those stated in Chap. 4. Functions G t through G N are formulated in a manner 
analogous to that described for the previous case where D = 0,B = F y and L t is 
nonzero and finite. To illustrate the application of these equations, Example 10-6 
was solved. The statement and solution of this example appears in Table 10-9. 

Calculational procedures for complex columns at total reflux are readily 
developed by extending the procedures for the method and the Newton- 
Raphson method in a manner analogous to that demonstrated in Chaps. 3 and 
4, respectively. 

The procedures presented in Sees. 10-1 through 10-3 are useful in the 
analysis of the column behavior over wide ranges of operating conditions as 
demonstrated above. Also, the procedures presented may be used in Chap. 9 in 
the design of distillation columns instead of the approximate method based on 
the Fenske equation. 



NOTATION 



molar holdup of component i in the liquid state on plate j. 
j total molar holdup of the liquid on stage j. 
U F total moles of feed introduced to a batch distillation column. 



U 
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PROBLEMS 

10-1 Begin with the set of algebraic equations given by Eq. (10-11) and develop the recurrence 
formulas given by Eq. (10-12). 

10-2 (a) For a batch distillation column operating in the product period (D > 0\ show that the 
component-material balances and the total-material balance over the time period from t n to f„ + At 
are given by 

.f. + Ar 

| [-d i ]dt = U N x Ni \ tm + At -U N x Nt \ tm 

l. + Al 

f [-D]dt=U N \ tm + At -U N \ tH 

where it is assumed that the holdups for stages j = 1, 2, ..., N - 1 are negligible relative to the 
reboiler or still (j — N). 

(b) Use the mean value theorems (see App. A) and the appropriate limiting process to reduce 
the above integral-difference equations to the following differential equations 

d(U N x Ni ) 

~ DXDi ~~~dT~ 

dU N 
dt 

(c) From the results given in part (6), obtain the equation of Smoker and Rose, 14 

U N J x° si X m -X Ni 

where the superscript denotes the values of the variables at time t = 0. Smoker and Rose 14 
proposed that the integral appearing on the right-hand side of the above equation be evaluated by 
use of the graphical method of McCabe and Thiele. 10 

10-3 A batch distillation column with a single plate, the reboiler, is carried out at constant temperature 
and pressure by increasing the rate of flow of steam to the column to compensate for the decrease in the 
concentration of the lower-boiling components over the course of the distillation. Also, the unit is to 
be operated such that the partial pressure of steam in the vapor product is less than the saturation 
pressure of steam at the temperature of the reboiler. (This problem is based on the development 
given in Holland and Welch. 6 ) 

(a) Beginning with the overall material balance on component i in a batch distillation column 
with a single stage and a withdrawal rate D 

f \-DX D ^dt = u i \ tm + , t -u i \ tn 



show that 

du, 

- DX » m T 

where the plate subscript which would normally be carried by u, has been dropped, and where 
D = D V + D s 

£>,. = the molar flow rate of two-phase (or volatile) components in the distillate 
D s = molar flow rate of steam in the distillate at any time t. 
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(b) Show 

dU 

v dt 

(c) By use of the result obtained in part (a), show that 

\u b l du b 

for all components (i = 1 through i = c) except steam (/ ± s). The superscript refers to the values of 
the variables at t = 0. Also in the development of this expression, equilibrium between the vapor 
(X Di ) leaving the column and the liquid {*,} in the reboiler is assumed, that is, 



and that 



(d) Show that 



■\ §\; — M\.:X; — /C ; 



du u 

U — * = Kj[dU - dS] 



where S = total moles of steam required. Next, show that the steam requirement S is given by 

i.il-(3)'H— 

where 5 refers to steam. 

10-4 (a) If the model for the vaporization efficiency (defined by y Jt = E^K^x^ is taken to be 

as originally suggested by Professor W. H. McAdams (according to Perry 1 '), show that a,- in the final 
result should be replaced by 

E b 

(b) Suppose that the initial batch in the reboiler contains a single-phase liquid component (a 
nonvolatile liquid) that is soluble in all proportions with the other components in the liquid phase. 
Show that, for this case, the following term should be added to the left-hand side of the expression 
given in part (d) of Prob. 10-3, 

where u k denotes the moles of inert or single-phase liquid in the initial charge to the reboiler. 6 Also, 
the summation that appears in this expression should be over all components except steam and the 
single-phase liquid (i = 1 to i = c, and i ± s, k). 

10-5 On the basis of the following definition of i\ r develop Eqs. (10-27) and (10-29) from first 
principles 



\"li/ca 
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where the sum of the corrected values of u }i is equal to the specified value of V r 

i= 1 

and the corrected values of u u is to be found by means of a component-material balance over the 

complete column. 

10-6 Obtain the column vector corresponding to the right-hand side of Eq. (10-17). 

10-7 Formulate the 2 N + 2 functions when the Newton-Raphson method is used to solve a problem 

involving a column operating at D = 0, B = F, and L js finite, and the choice of independent 

variables is given by Eq. (10-36). 

10-8 (a) Begin with Eq. (10-38) and carry out the row operations of the gaussian elimination process 

which are required to transform the matrix A, to bidiagonal form. 

(b) Apply the multiplication rule to the result found in part (a) to obtain an algorithm for 
solving such problems. 
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CHAPTLR 

ELEVEN 

CONVENTIONAL AND 

COMPLEX DISTILLATION COLUMNS 

AT MINIMUM REFLUX 



Two general classes of problems are solved in this chapter. These are perhaps 
best described by consideration of a conventional distillation column. The prob- 
lems solved in Sec. 11-1 consist of those in which infinitely many stages are 
specified for the rectifying and stripping sections as well as the reflux and distil- 
late rates (L t and D), and it is required to find the corresponding product 
distribution. In Sec. 11-2 two separations (say b x ld x and b h /d h ) are specified and 
it is required to find the smallest reflux ratio required to effect these two separa- 
tions. The smallest reflux ratio is found by employing infinitely many stages in 
the rectifying and stripping sections. An application of the 6 method of conver- 
gence is used in Sec. 11-2 to determine the minimum reflux ratio. In Sec. 11-3, an 
application of the Newton-Raphson method (which is formulated in terms of 
two independent variables per stage) is used to solve problems requiring the 
determination of the product distribution as well as problems requiring the 
determination of the minimum reflux ratio. In Sec. 11-4 a formulation of 
the Newton-Raphson method, called an Almost Band Algorithm, is presented 
for solving problems requiring the determination of the product distribution as 
well as problems requiring the determination of the minimum reflux ratio. In 
Sec. 11-5, a collection of proofs dealing with the behavior columns with infinitely 
many stages is presented. 

Unlike the earlier analytical approaches of Underwood, 15 Murdoch and 
Holland, 9,10 and Acrivos and Amundson 1 that were based on constant-molar 
overflows and constant-relative volatilities between the rectifying and stripping 
section pinches, the numerical methods presented in this chapter permit varia- 
tions in both the flow rates and the relative volatilities. Shiras, Hanson, and 
Gibson 12 as well as Bachelor 2 used the equations of Thiele and Geddes 14 in the 
treatment of columns at minimum reflux. 
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11-1 DETERMINATION OF PRODUCT DISTRIBUTIONS 
FOR COLUMNS WITH INFINITELY MANY STAGES 
BY USE OF THE 9 METHOD 

To initiate the development of this method, some qualitative ideas concerning 
the behavior of distillation columns with infinitely many stages are presented. 

For a binary mixture, it is demonstrated graphically in Fig. 1-10 that if 
stepwise calculations are initiated at the top of the column and continued 
indefinitely, a condition is approached at the intersection of the operating line 
and the equilibrium curve at which the change in composition from one plate to 
the next approaches zero. An analogous situation exists in the case of a multi- 
component mixture. That is, if calculations are initiated at the top of the column 
on the basis of a given distillate composition and flow rate, and calculations are 
continued down the column on the basis of a given reflux rate by solving the 
material balances, energy balances, and equilibrium relationships simulta- 
neously, a limiting condition will be found in which the change in composition 
from one plate to the next is less than any small preassigned number. This 
limiting condition has come to be known as the rectifying pinch. Similarly, when 
calculations are initiated at the bottom of the column and continued indefinitely, 
a limiting condition in the stripping section is approached in which the change 
in composition from one plate to the next is less than any small preassigned 
number. This limiting condition has come to be known as the stripping pinch. 
For the case of a binary mixture, the stripping pinch is seen to occur at the 
intersection of the operating line for the stripping section and the equilibrium 
curve as demonstrated in Fig. 1-10. Also, for the case of a binary mixture, it is 
evident from Fig. 1-10 that the rectifying and stripping pinches occur at and 
adjacent to the feed plate. This may or may not be the situation for a multicom- 
ponent mixture. If all of the components of the feed are present in the distillate, 
then the rectifying pinch occurs at and adjacent to the feed plate. If one or more 
of the heavy components do not appear in the distillate, then the rectifying pinch 
occurs above the feed plate after the heavy component (or components) have 
been separated. Similarly, if one or more of the light components of the feed do 
not appear in the bottoms, then the stripping pinch occurs below the feed plate 
after the light component (or components) have been separated. 

If all of the components of the feed are present in the distillate but not in the 
bottoms, then the rectifying pinch occurs at and adjacent to the feed plate while 
the stripping pinch occurs below the feed plate as the light components become 
separated. Conversely, if all of the components of the feed are present in the 
bottoms but not in the distillate, the stripping pinch occurs at and adjacent to 
the feed plate while the rectifying pinch occurs above the feed plate as the heavy 
components become separated. 

Historically, Brown and Holcomb 3 were among the first to describe the 
behavior of multicomponent mixtures in columns in which infinitely many stages 
are used, and they prepared the graph shown in Fig. 11-1 from a set of calcula- , } 
tions which were made manually by use of the calculation^ procedure known as 
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the Lewis and Matheson method. 5 Demonstration of the fact that pinches do 
occur when infinitely many stages are employed is readily demonstrated by use 
of this method as shown below. 

Use of the Lewis and Matheson Method 5 for the 
Demonstration of the Existence of a Pinch 

Although this method has not been described herein for solving problems in 
which a finite number of plates are used, it may be used for conventional distilla- 
tion columns in conjunction with the 6 method of convergence as described by 
Holland. 4 However, when more than one feed plate is involved, the procedure is 
subject to problems of roundoff error which appear to be unsolvable with 
today's computer capabilities. In spite of this difficulty, the Lewis and Matheson 
method is ideally suited for aid in the visualization of the characteristics of a 
column with infinitely many plates. 

In the Lewis and Matheson method, the product flow rates, the {d,} and the 
{bi}, are taken to be the independent variables. On the basis of sets of assumed 
values for the product flow rates {</,■} and {/?,}, calculations are initiated at the top 
and at the bottom of the column by solving in succession the material balances, 
equilibrium relationships, and energy balances for each stage as suggested by 
Fig. 11-2. If the compositions obtained at the feed plate by making calculations 
down from the top of the column are in agreement with those obtained by making 
calculations up from the bottom of the column, then the correct sets of product 
rates were assumed to initiate the calculations. 

For the case of infinitely many plates in each section of the column, the 
product flow rates, the {d,}, are assumed for all components in the distillate, the 
heavy key and all components lighter, and calculations are carried out to 
the rectifying pinch. Then small quantities of the components heavier than 
the heavy key are introduced by assigning to them values of d t \ and calculations 
are continued to the feed plate. Similarly, calculations are initiated at the bottom 
of the column on the basis of a set of assumed rates {b t } for the light key and all 
components heavier, and calculations are continued to the stripping pinch. Then 
small amounts of the components lighter than the light key are added in the 
form of 6/s and calculations are continued to the feed plate. If the correct sets 
{d t } and {b t } were assumed to initiate the calculations and to calculate from the 
pinches to the feed plate, then both sets of calculations will terminate in the same 
set of compositions for the feed plate. 

The composition profiles shown in Fig. 11-1 represent the result obtained 
after many sets of trial calculations had been made in search of the correct sets 
of product flow rates {b ( } and {d t }. In this example, the light key is i-C 4 H 10 and 
the heavy key is n-C 4 H 10 . The separated lights are C 2 H 6 and C 3 H 8 , and the 
separated heavies are /-C 5 H 12 , n-C 5 H 12 , and n-C 6 H 14 . 

That rectifying and stripping pinches do exist when infinitely many plates 
are used in the rectifying and stripping sections is readily demonstrated by use of 
the following relatively simple numerical example. In the interest of simplicity, it 
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Figure 11-2 Material-balance enclosures for the Lewis and Matheson method. 
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is supposed that the molar overflows are constant throughout each section of the 
column and that the relative volatilities are independent of temperature. This 
example was taken from Murdoch and Holland. 9 

Example 11-1 Make calculations down from the top of the column until the 

change in the y/s between successive stages is less than 10" 7 . 

Given: 



Component a, 



di 



Other specifications 



0.25 The column has a total condenser. The distillate 

0.50 1.0714 rate is 66.429 and the reflux rate is 62.2705 

1.00 42.8576 mol/h. The total flow rates remain constant in 

2.00 22.5000 the rectifying section. 



Solution For the rectifying section, V r = L r + D = 128.6995, and 
L/D = 0.937399. 



Component 


'« = (£)(*) v " = l » + d > 


y 2i yul*i 


2 


1.004329 
40.17468 
21.09146 


2.075727 
83.03227 
43.59145 


0.0161285 0.032256% 
0.6451616 0.6451616 
0.3387071 0.1693535 






128.69994 


K 2b = 0.8467744 


Component 


X2 ' = fe 


m >■■<■» 


p 3 f = l n + d i y* 


2 
3 
4 


0.0380939 
0.7619070 
0.1999980 


2.372127 
47.44435 
12.45400 


3.443535 0.026756 
90.30194 0.7016495 
34.95398 0.271593 


Component 




x »~(tL)(%} 


1 


3 
4 


0.053512 

0.7016495 

0.1357965 


0.060061 
0.787522 
0.152416 




K$b 


= 0.890958 







Continuation of this procedure yields 
K 4k = 0.9130991 K n = 0.9276029,..., 
K 13h = 1.027867 



K 12b = 1.027867 
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The values of the y/s and x/s at the end of the 72d trial were as follows 



Component 


yin 


■V72,- 


■-fcdfif) 


2 
3 
4 


0.1421873 
0.6291738 
0.2286388 


0.2843746 
0.6291738 
0.1143194 


0.2766647 
0.6121154 
0.1112199 




^726 


= 1.027867 





Pinch Equations 

From the results of the above example, it is evident that calculations may be 
continued until the values of the y jt \ x/s, and K Jb 's for successive stages are less 
than any small preassigned number, that is, 

limy,,- = y ri lim Xji = x ri lim K jb = K rb (11-1) 



J-* 00 



where the subscript r denotes the pinch in the rectifying section. Consequently, 
the component-material balance 

*>/+ 1. « = h + d i = A ji v Ji + d i ( n ~ 2 ) 

reduces to 

v ri = A ri v ri -h d ( (11-3) 

for the pinch in the rectifying section. Thus, for the heavy key and all compo- 
nents lighter, the flow rates in the rectifying section are given by 

Similarly, for the light key and all components heavier, the component-material 
balance enclosing the bottom of the column and the stripping pinch reduces to 



Quantitative Definitions of the Various Types of Components 

The heavy key component is the heaviest (the least volatile) component which 
appears in the distillate D. Thus, for this component d h > 0, and since this 
component is in the distillate, it is also present in the rectifying pinch, and thus 
v rh > 0. The heavy key is the heaviest component for which 

A ri <\ (11-6) 
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Similarly, the light key is the lightest component for which 

S„ < 1 



(11-7) 



The light key, the heavy key, and all components having K values between those 
of the keys are called distributed components. Components heavier than the 
heavy key are called separated heavy components because they are separated in 
the rectifying section and do not appear in the distillate. Components lighter 
than the light key are called separated light components because they are 
separated in the stripping section and do not appear in the bottom product B. 
More precisely, a separated heavy component is any component for which 

A ri >l (11-8) 

and a separated light component is any component for which 

5 S1 >1 (11-9) 

A further insight into the pinch equations is afforded by the following example. 

Example 11-2 When Eq. (11-4) is summed over all components present in 
the rectifying pinch and restated in functional form, one obtains 



* 



** , -&T=ts;- K ' 



(A) 



where the components are numbered in the order of increasing volatility, 
and 

*-»£; ( Note: A ^^krvk^r% 

(a) Find the positive value of <f> r (<x h - 1 < <t> r < oc h ) of Example 1 1-1 which 
is less than x h that makes Q.(<^ r ) = 0. (Note there are several other roots, but 
the one which is just less than oi h is the only one which has physical meaning.) 

(b) Show that the {y ri } obtained by the pinch equations are the same as 
those found in Example 11-1. 

Solution (a) Assume that K rb has the value given by the calculations 
shown in Example 11-1. Thus 



<t>r = 



62.2705 



Then 



V r K rh (128.6995)(1.027867) 



= 0.4707260 



Component 


*. 






4 


di 


lfi ~l-4>rK 


2 
3 
4 


0.5 
1.0 
2.0 


0.941452 
0.470726 
0.235363 


0.058548 

0.5292740 

0.764637 


1.0714 
42.8576 
22.5000 


18.299514 
80.974371 
29.425727 










K = 


128.6996 
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and 

Q r (0.4707260) = 128.6996 - 128.6995 s 
(b) By use of the above results compute {y ri } as follows: 



Component y ri = — 



2 0.1421878 

3 0.6291734 

4 0.2286388 



From the results of Example 11-2, it is evident that the compositions and 
temperature (or K rh ) at the rectifying pinch could have been obtained by 
solvingEq. (AJfor^a,,-! < <t> r < oi h ). Similarly, the conditions at the stripping 
pinch are determined as shown in the following example. 

Example 11-3 Since l si = A si v si and S si = l/A si , Eq. (11-5) may be rear- 
ranged to give 

(A) 



A* - 1 



Summation over all components present in the stripping pinch followed by 
rearrangement and statement in functional form yields 

At the stripping section pinch 

05 = 



KK si 



This is the positive root which is just greater than a, and lies between a, and 
a,+ j. Find the (j> s (a z < <j) s < aj+ x ) for the following example. 

Component a f b { Other specifications 

1 0.25 10.0000 Same as Example 11-1 plus 

2 0.5 21.4286 the fact that V, = V r 

3 1.0 2.1424 = 128.6995 and L s = L r + F 

4 2.00 F = 162.2705 



Solution The root </> s = 1.020432 that makes QJ(t> 5 ) = was found by use 
of the method of interpolation regula falsi. 
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Component 






bi 




1 - *./«, 


y*i 


1 

2 
3 


4.081728 
2.040864 
1.020432 


-3.081728 
- 1.040864 
-0.020432 


- 3.2449327 

- 20.587319 
-104.85512 


0.0252157 
0.1599798 
0.8148074 


-128.687 



Note: v 5i = -bj( 1 - <k/a,)- 

If one continued calculations from the pinches found in Examples 11-2 
and 11-3 to the feed plate by introducing appropriate amounts of compo- 
nents 1 and 4 as described previously, a match in compositions would be 
obtained at the feed plate because the solution sets of {d t } and {b t } are given 
in the statement of Examples 11-1 and 11-3; see also Probs. 11-1 and 11-2 

The Lewis and Matheson approach in which the product flow rates 
{di} and {b t } are selected as the independent variables is pursued no farther 
because of the problems of roundoff error encountered when this method is ap- 
plied to complex columns with two or more feeds. The Lewis and Matheson 
method, however, has served the purpose of demonstrating the existence of the 
rectifying and stripping pinches for the case where the relative volatilities are 
constant and the total-flow rates of the vapor and liquid are constant within 
each section of the column. A proof of the existence of the pinches for the gen- 
eral case where the relative volatilities vary with temperature and the total-flow 
rates vary throughout each section of the column is presented in Sec. 11-5. 

In the remainder of the discussion in the development of the method, 
the temperatures, and the total-flow rates are regarded as the independent 
variables, and the product rates {£,} and {</,} are dependent variables. 



Development of the Component-Material Balances 

To initiate the calculational procedure for the determination of the product 
distribution for specified reflux and distillate rates, a number of plates between 
the two pinches is selected. (As discussed in a subsequent section, too few plates 
but not too many plates may be selected.) Next L/V and temperature profiles for 
the plates between and including the two pinches as well as the distillate and 
bottoms temperatures are selected. Next the components of the feed are 
classified according to the above criteria. Since it is supposed that the complete 
definition of the feed, the reflux and distillate rates, as well as the column 
pressure and type of condenser are specified, the component-material balances 
can be solved for the component-flow rates throughout the column. The 
component-material balances may be simplified by taking advantage of the 
unique characteristics of the three classes of components, the distributed com- 
ponents, the separated lights, and the separated heavies. 
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MATERIAL BALANCES FOR THE DISTRIBUTED COMPONENTS 

(/l ri <l,5 SI <l) 

The enclosures used to make the material balances for the distributed compo- 
nents are shown in Fig. 11-3. The resulting equations follow. 



»n -hi- d t 


= 


»ri + hi~ V 2i - l ri 


= 


V r+l,i + lri-Vri-lri 


= 


V r+2,i + lri-V r+ Li- h+l,i 


= 


V si + '«- 2. .•-*>,- l.f- /,-!,,- 


= 


V si + / a -l./- V si ~ l si 


= 


Li ~ »si ~ bi 


= 



(11-10) 



Use of the equilibrium relationship, l j{ = A jt v j{ , to eliminate the {/,-,} permits the 
above equations to be stated in terms of the {i? ;i }, {di}, and {6,}. The resulting set 
of equations may be represented by the matrix equation 



AfV,- = -/ t 



(11-11) 



where 



A,= 



-Pu 


1 

















A u 


-1 


(1 


- A ri ) 




















-1 


1 


















A ri 


-Pr+l.i 


1 


















A s -2, i 


-P.-i.i 


1 

















A s -i,i 


~ A S i 



















(A si -l) 


-1 



v .= [4 v 2i v ri v r+iti •• v s _ 2ti v 8 . lfi V si bi] T 

/ = [0 • • v Fi l Fi ••• 0] r , where v Fi and l Fi lie in 
rows/— 1 and/ respectively. 

Aji = Lj/(KjiVj) for all; except; = 1. For; = 1, A u = LJK U D 

for a partial condenser, and A u = LJD for a total condenser. 
p ji =l+A ji . 
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Figure 11-3 Material-balance enclosures for the distributed components-used in the 9 method of 
convergence. 
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d£ = FXi 




Figure 1 1-4 Material-balance enclosures for the separated lights — used in the 6 method of conver- 
gence and the Newton-Raphson methods. 
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MATERIAL BALANCES FOR THE SEPARATED LIGHTS 

(S si >l, dt = FX i9 6, = 0) 

When the first balance encloses the top of the column and any stage r in the 

rectifying pinch and each of the other balances enclose the single stages, r, r + 1, 

r + 2, . ,/- 1 ,/, . • • , s - 2, and 5 - 1 (see Fig. 1 1-4), the following equations are 

obtained. 

v 2i - hi ~ F*i 

V ri + hi ~ Ki ~ »2i 

Vr+Ui+ l ri- V ri- l ri 

■V + 2.l+'H-IV + l.|-'r + l.i =0 ( 1M2 ) 



= 

= 
= 
= 



V s -2,i — h-2,i 



= 
= 



P.. + l s-2,i~ V s-Ui~ 'i-l.i 

Elimination of the liquid rates by use of the equilibrium relationship followed 
by rearrangement permits these equations to be stated in the form of matrix 
Eq. (11-11) where the elements of A,, v,, and/ are as follows 

1 - <^ 

-1 (l~A ri ) 

0-1 1 

A ri -p r+lil 1 



A, 












A s - 3 ,i -p,- 2 .i ! ° 

A s . 2>i -Ps-ui 1 



(11-13) 



v f = K- v ri r r+ i fl - •'• v fi v f+lti •'• v 5 . 2fi v a - ui v si ] T 



/^[(-PuFXiKAuFX^O-^VnJruO-OY 

Pji = 1 + *n 
The solution set of values for the vjs is readily obtained by application of the 
multiplication rule beginning with the first row. Originally, the component- 
material balances for the separated lights were formulated by enclosing the 
condenser-accumulator section and each plate in succession, r, r + 1, r + 2, ..., 
s _ 3^ s _ 2, and s - l. 4 The equations so obtained are equivalent to the set 
given by Eq. (11-12); see Prob. 11-7. 

MATERIAL BALANCES FOR THE SEPARATED HEAVIES \ 

(i4 rl >l,&, = FX i .d.- = 0) I 

The enclosures for the component-material balances shown in Fig. 11-5 yield the 
corresponding equations. Each stage between r and 5 are enclosed by a balance, , 
and stage s and the bottom of the column are enclosed. ; | 
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u r+l,c 



"r^c 



r+3,t 



J r+I,t 



*r*l 



r ^Rectifying Pinch 



*2) 



r+3 




Stripping Pinch 



Figure 11-5 Material- 
balance enclosures for 
the separated heavies. 



0r + 2,i + 'ri-0r+l..'-Ul,i =0 

V r+3 f i + K+l,i — V r+2,i ~ K+2,i ~ 

Vsi + ls-2,i-Vs-l,i-l S -l,i =0 

Vsi+ls-l,i-Vsi-hi =0 

l si - V si - FX t = 



(11-14) 
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After the liquid rates have been eliminated, the resulting set of equations may be 
rearranged and stated in the form of the matrix equation given by Eq. (11-11) 
where the matrices A,, v,, and/ contain the following elements. 



A,= 



r^n 


-Pr+l,i 


1 










o ■ 





^r+l,« 


-Pr+2,i 


1 


















A s -2,i 


-Ps-Ui 




1 


o 









^ s -i,« 




~ A s i 


- 











(1 


-A si )i 



(11-15) 



\i = [v ri V r + Ui •■• U/-1.I V fi '" I?,- 2.1 V *-l,i V si] 

/ J = [0 •• r Fi f„0 - FX ( ] T 

Equation (11-5) is readily transformed into a bidiagonal matrix by use of the 
following procedure. Beginning with the bottom row, each row is added to 
the one above it and then the one above is replaced by the result so obtained. 
Originally 4 the component-material balances were formulated by enclosing the 
bottom of' the column and stages s, s - 1, s - 2, . . . , r + 3, r + 2, and r + 1. The 
equations so obtained are equivalent to those given by Eq. (11-14); see 
Prob. 11-8. 



Application of the 9 method 

The method was first used to solve a problem of this type by McDonough and 
Holland. 6 After the component-material balances have been solved for the com- 
ponent-flow rates, the 9 method is applied. In order to avoid numerical problems 
resulting from the presence of separated components, the equations for the 9 
method should be stated in the following form 

(11-16) 



g(9)=Y J (d i ) ca Pi-D 
i=i 



where 



Pi 



FX { 



(di) ca + 9(b t ) ct 



Observe that for a separated light component, (fr,) Cfl = 0, and p £ - 1. For a 
separated heavy component, {d { ) ca = 0, and Pi = 1/0. After the 9 > that makes^ 
g(9) = has been found, the compositions are computed as follows j 



{IjilaPi 

i c 



y»- 



(Vji)c.Pi 
c 

I (VjilaPi 



(H-17): 
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Determination of the Temperatures 

On the basis of the compositions found by use of Eq. (11-17), the temperatures 
to be used for the next trial are found by use of the K b method [see Eqs. (2-30) 
and (2-31)]. In addition to the temperatures for each of the stages, the tempera- 
tures of the distillate and bottoms are found by use of the corrected flow rates, 
{(4U and {(fc,U, and the K b method. 



Enthalpy Balances 

The enthalpy balances are stated in the form of the constant-composition 
method in a manner analogous to that demonstrated in Chap. 2 for conven- 
tional distillation columns with a finite number of stages. The balance enclosing 
the condenser-accumulator section may be stated in the form 



Cc = Ii 



£ ( H 2i ~ h li)*li 



+ D 



Z (H 2 t ~ H Di )X Di 



(11-18) 



The balances enclosing the top of the column and stages r,r+ 1, r + 2, ...,/— 2, 
/— 1, . . . , s — 2, and 5 — 1 are as follows 



D Y J (H Di -H j+ui )X Di + Q c 



= r,r+l,.../-3,/-2) 



Vi = 



D t (H Di - H fi )X Di +V F £ (H fi - H Fi )y Fi + Q c 

i i = i 

c 

Y,( H fi- h f-l,i) X f-l,i 
i=l 

D X (H m - H j+ !, i )X m -F £ (tf f - H j+ ,, ,)X t + Q c 



(11-19) 



Lj = 



EM+M-fyl)^' 



(/=/,/+ 1,..-,S- 3,5-2,8-1) 



Note: Lj_i = L s 



The reboiler duty is found by use of the energy balance enclosing the entire 
column namely, 



Q R = DH D + Bh B + Q C -FH 



(11-20) 



The corresponding total vapor rates are found by use of the following total- 
material balances. 
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V j+l = Lj + D (j = r+l,r + 2,...,/-3,/-2) 



(Note: K=V r+l ) (11-21) 



Vj.+ V^Lf-i+D 

V J+i = Lj-B 0=/,/+l,...,s-3,s-2) 



V S = L S -B 



Selection of a Suitable Finite Set of Plates Between the Two Pinches 

This selection was made by use of a concept described by Bachelor. 2 When the 
keys are two distinct components other than the lightest and heaviest of the feed, 
the pinches are separated by infinitely many plates. The pinches occur in the 
limit as the "separated" components are separated in the rectifying and strip- 
ping sections. That is, for any small preassigned positive number, there exists a 
plate (going from the feed plate toward the top of the column) beyond which the 
mole fraction for the component just heavier than the heavy key is less than the 
preassigned number. Thus, too few plates may be selected but not too many. In 
view of this, some arbitrary number of plates may be selected for the first trial, 
say five in the rectifying section and five in the stripping section. At the end of 
each trial, the original estimate may be adjusted by the addition of one (or more 
plates to each section of the column. (Of course, it is necessary from a practical 
point of view to set an upper bound on the total number of plates.) In the 
rectifying section, a plate is added just above the pinch for the previous trial and 
becomes the pinch plate r for the next trial. In the stripping section, it is added 
just below the previous pinch and becomes the pinch plate s for the next trial. 
The total molar flow rates of the added pinch plates are taken equal to those 
calculated for the respective pinches by the previous trial. The temperatures of 
the pinches (the two plates added) are taken equal to the corrected values 
obtained for the plates denoted by r and s in the previous trial. For all problems 
considered, the solutions were obtained with less than sixty plates above and 
sixty plates below the feed plate. 

Special Cases 

When all of the components are distributed, the pinches in the rectifying and 1 
stripping sections occur at and adjacent to the feed plate. A method wnictt ^ 
consists of a direct solution to this problem has been presented previously^ , 
However, problems in which all of the components are distributed may oe 
solved by use of the general procedure outlined above and demonstrated xtjf 
Example 11-5. This example was solved by use of the general procedure 
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described above and by the method presented by McDonough and Holland. 6 
The same results (see Table 11-3) were obtained by both methods. 

When all of the components are separated (a perfect split) or when only one 
component is distributed, a solution to the problem may be obtained by solving 
each of two pairs of equations simultaneously, one pair for the rectifying section 
and one pair for the stripping section. The equations for the rectifying pinch are 
developed as follows. Since / r , = A ri v ri , it follows from Eq. (11-4) that 

'"^rrit ( u - 22 ) 

which may be rewritten as follows 

*■- .-»*.--«.) <"' 23) 

where 

V, = V r /D 

After Eq. (11-23) has been summed over all components i and the result so 
obtained has been stated in functional form, the following material balance 
function is obtained 

It is to be understood, of course, that X Di = for all of the separated heavy 
components in this and the other equations to follow for the rectifying pinch. 

The enthalpy function is formulated by use of the enthalpy balance enclosing 
the top of the column and the rectifying pinch [see the first expression given by 
Eq. (11-19)]. This expression for L r contains the condenser duty Q c . However 
since {d t }, D, and V 2 are known, the top of the column is uniquely determined at 
the outset (Note: v 2i = l u + d { \ and Q c may be computed by use of Eq. (11-18). 
Use of Eq. (11-23) permits the enthalpy balance enclosing the rectifying pinch to 
be restated in the following functional form 

P 2 (% >Tr) = ^rt K% - 1R, x rl + (H ri - H Di )X Di ] - 1 (1 1-25) 
\l c i = 1 

where x ri is given by Eq. (11-23) and 

Ki = Hri ~ Ki 

Equations (11-24) and (11-25) represent two independent functions in the two 
unknowns ¥ r and T r . The desired solution is that pair of positive values ¥ r and 
T r that not only give P { = P 2 = but also satisfy the conditions given by 
Eq. (11-26). For definiteness, consider a conventional distillation column in 
which D, Lj, and infinitely many stages are specified. Suppose that components 
h, h + 1, h + 2, . . . , c appear in the rectifying pinch and components i = h, h - 1, 
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h - 2, ..., 1 appear in the stripping pinch. For such a system the desired set of 
roots must satisfy the conditions 

1< % < - — 

1 - K 'H (11-26) 

T DP <T r <T„ 
where T DP is that temperature obtained by making a dew-point calculation on 
the basis of the X Di 's, and T„ is that temperature at which K rh - \ 

The following material-balance and energy functions for the stripping sec- 
tion pinch are developed in a manner analogous to that demonstrated for the 
rectifying pinch. The material-balance function is 

tw t\ V Xm - 1 (U- 27 ) 

where 

¥ s = VJB 
Also, it is to be understood that x Bi = for all of the separated light components 
in this and the other equations for the stripping pinch. The enthalpy-balance 
function for the stripping pinch is as follows 

P ^ Ts ) = — I [pr. + i)J-*- - ("- - '•"M - l ( u - 28 > 

Qr i=l 

where 

Xm 
X„ = 



1 - ¥ s (K si - 1) 



At the outset Q R may be computed by an energy balance enclosing the entire 
column. Equations (11-27) and (11-28) may be solved for the positive values of 
¥ and T s that not only make Pl = p 2 = 0, but also satisfy the condjtions 



0<¥ s < 



K sl - 1 

T,<T S <T W (H-29) 

where component / is the lightest component present in the stripping pinch and 
T BP is the temperature of the bottoms. 

Illustrative examples A wide variety of problems have been solved suc- 
cessfully by McDonough et al. 8 by use of the procedures described above. In 
order to illustrate these methods, a fairly simple problem used by McDon- 
ough and Holland 6 was selected. 

The operating conditions were varied as required in order to produce 
different arrays of separated components. In Example 11-4 three compon- 
ents were separated, in Example 11-5 all components were distributed, ana 
in Example 11-6 all components were separated. The statements and solutions 
are presented in Tables 11-1 through 11-4. 
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Table 1 1-1 Statement and specifications of Examples 1 1-4, 1 1-5, 1 1-6, and 1 1-9 







Examples 
















11-4, 


11-5, 














Component 


and 11-6 












Component 


no. 


FX { 




Example 


LID 




D 




C 3 H 8 


1 


20 




11-4 


150 




40 




i-C 4 H 10 


2 


20 




11-5 


55 




40 




n-C 4 H 10 


3 


20 




11-6 


200 




60 




/-C 5 H 12 


4 


20 




11-9 


b?/d 7 


= 0.37200 


M*v 


= 2.687363 


w-C 5 H 12 


5 


20 














Other specifications 



For all examples, the column pressure is 400 lb/in 2 abs, a partial condenser is used, and the feed 
enters as a liquid at its bubble-point temperature. The initial temperature profiles are taken to 
be linear between the pinches. Assumed values for T r and T s were T r = T feed - 15°F and 
T s = T fced + 15 ° F > and initial values f o r t d and t b were t d = ^eed - M°F and 7 fced + 40°F. 
Initially, take V } = V r = V 2 for the rectifying section and V i = V s = V r for the stripping section. 
Use the equilibrium and enthalpy data given in Tables B-2 and B-24 of App. B. 



Table 11-2 Solution of Example 11-4 (the solution shows components 1, 4, 
and 5 are separated) 





Temperature 


j profile and vapor 


rates 


Product distribution 


Stage 


TfF) 


Vj (lb-mol/h) 


Component 


d t (lb mol/h) b t (lb mol/h) 


1 (distillate) 


217.64 






20 0.0 


r 


244.88 


151.388 


i-C 4 H 10 


14.57588 5.425142 


r+ 1 


244.88 


151.388 


n-C 4 H 10 


5.424149 14.57666 


r + 2 


244.88 


151.387 


«-C 5 H 12 


0.0 20 


r + 3 


244.88 


151.385 


n-C 5 H 12 


0.0 20 


/ (feed) 


272.05 


136.562 






5-2 


289.93 


151.374 






s- 1 


289.93 


151.377 






s 


289.94 


151.380 






(Bottoms) 


323.21 








D (calculated) 


39.99997 









In these examples, the temperatures cf the distillate and the bottoms 
were correct to within four or five digits of the final values at the end of five 
to ten trials. This accuracy in the terminal temperatures suggests a corre- 
sponding accuracy in the product distribution, the determination of which is 
the primary objective of the general procedure. 

However, in order to obtain the same accuracy for the pinch tempera- 
tures, several additional trials were required. This was caused in part by an 
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Table 11-3 Solution of Example 11-5 (the solution shows all components are 
distributed) 





Temperature profile 
and vapor rates 


Product distribution 


Stage 


T(°F) 


Vj (lb mol/h) 


Component d x (lb mol/h) 


b ( (lb mol/h) 


1 (distillate) 

r 

r+1 

r + 2 

r + 3 

/ (feed) 

s-2 

s-1 

s 

N (bottoms) 


253.33 
267.34 
267.34 
267.34 
267.34 
267.34 
267.34 
267.34 
267.34 
304.29 

39.99995 




C 3 H 8 17.16039 
i-C 4 H 10 9.501945 
n-C 4 H 10 7.361634 
i-C 5 H 12 3.440505 
n-C 5 H 12 2.527875 


2.831960 


54.706 
54.706 
54.706 
54.706 
54.706 
54.706 
54.706 
54.706 


10.498054 
12.638365 
16.559494 

17.472125 


D (calculated) 









Table 11-4 Solution of Example 11-6 (the solution shows that all components 
are separated) 







Temperature profiles (°F) 
Trial no. 


Find vapor rates 
(lb mol/h) 
Trial no. 


Stage 


5 


10 


25 


Solution by 
Eqs. (11-24), 
(11-25), (11-27), 
and (11-28) 

237.00 
254.36 


25 

203.42 
203.42 
203.40 
203.38 
182.39 
207.75 
205.18 
205.18 


Solution by 
Eqs. (11-24), 
(11-25), (11-27), 
and (11-28) 


1 (distillate) 

r 

r+ 1 

r + 2 

r + 3 

/ (feed) 

s-2 


237.57 
306.14 
306.14 
306.14 
306.14 
307.92 
319.82 
320.23 
320.43 
355.41 


237.00 
284.25 
284.36 
284.57 
284.86 
288.37 
313.97 
314.26 
314.31 
354.96 


237.00 
254.87 
254.88 
254.89 
254.90 
284.24 
341.53 
341.63 
341.67 
354.90 


206.40 






















s— 1 

s 

N (bottoms) 


352.88 
354.96 


201.45 


D (calculated) 

e 

Separated 
components 


65.95 

77.96 

1,2,3 


60.00000 
1.00000 
All 


60.00000 
1.00000 
All 
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insufficient number of plates between the pinches. When this situation exists, 
a sizable mole fraction of a separated heavy component, for example, is 
computed at the rectifying pinch by use of Eqs. (11-11) and (11-15). Thus, 
additional trials are required for such examples in order to provide a 
sufficient number of plates between the pinches. This need was most pro- 
nounced for cases where either all or all except one component were separated. 
However, for such examples the pinch temperatures may be found by means 
of a direct solution [see Eqs. (11-24), (11-25), (11-27), and (11-28)], which is 
of course recommended. Several trials should be carried out by use of the 
general procedure in order to make fairly certain that a system classified as a 
special case has been found. Then the general calculational procedure is 
abandoned, and Eqs. (11-24), (11-25), (11-27), and (11-28) are solved. 

When all of the components are separated, must be set equal to unity 
in all of the equations for the general procedure, and the general method 
becomes relatively slow. Fortunately, this type of problem as well as the one 
in which only one component is distributed may be solved directly by use of 
the equations listed above because the rate of convergence of the method 
tends to decrease as the number of distributed components is decreased. 



Complex Columns 

Problems involving complex columns may be solved by use of the same type of 
calculational procedure described for conventional columns. To demonstrate the 
application of the method, a column having one feed plate and one sidestream 
withdrawn (in addition to the distillate and bottoms) is considered. Two possible 
locations for the sidestream W x are considered. In the first, the sidestream is 
withdrawn a finite number of plates below the top of the column; and in the 
second, it is withdrawn a finite number of plates above the feed plate. 

In the following development, it is supposed that the specifications are taken 
to be L u D, W u and infinitely many plates in both the rectifying and stripping 
sections. In addition to these specifications, the type of condenser, the column 
pressure, the flow rate of the feed, its composition, and thermal condition, as 
well as the location of the sidestream withdrawal, are specified. For this set of 
specifications, the problem is to find the product distribution. 



SIDESTREAM W x IS WITHDRAWN A FINITE NUMBER OF PLATES 

BELOW THE TOP OF THE COLUMN 

AND INFINITELY MANY PLATES ABOVE THE FEED PLATE 

Except for the material balance enclosing plate p + 2 and any stage in the 
rectifying pinch, and the material balance enclosing the bottom of the column 
and any stage s in the stripping pinch, the remaining balances enclose only one 
stage (see Fig. 11-6). After the liquid flow rates have been eliminated by use of 
the equilibrium relationships, the resulting equations may be rearranged and 
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Stripping Pinch 




Figure 11-6 Material-balance enclosures for the distributed components. W x is withdrawn a finite 
number below the top of the column. 
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stated in the form of matrix Eq. (11-11). The component-material balances for 
the separated lights and heavies are formulated in a similar manner. The g 
functions are given by 

ffo(Oo.0|) = i ZWU-i (11-30) 

u i = l 

9d°o,0 l ) = -^io t {w u ) m p l -l (H-31) 

"l 1=1 

The variable p, is defined by 

FX 

P ' = WL + WJ+MW,,),,, (11 " 32) 



and the multipliers 6 and X are defined by 



di/co °Ui) ca 

d i lea \ d { ) Ci 



(11-33) 
(11-34) 



After O and Q^ have been computed by use of Eqs. (11-30) and (11-31), the 
corrected mole fractions are computed by use of Eq. (11-17). Then a new set of 
temperatures is found by use of the K h method. Improved sets of total-flow rates 
are found by use of the enthalpy balances (stated in constant-composition form). 



SIDESTREAM W, IS WITHDRAWN A FINITE NUMBER OF PLATES 
ABOVE THE FEED PLATE 

A sketch of this column is shown in Fig. 11-7. In this case each component- 
material balance also encloses only one stage, except for the material balance 
enclosing plate 2 and any plate r in the rectifying pinch, and the balance enclos- 
ing any plate 5 in the stripping pinch and the bottom of the column. Elimination 
of the liquid rates through the use of the equilibrium relationships followed by 
rearrangement permits the equations to be stated in the form of the matrix 
equation given by Eq. (11-11). The g functions are given by Eqs. (11-30) and 
(11-31). 

Illustrative examples The calculation of the product distributions for com- 
plex columns having infinitely many stages is demonstrated by Examples 
11-7 and 11-8. A statement of these examples is given in Table 11-5 and their 
solutions are presented in Tables 11-6 and 11-7. These examples were taken 
from McDonough and Holland. 7 
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Figure 11-7 Material-balance enclosures for the distributed components. W, is withdrawn a finite 
number of plates above the feed plate. 
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Table 11-5 Statement and Specifications for Examples 11-7 and 11-8 







All 






Specifications 






Component 
no. 


examples 
FX t 










Component 


Example 


y 2 


D 


w x 


C 3 H 8 


1 


20 


11-7 


150 


30 


20 


/-C 4 H 10 


2 


20 


11-8 


100 


30 


15 


n-C 4 H 10 


3 


20 










i-C 5 H l2 


4 


20 










n-C 5 H 12 


5 


20 














Other specifications 









For all examples: column pressure = 400 lb/in 2 abs, partial condenser, thermal condition of the 
feed is boiling-point liquid. Initial temperature profile: linear between the pinches (252-282°F) 
for all examples. For Examples 11-7 and 11-8 the initial temperature profile was taken to be 
linear between 227 and 242°F for plates 1 through 5 and the temperature of the distillate was 
taken to be 217°F. Initial vapor rates: V } = V 2 for ally. In Example 11-7 the liquid sidestream 
W x is withdrawn from plate 6 (the accumulator is assigned the number 1), and in Example 11-8, 
it is withdrawn five plates above the feed plate. Use the equilibrium and enthalpy data given in 
Tables B-2 and B-24 of the Appendix. 



Table 11-6 Solution of Example 11-7 ( W l is withdrawn from plate 6) 





Temperature profile 












and vapor rates 




Product distribution 




Plate 


T(T) 


Vj (lb mol/h) 


Component 


di 


b t 


w u 


1 (distillate) 
6 (plate p) 


211 21 




C H 


16.9733 


0.0 


3.0267 


241.50 


151.74 


i-C 4 H 10 


9.9098 


0.7052 


9.3850 


r 


246.14 


151.79 


n-C 4 H 10 


3.1169 


9.2948 


7.5883 


r+ 1 


246.14 


151.79 


'- C 5 H 10 


0.0 


20.0000 


0.0 


r + 2 


246.14 


151.79 


n-C 5 H 10 


0.0 


20.0000 


0.0 


/ (feed) 


277.43 


135.59 










s-2 


293.96 


149.83 










s- 1 


293.96 


149.83 










s 


293.96 


149.83 










N (bottoms) 


337.22 












D (calculated) 


30.000 












Co 


0.99999 












W l (calculated) 


20.000 












0, 


0.99999 
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Table 11-7 Solution of Example 11-8 (W x is withdrawn from 5 plates above 
the feed plate) 



Plate 



Temperature profile 
and vapor rates 



Product distribution 



T (°F) Vj (lb mol/h) Component d x 



1 (distillate) 


211.13 
239.62 


100.36 


C 3 H 8 
i-C 4 H 10 


17.344 
8.9474 


0.0 
6.8042 


2.6564 
4.2484 


r + 1 


239.62 


100.36 


n-C 4 H 10 


3.7091 


11.3418 


4.9490 


r + 2 


239.62 


100.36 


i-C 5 H 12 


0.0 


17.9732 


2.0267 


p (sidestream) 


255.45 


94.17 


n-C 5 H 12 


0.0 


18.881 


1.1193 


/ (feed) 


271.96 


89.23 










s-2 


295.44 


102.15 










s- 1 


295.44 


102.16 










s 


295.44 


102.16 










N (bottoms) 


366.02 












D (calculated) 


30.000 












0o 


1.0000 












W x (calculated) 


15.000 












*i 


0.9999 













11-2 DETERMINATION OF 

THE MINIMUM REFLUX RATIO BY THE 9 METHOD 

The 6 method may be used to solve the classical problem in which the separa- 
tions are specified for two components (the light and heavy keys), and it is 
required to find the smallest reflux ratio LJD required to effect the 
specifications. The smallest reflux ratio is achieved through the use of infinitely 
many stages in each section of the column. 

Consider first the case where the specifications b,/d, and bjd h are made lor a 
conventional distillation column. In addition, the column pressure, the type of 
condenser, and the complete definition of the feed are specified. This type ol 
problem may be solved by use of a combination of the procedure used to find 
the product distribution for a column with infinitely many plates and an optimi- 
zation procedure such as the one described in Chap. 9. 
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Since it is desired to find the smallest reflux ratio LJD at a specified distil- 
late rate which satisfies the specifications on the keys, the problem may be 
formulated in terms of the following objective function 

0=|[L 1 /D] 2 +-i[s, 2 +s, 2 ] (11-35) 

where 

s, = (bM/fa/dtlpcc 
s h = (b h /d h ) sp J(b h /d h ) 

The values of LJD in Eq. (11-35) are, of course, understood to be finite and 
positive. Also, the components lighter than the light key and heavier than the 
heavy key are separated. The quantities \jf x and l// 2 are weight factors which 
were selected as described below. 

For the case where the keys are adjacent in volatility and their bjd^ are 
specified, the total distillate rate D is known in advance and there remains only 
one search variable LJD. For each of several initial values (say three) of L l /D 1 
the product distribution for a column with infinitely many plates is found. The 
results so obtained are used to evaluate the objective function [Eq. (11-35)]. An 
improved value for L t /D is found by use of a search procedure such as the one 
proposed by Box (see Chap. 9). 

The weight factor^ is taken equal to the average of the simplex values of its 
numerator, [L t /D] 2 , and f 2 is set equal to unity. For either s t < 1 or s h < 1, the 
term 5/ or s h is replaced by either In s z or In s h . Use of this revised form of the 
function places a penalty on making separations which are better than those 
specified and tends to drive the objective function toward equality constraints. 



11-3 A NEWTON-RAPHSON FORMULATION: 
TWO INDEPENDENT VARIABLES PER STAGEt 

This formulation of the Newton-Raphson method for columns with infinitely 
many stages is analogous to the IN Newton-Raphson method for a column with 
a finite number of stages. First the procedure is developed for a conventional 
distillation column with infinitely many stages for which the condenser duty Q c 
(or the reflux ratio L x /D) and the reboiler duty Q R (or the boilup ratio V N /B) are 
specified and it is required to find the product distribution. Then the procedure 
is modified as required to find the minimum reflux ratio required to effect the 
specified separation of two key components. 



t Sections 11-3 and 11-4 are based on the work of An Feng who plans to use these results in 
partial fulfillment for the Ph.D. requirements. 
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Determination of the Product Distribution for 

a Conventional Distillation Column at Specified Condenser 

and Reboiler Duties Q c and Q R or Specified Values of L, D and VJB 

The component-material balances are formulated in a manner analogous to that 
shown in Sec. 11-1 except that in this case, stages s and N - 1 are enclosed with 
material and energy balances as well as stage N. This minor variation makes it 
possible to include the boilup ratio VJB in the set of possible specifications. In 
effect the energy balance enclosing the entire column which was used to deter- 
mine Q R in the 6 method is replaced by an energy balance which encloses the 

reboiler, stage N, alone. . 

The set of component-material balances is obtained by replacing the 
component-material balance given by Eq. (11-11) enclosing stage s and the re- 
boiler by two component-material balances, one enclosing stage s and N - 1, and 
the second enclosing stage N as shown in Fig. 11-8. 



L 



v si -l N - ui = 
v Ni -b i = 



(11-36) 

'AT-l.i- "Ni- b i- 

With this modification, the matrices A„ v, and / of Eq. (11-11) for the dis- 
tributed components take the following forms. 



A,= 



'-Pi, 


1 




















" 


-1 


(1 


- A ri ) 


























-1 


1 























A ri 


-Pr+l,i 


1 






















A s -2,i 


-Ps-l,i 




1 




















A 5 - Ui 




-A 5i 






















(A* - 1) 


-1 


1 




















1 


-PNI. 



(11-37) 



Vj = [<fj v 2i v ri r r+1 ,, ••• u s _ 2>1 - «,-i,i »„• ' N -i,i »jvi] T 

/=[0-0 r Ff »« 0-0] 

The Uquid flow ratio l s . u , is taken as one of the variables rather thanr K -M 

because the liquid flow rate appears in the energy balances and the vapor flow 

rate does not. Furthermore, sinu: the phase equilibrium function for stage N -1 

may be formulated in terms of the liquid rates, it is not necessary to compute the , 

"""The component-material balances for the separated heavies are obtained 
from the set given by Eq. (11-14) by replacing the component-material balance ; 
enclosing the reboiler and stage s by the two expressions given by -Eq _ (11-36), 
see Fig 11-9. The component-material balances for the separated lights are 
the same as those given by Eq. (11-12) and the enclosures shown mF* 11-4.. 
The total-material balances are formulated in a manner analogous to thai, 
demonstrated for the component-material balances. The complete set of total- j 



CONVENTIONAL AND COMPLEX DISTILLATION COLUMNS AT MINIMUM REFLUX 395 




Figure 11-8 Component-material balance enclosures for the distributed components— used in the 
Newton-Raphson methods. 
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Figure 11-9 Component-material balance enclosures for the separated heavy components— used in 
the Newton-Raphson methods. 
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material balances are as follows 

V 2 -L t -D =0 

V r + L i -V 2 -L r =0 

V r+1 +L r -V r -L r = 

K +2 + L,-V r+i -L r+l = 
V r+3 + L r+l - V r+2 -L r+2 = 

V s - t + L,_ 3 -V s _ 2 -L s _ 2 = 
V, + L,- 2 -V,- l -L.. l = 
K + Ls^-K-L, = 

V N + L,-V M -L„- l = 

Ln-.-^-B =0 

Again as in the 2AT Newton-Raphson method, the variable ; is introduced 
for the ratio Lj/Vj. More precisely, let 



(11-38) 






(11-39) 



for 7 = 4, r+1, r + 2, .... s - 2, s - 1, s. For j={ and ; = N, 
L l ID = 9 l (LJD) a and B/K N = d N (B/V N ) a . For purposes of normalization, the 
assumed value, denoted by the subscript a, is taken to be the most recent value of 
the variable. Use of Eq. (1 1-39) permits Eq. (1 1-38) to be restated in the following 
matrix form 

RV= -JF 
where 



R = 



(11-40) 



■-(Ki + 1) 


1 





















*i 


-1 (1 


~Rr) 
























-1 


1 





















R r 


-(l + *,+l) 


1 




















Rs-2 


-(! + *.- 


l) 


1 


















*.-! 




-R. 




















(R. 


-i) 


-1 


1 


















1 


-(!+**) J 



v = [d v 2 v r v r+l v r+2 - v s _ 2 v M _ x v s l n _, v N y 

& = [0 ••• V F L F ••• 0] r 

R J = °j ( L j/ y j)aJ = r, r + 1, r + 2, ..., 5 - 2, 5 - 1, 5; R x - O^LJD). 
R N = N (B/V N ) a 

The flow rate L N _ t rather than K N _ x is computed because the bubble-point form 
of the equilibrium relationship is used for stage N - 1 as discussed previously 
and shown below in Eq. (11-46). 
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In the choice of the independent variables and functions, care must be 
exercised in the treatment of the stages adjacent to the limiting conditions ( he 
pinches r and s) in order to avoid singularities in the jacob.an matrix o the 
Newton-Raphson equations. In particular, the following limiting conditions 
which appear in the material balances must be observed 



l>r. = "r+l.i '«-l.i-'- 



(H-41) 
V r =V r+l i- s _, = L s 

Since a dew-point calculation based on the {v ri } gives the same temperature as a 
dew-point calculation based on the {v r+l .,}, it follows that 

T r =T r+l (H-42) 

Similarly, since a bubble-point calculation based on the {/._!.,} gives the same 
temperature as a bubble-point calculation based on {/„}, it follows that 

T S ^ = T S (H-43) 

On the other hand, it cannot be inferred that L r is equal L r+l (Note: 
V = L+D V + . = L r + D, but V r+ 2 = L r+ 1 + D). Likewise it cannot be in- 
ferred that f( Is equal to K s _, (Note: L s = K + * *,-,-K.+ H. but 
L s -2=^-i + B )- 

SPECIFICATION OF Q c AND <2„ 

It is of course understood that the remaining usual specifications are made such 
as the type of condenser, the column pressure, and the complete definition of the 
feed. The choice of independent variables x is as follows 

x = [0 t e r e r+l ■■■ S _ 2 o,-x o s e N t, t 2 t, t, +2 T r+i ■■■ 

T s _ 3 T s _ 2 T s T N _, T N Y (H-44) 
and the corresponding set of independent functions is as follows: 

f=[F, F 2 F r F r+2 F r+3 - F s _ 3 F s -2 F, F„_, F N 

G, G 2 G r+i G r+2 - G s _ 2 G,., G N -, C K ] (11-45) 
In the choice of the equilibrium functions F„ functions corresponding to stages 
r + 1 and s - 1 are excluded because T r = T r+1 and T s _ x = T The functions 
{F,} corresponding to the phase-equilibrium relationships are as follows: 

f 2 = -Ly(-^--ik +2 , i ^-F^(lT- 1 K l 
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For the case where a total condenser is used, the above expression for F t is 
replaced by 

F »=^ £(*«<- M (H-47) 

The enthalpy-balance functions which are based on the enclosures shown in 
Fig. 11-8 are as follows 

IPAi + W + fic 

G 1= ^ 1 



Z K-// 2l + KM 

2 ~ c A 

Z[v ri H ri + l u h u ] 

i=h 
c 
Z [ y r+l.i#r+l,i + 'r+1, A+l.i] 



G r+1 = ' 



Z[ y r+2.i^r+2.i + 'riM 
i=l 

c 
Z [ y r+2,«#r+2,i + 'r + 2. i K + 2, ,] 

G r+2 =^ 1 

Z [ y r+3,«^r+3,i + 'r+ 1, A+ 1, i] 

c 

Zh-2.,^,-2,i+',-2,A-2,J 



G S -2 = 



G,-1= J 



G N-1 



Z [t^,- 1. £»,- l, « + /,- 3. 1^,-3. i] 

i=l 

c 

Z l>»-i.«#.-i..- + '«-i.A-i..-] 

c 

ZK- H si + / »-2..^.-2,J 
»= 1 

/ 

ZK^. + 'n-i.A-i,,] 
« = 1 



ZK.^N. + ^M 

1 = 1 
I 

EMjvi + Mjvi] 
G n =-t^ 1 

ZlVi.X-i.J + e* 



(11-48) 
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The functions G / _ 1 and G f differ in form for the above expressions by the 
additive terms 

c c 

Y,H Fi v Fi and ^/v,//, 

1 = 1 i = 1 

The first of these appears in the denominator of G r _ j and the second appears in 
the denominator of G f . 

In the above expressions for the rectifying section, v r+ u , , h r + 1, , , and H r+ 1? ,- 
may be replaced by their equivalents, v ri , h ri , and H ri , respectively. Similarly, in 
the expressions for the stripping section, l s - lti , /i s -i,,-, and H s ^ l , may be 
replaced by their equivalents i SI , h si , and H si , respectively. If desired, the 
enthalpy balances may be stated in terms of one less flow rate by using the 
component-material balance, v j+ii + l j - li — v j{ — l yi — to eliminate one of 
the flow rates. For example, the resulting G function for stage r + 2 is given by 

c 
Y [r r+3 . i{H r+3 , i ~ K+2, i) + K+ 1, i(K+ 1, , - K+2, i)] 

G r+2 = ^ 1 

y Z[ V r+2,i(H r+ 2,i-K + 2,i)] 
i=l 

This problem may be solved by use of any of the three formulations 
of the 2N Newton-Raphson method which were presented in Chap. 4. The 
classification of the components and the selection of the appropriate stages 
between the pinches are performed in precisely the same manner as described in 
Sec. 11-1. It should be noted, however, that if analytical expressions for the 
partial derivatives are used, one must not overlook the fact that in the case of the 
separated lights, the vector/ will have derivatives since it contains A u . Be- 
cause of the slight differences in the equations for the distributed and separated 
components, Broyden's method, or the Broyden-Bennett algorithm is 
recommended. 

For the case where the reflux ratio LJD and the boilup ratio V N /B are 
specified rather than Q c and Q R , the variables 6 X and N in x are replaced by Q c 
and Q R to give 

X =[2c Qr #r+l #r+2 •" As- 2 ®s- 1 ^s Qr 

T, T 2 T r T r+2 T r+3 ••• T 5 _ 3 T s _ 2 T s T N - X T N ] T (11-49) 
The functions are the same as those enumerated above. 



SPECIFICATION OF THE SEPARATIONS FOR THE LIGHT 
AND HEAVY KEYS AND INFINITELY MANY STAGES 

This is the classical problem in which it is desired to find the minimum reflux 
ratio required to effect the specified separations (say 6,/d/ and b h /d h ) of the light 
and heavy key components. The material balances, F functions, and G functions 
are the same as those given above. However, in this case, L x /D, V N /B 9 Q c , and 
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Q R are all unknown. Thus, this problem contains two more variables than did 
the one considered above, namely, 

x = [Cc 0i o r o r+l e r+2 ••• S _ 2 e a _ l e s e N q r 

Ti T 2 T r T r+l T r+2 T r+3 ••• T s _ 3 T s _ 2 T s T N _ { T N ]' (11-50) 

Corresponding to these two additional variables, two additional independent 
functions are required. These functions are formulated on the basis of the 
specifications, namely, 

s '-(ss;- , ( "- 511 

and 

S H = j£--l (11-52) 

Thus, the set of functions f is given by 

f=[S 1 F t F 2 F r F r+2 F r+3 ••• F s _ 3 F s _ 2 F s F N _, F N 

G t G 2 G r+1 G r+2 • • G s _ 2 G s . t G N . t G N S N ] T (11-53) 

Again, problems of this type may be solved by use of any of the three variations 
of the IN Newton-Raphson method described in Chap. 4. 

In order to demonstrate the use of this method, Example 11-9 was solved. A 
statement of Example 11-9 is given in Table 11-1. The specified values of /?,/<*/ 
and b h /d h were taken to be the solution values of Example 11-4. The number of 
trials and computer times required to solve Example 11-4 are given in Table 11-8. 
An examination of these results shows that the method is significantly faster 
than the IN formulations of the Newton-Raphson method. 



11-4 AN ALMOST BAND ALGORITHM FORMULATION 
OF THE NEWTON-RAPHSON METHOD 

For columns in the service of separating mixtures which form highly nonideal 
solutions, the following formulation of the Newton-Raphson method is recom- 
mended. For columns having infinitely many stages, the formulation of the 
Almost Band Algorithm is carried out in a manner similar to that demonstrated 
in Chap. 5 for columns having a finite number of stages. The formulation pre- 
sented appears to be similar to the one recently described by Tavana and 
Hanson. 13 
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Table 11-8 Number of trials required to solve Examples 11-4 and 11-9 







Number of 


Computer 




Method 


Example 


trials 


time (s)t 


Compiler 


6 method 


11-4 


17 


1.46 


WATFIV 


Newton-Raphson with 


11-4 


20 


184.93 


WATFIV 


Broyden's method 










(one trial for each 










choice of plates) 










6 method 


11-4 


19 


0.62 


FORTRAN H EXTENDED 


Newton-Raphson with 


11-4 


20 


36.48 


FORTRAN H EXTENDED 


Broyden's method 










(one trial for each 










choice of plates) 










Newton-Raphson with 


11-4 


20 


36.82 


FORTRAN H EXTENDED 


Broyden's method 










(two trials for each 










choice of plates) 










Newton-Raphson with 


11-4 


20 


38.82 


FORTRAN H EXTENDED 


Broyden's method 










(one trial for each 










choice of plates) 











t AMDAHL 470 V 6. 

Consider first the case where the conventional distillation column has a 
partial condenser, and the condenser and reboiler duties Q c and Q R are specified. 
The material and energy balance enclosures are the same as those shown in 
Figs. 11-4, 11-8, and 11-9. Except for stages 2 and N - 1, the phase equilibrium 
functions are of the general form 



fn 



VJiKjtlj, 



yjiVji 



(11-54) 



I'* I'm 



However, in the particular case of stage 2, the set {v 2i } appears in the 
component-material balances, but not the set {/ 2£ }. Thus, the new set of variables 
{X 2l ] is introduced in order to obtain an appropriate phase-equilibrium function 
for stage 2. The variables {X 2i } are related to the moles fractions {x 2i } as follows 



(11-55) 



1*2 



The phase equilibrium function for stage 2 may be expressed as follows 

ykiK 2i x : 



hi = - 



y y nHi 



(11-56) 



i = h 



i = h 
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[Note that in the expressions for the activity coefficients {y 2l }, x 2i is replaced 
wherever it appears by its equivalent as given by Eq. (11-55).] 

Similarly, for stage N - 1, the set {l N - Ui } appears in the component- 
material balances but not the set {v N - lt ,}. Consequently, the new set of variables 
{Y N _ { ( } is introduced to give the following equilibrium function 

f _ yjy-i.i ^v- i,i*/v- i,i 7/v-i.i ^v-i,i ni „. 

JN-i,i— i 1 l 11_:>/ j 

2^ *N - 1 , i X, *N - 1 , I 

i = 1 i=l 

where the variables {^-i,,} are related to the mole fractions {y N - iti } as follows 

y N -ui= ? N ~ Ui (H-58) 

i = i 

Although the same enclosures are used for the component-material balances in 
the formulation of the Almost Band Algorithm as were used in the formulation 
of the 2N Newton-Raphson method, it is convenient in this case (because of the 
form of the phase equilibrium relationships) to include T r+1 , 7;, {tf r+ltl -}, and {v si } 
in the set of independent variables. Thus, in the formulation of the Almost Band 
Algorithm, the following choice of independent variables is made. 

x = [</„••• d c Z lffc — Z lfC 7i v 2%h ••• v 2tC X 2 , h — X 2tC T 2 v, th ••• 

V r,c h,h '" K,c T r V r+l ! ••* V r+l c l r +xx '" 

*r+l,c *r+l V r+2,l '" V r+ 2, c (r+ 2, 1 "" *r + 2,c ^r+ 2 "" 

V s-2, 1 *" ^s-2,c 's-2, 1 *" K-2,c ^-2 ^s-1,1 '" V s-l,c t-1,1 *" 

's-l.c *s-l y s, 1 '" V s, I 's, 1 '" *s, / 7s ^V-1,1 *** ^-l,/(/V-l, 1 

• '^-i./^/v-i 0am ••• 0au &i '•• fci ^ N ] r (11-59) 
The corresponding functions are given by 
f=[m Uh ••• m 1?c / ltfc -/ liC G t m 2th ••• m 2>c / 2>h •••/ 2c G 2 m r>h ••• 

^r,c fr,h '" fr.c G r"V + l,l "• m r +i, c / r+ lf x ••'/ r+lfC 
^r-Hl ™r+2, 1 •*• "V+2,c / r+2 , 1 '" fr+2,c ^r+2 "• ^s-2, 1 "• 

m s-2,c / s -2,i "• f s -2,c G s - 2 m s . ul ••• m s _ 1>c / s _ lf ! •• 
/ s -i,c ^5-1 m s ,i '" m s ,i f s ,i '" f s ,i G 5 ™n-\,\ '" m N -ui 

fs-i.i '" fn-ui Gn-i m N ,i '" ™n,i f N ,i '" f N ,i G N ] T (11-60) 



(11-61) 
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The component-material balance functions are as follows 

m u r = v 2i - l u ,- d t (i = K ...,c) 

m 2i = v ri + / u - v 2i - l ri (i = h,...,c) 

m ri = v r + ui + /„ - v ri - /„ (i = K...,c) 

™r+l,,= ^+2,, + / r,-^r+l,.-'r+l,« 0= ^ • • • » C ) 

™r+2.« = ^r+3.« + t+ 1. i "" »r+2. i ~ 'r+2,, 0= *> •••» C ) 

™s-2,« = y.-l.« + '.-3.i-».-2.i-'--2,i 0= !» •••> C ) 

™s- 1. « = ^. + '*- 2, i - *>s- 1, ,• - Is- 1, « 0=1,..., C) 

m si = i? SJ + l s - ui - t> sl - / SI (i = 1, ..., 

For stages 2 and N - 1, the phase-equilibrium functions are given by 
Eqs. (11-56) and (11-57), and for the remaining stages Eq. (11-54) is applicable. 
The energy-balance functions are of the same general form as those given by 
Eq. (11-48) with the sets {H fi } and {h jt ) replaced by the corresponding sets of 
virtual values of the partial molar values {H fi } and {/t,,} (see Chap. 14) plus the 
following two functions for enclosures of stages r and s 

c ^ 

X [V r+ lf iH r + lf ,- + KiKi - VriHri - KiKi] = 



or 



Z V ri H ri 

G r = ^ 1 (H-62) 



i = h 



and 



or 



t [v si H si + l s . lt A- 1§ , - v si H si - l si h si ] = 



/ 



G s = -r^ 1 (H-63) 

E's-i.A-i,i 



i=l 
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SPECIFICATION OF THE REFLUX RATE L, 
AND THE BOTTOMS RATE L N (OR B) 

Consider again the case of a column with a partial condenser. When L x and L N 
(or B) are specified, the condenser duty Q c and the reboiler duty Q R become 
variables and must be included in the vector x of independent variables. Let Q c 
and Q R be the first and last elements, respectively of x. For the case of a column 
having a partial condenser, the remaining elements of x are the same as those 
given by Eq. (11-59). Corresponding to the two new variables, two new func- 
tions are required. These two functions are formulated such that the specified 
values L, and L N are satisfied at convergence, namely, 

i'u 

S l = '-^ 1 (11-64) 

S N = ~ 1 (11-65) 

The two new functions are taken to be the first and last elements of f, and the 
remaining elements of f are the same as those given in Eq. (11-60). Again the 
components are classified and the stages between the pinches selected in 
the same manner as described in Sec. 11-1. 



SPECIFICATION OF THE SEPARATIONS FOR THE LIGHT 
AND HEAVY KEYS AND INFINITELY MANY STAGES 

This is again the classical problem in which it is desired to find the minimum 
reflux ratio required to effect the specified separations of two key components. 

Consider again the case of a conventional distillation column having a par- 
tial condenser. Again Q c and Q R are independent variables which are the first 
and last elements of x. 

Suppose that the two specifications made on the key components are 
(V^/)s pec and (b h /d h ) spec . The two additional functions corresponding to the new 
variables Q c and Q R are based on the specified separations of the two key 



components, namely, 



S i=lJh- 1 (H-66) 



(<U, 



Sn-TTT-- 1 (H-67) 



where 



(d\ - FXl 

( ' h *< i + (5,M) s , 
Id \ - Fxh 



'spec 
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Again the components are classified and the number of plates between the 
rectifying and stripping pinches are selected as described in Sec. 11-1. 

After a solution has been obtained, the desired values for the reflux ratio and 
the boilup ratio are computed in the rather obvious manner 



(11-68) 



and 



J-l 


i = h 


~D ~ 


14 

i=/i 


V *- 


1 = 1 


B 


I*. 



1 = 1 
For the case where the column has a total condenser, the above procedures 
are modified in a manner analogous to that shown in Chap. 5. 



11-5 PROOF OF THE EXISTENCE OF THE 
RECTIFYING AND STRIPPING SECTION PINCHES 

Since the existence of each of these pinches is established in the same manner, 
only the proof is presented for the rectifying pinch. This proof was first presented 
in Ref. 4. Use is made of the basic idea stated by Robinson and Gilliland 11 and 
demonstrated by Example 11-1, that if calculations are made by the Lewis and 
Matheson method from the top of the column down toward the feed plate on the 
basis of any given set of d/s and a set of L's and Fs which are constant (or 
computable by energy balances), a set of constant compositions will be obtained 
in the limit as the number of stepwise calculations are increased without bound. 
The components in D are numbered in the order of decreasing volatility 
to give 

K n >K j2 >K j3 >-->K jc (11-69) 

for any stage ;. In the calculational procedure of Lewis and Matheson, a temper- 
ature is found for each plate ; such that the dew-point equation 

£2^=1 (11-70) 

is satisfied. Since the sum of the yjs is by definition equal to unity, it follows 
that for at least one of the components K n < 1, and for at least one component, 
Kji > 1. Thus, for the most volatile component, it can be said with certainty 
that K^ > 1 for all./. Furthermore, this is the only component for which this state- 
ment can be made. By use of the Lewis and Matheson procedure, a temperature 
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profile is found as well as a set of flow rates for each component. The temperature 
and total flow rates (assumed to be constant for the first part of the proof) may 
be used to represent the component-flow rates as follows 

^=^,., + 1 (>1-71) 

"l 



v j+l. 1 



d\ 



M3f) +i <"- 72 > 



Repeated substitution of the expression for v iX jd x into the one for v jAtXl jd x 
gives 



Vi 



7+1.1 



1 4- Aj t + Ajt Aj_ l j + A jt Aj_ lt j Aj_ 2, 1 + 



+ A Jl Aj. ut -Aj. k , l +- + A Jt Aj. ltl -A ul (11-73) 
Now consider the series obtained by setting K, , = 1 for all j 



dt 



■<t, 



The first; terms of the series given by Eq. (11-74) are recognized as a geometric 
series whose sum is well known. Thus, the series t n may be restated in the form 

Now let; take on all values to give an infinite series. Since V > L and since L/D 
is finite, the infinite series converges to the sum given by 

;ir" = ™ (II - 7, » 

By use of the Weirstrass M test (Theorem A-5 of App. A), the series for 
y ;+i,iA*i» Eq. (11-73) converges as j increases without bound because every 
term of the series given by Eq. (11-74) is larger than the corresponding term of 
the series given by Eq. (11-73). Also, the sum the series given by Eq. (11-73) as 7 
approaches infinity (denoted by v rl /d x ) is less than the sum given by Eq. (11-74). 
Next it will be shown that the series for each of the remaining components 
has a limit as j is increased without bound. The approach used for component 1 
cannot be followed for the remaining components because some of them may 
have values of K j{ < 1, and it may be that A jt > 1, particularly for component c, 
for which K jc < 1 for all j. The proof is continued as follows. First, observe that 
the definition of a mole fraction requires that 

y,- + i,i = i- iy j+ ui (n-77) 

i = l 



408 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 

Since both d x and V are finite, it follows that the limit of y j+11 exists as; 
approaches infinity. For 

"--(*rB) ,i, - 78) 

Hence the limit of the right-hand side of Eq. (11-77) exists and has the value 
given by 

Consequently, since all of the d/s as well as V are finite, it follows that 

;-co i = 2 a i 

exists. Thus, the infinite series (formed by adding the series for components 2, 3, 
...,c) 

c c c 

(C-1)+ £ A Ji+ l A Ji A J~l,i+ l A ji A J-Ui A J-2,i 
i = 2 i = 2 i = 2 

c 

+ ■■■+ 2 l Aj i Aj- ul -~A}-k. t + — 

i=2 

+ iAj,A,- ul -A u + - (11-80) 

i = 2 

converges. Upon comparison of the series for component c with the one given by 
Eq. (11-80), the series for component c is seen to converge, since each term of the 
series for component c is less than the corresponding term of Eq. (11-80). Sim- 
ilarly, the series for each of the remaining components is shown to converge. 
Thus 

lim(^U^ for all/ (11-81) 

j -oo \ «i / d i 

Since each y j+ x , has the limit y ri , the temperature also has a limit which follows 
from Eq. (11-70). Thus, A jt has the limit A ri . With this fact established, 
Eq. (11-4) is readily obtained as follows. In the limit as; approaches infinity, 
Eq. (11-84) (when stated for any component /) becomes 



SHI) 



+ 1 (H-82) 



which may be solved for v ri to give Eq. (11-4). Since each term in the series for 
v j+i,i/di is positive for all values of;, v ri /di is positive and hence A ri < 1 for all 
components in the distillate. Similarly, the existence of a pinch in the stripping 
section is established. 
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The above proof may be extended to include the variable L/V problem. 
First, observe that the above proof holds for any L/V < 1. To complete the 
proof, suppose that on the basis of specified values for L l9 D, and {d,}, the 
component-material balances, the equilibrium relationships, and the energy bal- 
ances are solved simultaneously for each stage j in succession. The results of such 
a sequence of calculations may be expressed in the series form given by 
Eq. (11-73). 

To form the t n series, let the maximum of Lj/Vj for any stage be denoted 
simply by L/V and set K n = 1. Thus, Eq. (11-74) is again obtained. Under these 
conditions, it is again evident that each term of the series given by Eq. (11-73) is 
less than the corresponding term of Eq. (11-74). Thus, with changes outlined 
above, it is evident that the proof for constant L/V problems also holds for 
variable L/V problems. 



NOTATION 

Pu p 2 functions of the stripping section pinch; defined by Eqs. (11-27) and 

(11-28) 
P u P 2 functions of the rectifying section pinch; defined by Eqs. (11-24) and 

(11-25) 
S u S N specification functions; see Eqs. (11-51), (11-52), (11-64), and (11-65) 
tji a series of constants; defined by Eq. (11-74) 

T h boiling-point temperature of pure component h at the column pressure 

T { boiling-point temperature of pure component / at the column pressure 

T N temperature of the reboiler of a column with infinitely many plates 

Greek letters 

<t> r root of Q r (<£ r ); see Example 11-2 

(p s root of Q,(^ s ); see Example 11-3 

*F r , *F r roots of the material and energy balance functions for the rectifying 
pinch; see Eqs. (11-24) and (11-25). 

*F S , *F S roots of the material and energy balance functions for the stripping 
pinch; see Eqs. (11-27) and (11-28). 

ft r , Q s material balance functions for the rectifying and stripping pinches, re- 
spectively; see Examples 11-2 and 11-3. 

Subscripts 

r rectifying pinch 
5 stripping pinch 
N an arbitrary positive number assigned to the reboiler of a column with 

infinitely many plates, used for counting purposes. For example, the plate 

above the reboiler has the number N - 1. 
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PROBLEMS 

11-1 (a) Locate the roots of O r (0 r ) and & s (<i> s ) for the four-component examples considered in 
Examples 11-1, 11-2, and 11-3. Let these roots be numbered as follows 

«i-i<*r;<«j (U 

*j<4>mj<*j+i ( 2 ) 

(b) Underwood 14 was the first to observe that at minimum reflux 

«* < 4>rl = <t>sk<<*l (3) 

Let this common root be denoted by (j> fl . For the case where <f> rl = <f> sh = 4> fl , use the defining 
equations for Q r and Q $ to obtain the new function 



: I — — — 



where V T —V s -\ — q. Equations (3) and (4), and the function Q r may be used to compute the 

minimum reflux ratio as outlined in the next problem. 

11-2 Find the minimum reflux ratio (LJD) for the following example 



Component 


«i 


FX t 


bjd, 


Other specifications 


1 


0.25 

0.5 

1.0 

2.0 


10 

22.5 

45 

22.5 




The feed enters the column as 


2 
3 
4 


20.0 
0.0499875 


a liquid at its bubble-point 
temperature at the column 
pressure, and thus q = 1 







Hint: Use Eq. (4) of Prob. 11-1 to compute <f> fl . Since O r (0 /f ) = 0, compute V r by use of Eq. (1) 
of Example 11-2. 

Answer: V r = 128.69 and LJD = 0.9373. 
11-3 When the key components upon which the specifications are made are not adjacent in relative 
volatility, the total distillate rate D and the d/s for the split keys (the components having a values 
lying between those of the keys) are unknown. To determine the minimum reflux ratio, it is necessary 
to make use of the fact that all of the roots of the function Cl f lying between a, and <x h (<x h < <f> ft h+ 1 < 
a h+ x < - • • < <f> fl < a,) satisfy the functions O r and Q s . Murdoch and Holland 10 developed the follow- 
ing formulas for computing the minimum reflux ratio, the distillate rate D, and the d,'s of the split key 
components 

± = v >^±k — (i) 

K L "A 

j*h. I, L 

where L denotes all components lighter than the light key and 

j i-i 

II */i n <*;(«,-<*.) 



(2) 



«=fc+l 


i=h+l 




v - 1-1 


0)j- l 




n «, 


n («i- 

i=*+l 


- */,) 


j"h.l,L 


- 2 ?'i 

j = h,l, L a J 
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The d k of each split key component k (k = h + 1, /i + 2, ..., / - 1) in the distillate is computed ; 
follows 



(3) 



where k = h + 1, h + 2 or / - 1 






II «,(*, - «,) 

n («, - * fl ) 

h+ 1 

Compute the minimum reflux ratio (L r /D), the distillate rate D, and the flow rate of d k for each split 
key component for the following mixture 



Component FX, 



bM 



b, 



1 


5 


2 


12 


3 


5 


4 


13 


5 


14 


6 


8 


7 


16 


8 


14 


9 


8 


10 


5 



0.40 5 

0.70 12 

0.90 5 

1.00 5 2.1667 10.8333 

1.15 

1.25 

1.35 0.142857 14 2 

1.50 14 

2.00 8 

3.00 5 



Thermal condition of feed = 1 - q = 0.4 

Answer: (LJD) min = 2.6778, D = 55.37, d s = 6.79, d 6 = 5.42 

11-4 (a) For the following example, begin the stepwise calculations at the top of the column and 
make alternate use of the component-material balances and equilibrium relationships. Continue the 
calculations until the change in the ^,'s is less than 10" 7 . 



K t = C f exp(-£./T*) 



Component C, 



X Di Specifications 



4.0 x 10 3 /P** 4.6447 x 10 3 1/6 The column has a total condenser and the 
8.0 x 10 3 /P 4.6447 x 10 3 1/3 column pressure is 1 atm. D = Lj = 50 

12.0 x 10 3 /P 4.6447 x 10 3 1/2 mol/h and Vj = 100 mol/h for all; 



* T is in °R,P is in atm. 



Show that at the rectifying pinch, K rh = 0.6371456. 

(b) Find the <f> r < a, which makes Qr((f) r ) = 0; see Eq. (A) of Example 11-2. 
11-5 Sketch the function P^,, T r ) over the interval from «F r = to «F r = 1/(1 - K rh ). Produce the 
traces for T r < T Bp , T DP <T r <T k , and T r > T h , where T BP is temperature of the distillate at the 
column pressure. 

11-6 Develop the functions p^, T s ) and p 2 (T $ , T s ) which are given by Eqs. (11-27) and (11-28), 
and produce the trace of p^T,, T s ) over the interval < V, < \/{K sl - 1), where T s lies between T t 
and T BP (the bubble-point temperature of the bottoms at the column pressures). 
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11-7 In the original treatment of the separated light components in a conventional column at 
minimum reflux by Holland, 4 the material balances were written around the top of the column and 
each plate down to and including plate s - I. (a) Formulate these balances and (b) show that the set of 
equations found in part (a) is equivalent to the set given by Eq. (11-12). 

11-8 Originally, 4 the material balances for the separated heavies in a column at minimum reflux 
were written around the bottom and each plate (s, s - 1, s - 2, ...,/+ Uf,f- 1, ..., r + 2, r + 1). 
Repeat parts (a) and (b) of Prob. 11-7, and show that the equations found in part (b) are equivalent 
to those given by Eq. (11-4). 

11-9 Develop the component-material balances and corresponding matrix equations for the dis- 
tributed components, the separated lights, and the separated heavies for the case where a sidestream 
W x is withdrawn a finite number of plates below the top of the column. 

11-10 Repeat Prob. 11-9 for the case where W x is withdrawn a finite number of plates above the feed 
plate. 

11-11 (a) The following problem is based on the paper by McDonough et al. 8 For the case where 
the keys are the lighest and heaviest components of a mixture in a conventional distillation column 
at minimum reflux the pinches occur at and adjacent to the feed plate. For the case where the total 
flow rates are taken to be constant throughout each section of the column, the vapor and liquid flow 
rates in the pinches are related through the use of the quantity q which is defined as follows 

L s = L r + qF V r =V s + (l-q)F 

where r and s refer to the rectifying and stripping pinches, respectively. For bubble-point liquid feeds 
and subcooled feeds, the composition y fi of the vapor leaving plate /is equal to the composition of 
the vapor entering plate/- 1. For dew-point and superheated feeds, the composition of the liquid 
leaving plate/- 1 is the same as that of the liquid entering plate/ For a partially vaporized feed, use 
model 2 (Fig. 2-2). Construct the diagrams describing the assumed feed-plate behavior. 

(b) By use of these relationships for the feed plate and the necessary equilibrium and material- 
balance relationships show that the q-Yme 

x< = (i - q)y ri + q*n 

holds for bubble-point liquid, drew-point vapor, and subcooled and superheated feeds. 

(c) Show that the g-line may be rearranged to the following form 

p(T)=i *' , v -i 

i = i q + (1 - q)K ri 
11-12 Construct proofs for the relationships stated in the following table: 

Relationships (where the keys are the 
Thermal condition of the feed and heaviest components of the mixture) 

Boiling-point liquid y ri = ysi , x n = x sl , X, = x ri , and 

T F = T r = T s , where 7> = flash or feed 

temperature 
Subcooled liquid y ri = y si , Xfi = x si , T r =T s , and T r is 

that T > which makes p(T) = (see part 

(c) of Prob. 11-11) 
Partially vaporized y ri = y si = y Fi , x ri = x si = x Fi , and T r = 

T — T 
Dew-point vapor Xri L Xsi , y ri = y s . , T r = T s , X, = y ri , 

and 7> = T r = T s 
Superheated vapor x ri = *„., y ri = y sii T r =T s , and T r is 

that T > which makes p(T) = (see part 

(c) of Prob. 11-11) 
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Except for a partially vaporized feed, a direct method of proof may be used which makes use of the 
relationships of part (a) of Prob. 11-11 and certain material balance and equilibrium relationships. A 
proof for the relationships given for a partially vaporized feed may be obtained by use of the indirect 
method. An outline of this proof follows. In order to prove that T t = T r = 7,, make the supposition 
that T h < T r , and then obtain a contradiction. Next suppose T, to be greater than T r , and obtain a 
contradiction. This leads to the conclusion that T h = T r . Similarly, show T F = T s . After these two 
proofs have been obtained, the equality of the compositions readily follows. 

11-13 When the keys are the lightest and heaviest components of the mixture and the total-flow rates 
are constant within each section of the column, a direct solution may be obtained by use of the 
relationships given in the table in Prob. 11- 12(c). 

(a) For the following example, show that the specifications permit the keys to be the lightest 
and heaviest components, that is, show that A ri < 1, A si < 1 for all i. 



Component K t at T r = T s X t Specifications 

1 1.5 1/3 Thermal condition of feed = boiling-point liquid. D = 50, 

2 1.0 1/3 V, = V r = 90 (thus L s = 140, V s = 90). The keys 

3 0.5 1/3 are components 1 and 3. 



(b) Find the product distribution. 
11-14 Consider again the case where the keys are the lightest and heaviest of the mixture. If a 
superheated feed is used instead of a boiling-point liquid feed, it is known that T r = T s . In this case 
the temperature T r is unknown, but it may be determined by trial by finding the T that makes 
p(T) = 0, where p(T) is the function given in Prob. 11-1 1(c). Find the K b at T r = T s and the corre- 
sponding product distribution for the following example. 



Component a, X t Specifications 

1 3.0 1/3 Superheated feed, q = -0.05. D = 50, 

2 2.0 1/3 K 1 = K r =120, L, = L, = 70, L s = 65. 

3 1.0 1/3 The keys are components 1 and 3. 



For mixtures in which the relative volabilities are constant, it is convenient to replace K ( in the 
expression for p(T) by a,X fc and find the value of K b that makes p(K b ) = 0, where 

P(K b )=t 



,fi q + {l-q)n t K b 
Also find the composition of the liquid in the rectifying pinch. 
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CHAPTER 

TWELVE 

DESIGN OF SIEVE AND VALVE TRAYS 



Tray design encompasses the determination of the column diameter and the tray 
spacing as well as a number of mechanical considerations. The scope of the 
material in this chapter is limited primarily to the fundamentals involved in the 
design of single-pass sieve trays. The fundamentals involved in the design of 
valve trays are essentially the same as those involved in sieve trays. No attempt 
is made to treat bubble-cap trays, since valve and sieve trays have been used 
extensively in new installations since the early 1950s. Up until that time, bubble- 
cap trays were used almost exclusively. The design of bubble-cap trays has been 
treated by a number of authors; see for example Van Winkle. 17 

Pictures of a typical sieve tray and valve tray are shown in Figs. 12-1 and 
12-2, respectively. Sieve trays consist of metal plates with small circular perfor- 
ations. The valve of a valve tray consists of a self-regulating variable orifice 
(Fig. 12-2) which adjusts its opening in proportion to the total flow rate of the 
vapor. Most of the equations for sieve trays are also applicable for valve trays. A 
treatment of sieve trays is presented in Sec. 12-1 and the modifications of these 
equations as well as additional equations needed to describe valve trays are 
presented in Sec. 12-2. 
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Figure 12-1 A typical single-pass sieve tray with cross flow [by courtesy Glitsch, Inc., Dallas, Texas]. 




Figure 12-2 A typical single-pass valve tray (Koch Flexitray, type T caps) with cross flow [by 
courtesy Koch Engineering Co., Inc., Wichita, Kansas]. 
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12-1 SINGLE-PASS SIEVE TRAYS WITH CROSSFLOW 

The single-pass sieve tray with crossflow appears to be the most widely used type 
of tray today. In a tray of this type, the vapor passes upward through the 
perforations (or valves) and then through the liquid on the tray. The liquid 
flows down through the column and enters each plate by flowing under the 
downcomer weir. Then the liquid flows across the plate and over the outlet weir 
and into the downcomer to the plate below as shown in Fig. 12-3. In order for 
the liquid to flow across each plate in succession as it passes down through the 
column, a liquid head in each downcomer is required as depicted in Fig. 12-3. 

As the vapor passes through the liquid, a " froth " or " foam " is formed as 
depicted in Fig. 12-3. At the outlet weir and in the downcomer, the vapor disen- 
gages itself by the formation of vapor bubbles. To overcome the frictional forces 
encountered by the vapor as it passes through each stage in succession, a pres- 
sure driving force is required. (Note in Fig. 12-3, P 2 > P v ) 

Other types of plates consist of those in which the liquid makes more than 
one pass and those in which counterflow of the vapor and liquid through the 
same perforations is employed. 



Plate 2 




Figure 12-3 A graphical display of the meaning of the symbols used in the fluid dynamic analysis of 
a single-pass sieve tray with crossflow. 
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Fluid Dynamic Analysis of a Sieve Tray 

In order to avoid flooding, the designer must provide for a sufficient tray spacing 
S; see Fig. 12-3. To set the tray spacing, the height of liquid H in the downcomer 
must be determined through the use of a fluid dynamic analysis. First, Bernoul- 
li's theorem is applied to the liquid as it flows from point (1) of plate 1 to point 
(2) of plate 2 (see Fig. 12-3). The datum for measuring all heads is taken to be 
the height of liquid over the weir on plate 2. Thus 

^ + £ Zl+ !(S-Z 1 )^ = ^+Ef , l (12-1) 

Pl 9c 9c Pl Pl i 

where £ F, = frictional losses 

g = acceleration of gravity 
g c = Newton's law conversion factor 

P = pressure 

S = tray spacing 
Z t = distance shown in Fig. 12-3 
p L = mass density of the vapor-free liquid 
p v = mass density of the vapor 

In Eq. (12-1) the change in kinetic energy from point (1) to point (2) was taken 
to be negligible. The frictional losses, X.F,, consist of the head lost by the liquid 
in flowing down the downcomer which is taken to be negligible, the head lost by 
flowing under the downcomer weir, and the head lost in flowing across the plate. 
Thus 

Z F < = 7 h « + 7 h * (12 " 2) 

i 9c 9c 

where h dc = downcomer head loss in equivalent (mm or in) of vapor-free liquid 
h g = hydraulic gradient, the head loss by the liquid in flowing across the 
plate in equivalent (mm or in) of vapor-free liquid 

Equation (12-1) may be solved for Z x to give 

7 - K P 2 " P i)/Pl]9c/9 + hdc + K ~ SPv/Pl (12 _ 3) 

(I-Pv/Pl) 

The height of liquid H in the downcomer is found by adding Z s (where 
Z s = h w + h ow as shown in Fig. 12-3 to both sides of Eq. (12-3) and rearranging 
to obtain 

n [(Pi ~ Pi)/Pl\9c/9 + Kc + K + Z s - (S + Z s )p v /p L (U4) 

(1 - Pv/Pl) 

The total pressure drop P 2 - Pi consists of the dry pressure drop h of the vapor 
as it passes through the perforations (or orifices) and the drop h L the vapor 
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experiences in passing through the liquid and froth on the plate. Thus 



Pl 9 c 9 c 



(12-5) 



Elimination of (P 2 - P x )lp L from Eqs. (12-4) and (12-5) gives 

n _ K + K + K + h g + z 5 -(s + z s ) Pv /p L ^ 126) 

(1 - Pv/Pl) 
When the vapor density p v is negligible relative to the liquid density, Eq. (12-6) 
reduces to 

H = h + h dc + h L + K + ''o, + K ( 12 " 7 ) 

where Z s has been replaced by its equivalent (h w + h ow ). The result given by 
Eq. (12-7) is displayed graphically in Fig. 12-4. The methods which have been 
proposed for computing head losses h , h dc9 h L , and h g follow. 



CALCULATION OF h ow , HEIGHT OVER THE WEIR 

The equivalent height of vapor-free liquid over the weir may be calculated for 
circular columns by use of a modified version of the Francis weir formula which 
was proposed by Bolles. 1 For a straight segmental weir 



,=°- 48 M?f 



(12-8) 




35 
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Figure 12-4 Height of vapor-free liquid in the downcomer of a single-pass sieve tray with crossflow. 
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Q/ fl w /t2~1 25 = (liquid load, gal. min.)/( weir length, ft.) 

Figure 12-5 The correction factor for effective weir length. [W. L. Bolks. Pet. Refiner, 25:613 (1946), 

by courtesy Hydrocarbon Process.] 



where F w = weir constriction correction factor 
h ^ = equivalent height of clear liquid, in 
l w = length of weir, in 
Q = liquid flow rate, gal/min 
A graph for evaluation of the correction factor F w is presented in Fig. 12-5. The 
factor F w is used to correct for the distorted flow pattern of the liquid as it 
approaches the weir. 

When the crest over a straight segmented weir is less than a quarter of an 
inch Fair et al. 2 recommend the use of a serrated weir, and for weirs of this type 

where 6 is the angle of serration and the other symbols are denned beneath 
Eq. (12-8). 

CALCULATION OF h , THE HEAD EQUIVALENT TO 
THE DRY HOLE PRESSURE DROP 

The dry hole pressure drop for a sieve tray may be calculated by use of the 
following equation for thick plate orifices 

(12-10) 



* -'<)'£ 



where h = dry hole pressure drop of vapor across the perforations in inches of 

equivalent vapor-free liquid 
« = linear velocity of the vapor through the perforation in feet per 

second 
Values of the discharge coefficient C are given by the chart presented in 
Fig. 12-6 which was prepared by Leibson et al. 12 
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Figure 12-6 Discharge coefficients for the flow of vapor through sieve trays. [I. Leibson, R. W. 
Kelley, and L. A. Bullington, Pet. Refiner, 36(2): 127 (1957), by courtesy Hydrocarbon Process.] 



CALCULATION OF /i dc , THE HEIGHT EQUIVALENT TO 

THE PRESSURE DROP RESULTING FROM 

THE FLOW OF THE LIQUID UNDER THE DOWNCOMER 

For a design in which no inlet weir is provided, the pressure drop resulting from 
the flow of the liquid through the clearance between the downcomer and the 
plate may be calculated by use of the conventional formula for submerged weirs 



h d =0.057 



UJ 



(12-11) 



where h dc = head loss in inches of vapor-free liquid 

Q = flow rate of the liquid under the downcomer weir in gallons per 
minute 
A dc = clearance area between the downcomer and the floor of the tray in 

square inches 
If the tray is equipped with an inlet weir, Leibson e^^recommend that 
Eq. (12-11) be modified as follows 



^=0.068(1-/ 



1(12-12) 
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The larger constant in Eq. (12-12), compared to the constant in Eq. (12-11), 
takes into account a loss of velocity head due to the partial reversal of the liquid 
flow which occurs when an inlet weir is provided. 



CALCULATION OF h L , THE HEAD LOSS RESULTING FROM 
THE FLOW OF THE VAPOR THROUGH THE AERATED LIQUID 

The pressure drop through the aerated liquid, h L9 has been correlated as a 
function of the calculated height (h w + h ow + \h g ) of vapor-free liquid over the 
perforations by Fair 3 as follows 

h L = p(h w + h„ + fr 9 ) ( m3 ) 

where h L = head loss in inches of vapor-free liquid 
P = aeration factor, dimensionless 

A graph for estimating P is given in Fig. 12-7. Also given in Fig. 12-7 is a curve 
for estimating the relative froth density which is defined as follows 



h f = actual height of the froth, in 



(12-14) 



The following theoretical relationship between <f> and p was developed by Hut- 
chinson et al. 9 



p= 



<t> + i 



(12-15) 
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Figure 12-7 Aeration factor and 
froth density for bubble-cap, sieve, 
and valve plates, u = linear vapor 
velocity through the active area, 
ft/s; Pv = vapor density, lb/ft 3 . [B. 
D. Smith, Design of Equilibrium 
Stage Processes, McGraw-Hill 
Book Company, New York, 1963, 
by courtesy McGraw-Hill Book 
Company.] 
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CALCULATION OF fi„ THE HYDRAULIC GRADIENT 

Hughmark and O'Connell 10 presented the following correlation for computing 
the hydraulic gradient for a sieve plate 



H. = Mk 



Ugjh 



(12-16) 



where h g = hydraulic gradient in inches of vapor-free liquid 
/= friction factor; see Fig. 12-8 
u f = velocity of the aerated mass, ft/s 
g c = Newton's law conversion factor, 32.17 
l f = length of flow path across plate, ft 
r h = hydraulic radius of the aerated mass, ft; defined by Eq. (12-18) 

A correlation of the friction factor / as a function of Reynolds number is shown 
in Fig. 12-8. The Reynolds number used in this correlation is defined as follows 



N Re = 






(12-17) 



where p z = mass density of the vapor-free liquid, lb/ft 3 
\i L = viscosity of the vapor-free liquid, lb/(ft s) 

The hydraulic radius r h of the aerated mass is defined as follows 

_ cross section h f D f 

wetted perimeter 2h f + l2D f 

where D f = arithmetic average of the tower diameter and the weir length, ft 

h f = froth height in inches; estimated by use of Eq. (12-14) and Fig. 12-7. 



(12-18) 
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Figure 12-8 Friction factor used in 
the calculation of the hydraulic 
gradient, h g , for sieve trays with 
crossflow. [B. D. Smith, Design of 
Equilibrium Stage Processes, Mc- 
Graw-Hill Book Company, New 
York, 1963, by courtesy McGraw- 
Hill Book Company.] 
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The velocity of the aerated mass u f in feet per second is taken to be the same as 
that of the vapor-free liquid, and it is computed as follows 



I2q 
where q is the liquid flow rate in cubic feet per second. 



(12-19) 



Column Capacity 

The capacity of a column for handling maximum vapor and liquid flows is of 
importance because these flow rates determine the column diameter and the tray 
spacing. At a given liquid rate, the vapor rate may be increased to the point 
where an excessive amount of liquid is entrained and finally flooding occurs. 
This type of flooding is commonly called entrainment flooding. Observations 
show that the downcomer may be only partially filled with liquid when such 
flooding begins. As flooding develops further, the downcomers become filled 
with liquid and all of the liquid fed to the column is carried out of the column 
with the overhead vapor. This type of flooding is further characterized by a large 
increase in the pressure drop across the column as the column becomes flooded. 

Similarly, with the gas rate held fixed, the liquid rate may be increased until 
flooding occurs. In this type of flooding, called downflow flooding, the liquid in 
the downcomer of each plate backs up to the plate above and a sharp increase in 
pressure drop across the column is observed. 

On the other hand as the flow rates are decreased, a point is reached at 
which the contacting device becomes ineffective in providing good contact be- 
tween the two phases. Each type of plate is characterized by a different set of 
flow rates below which it will not operate satisfactorily. In the case of crossflow- 
sieve plates, the reduction of the gas flow rate beyond a certain value causes 
excessive weeping and dumping of liquid which reduces the dispersion of the 
vapor throughout the liquid phase. With the reduced dispersion comes a reduc- 
tion in the interfacial area which in turn reduces the rate of mass transfer 
between phases. Valve trays can be operated at relatively low gas rates because 
the valve opening closes as the liquid rate decreases. Bubble-cap plates can 
operate at very low gas flow rates because of their seal arrangement. A diagram 
depicting the safe operating zone is shown in Fig. 12-9. 

TRAY SPACING AND DOWNFLOW FLOODING 

In order to prevent downflow flooding, the trays must be adequately spaced and 
the downcomers must be appropriately sized. It is customary in many designs to 
take the tray spacing S to be equal to twice the liquid holdup H in the down- 
comer (S = 2H). However, this choice of 5 may be more conservative than 
necessary or it may be inadequate. If it is known that the flow over the outlet 
weir is relatively free of vapor, then the tray spacing may be taken approximately 
equal to H . On the other hand, if it is known that the downcomer is filled with 
froth having a much lower density than the liquid, a tray spacing equal to as 
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Figure 12-9 Operational characteristics of a 
column. [From Chemical Engineers' Handbook, R. 
H. Perry and C. H. Chilton (eds.), 5th ed., sec. 18, 
by J. R. Fair, D. E. Steinmeyer, W. R. Penney, and 
J. A. Brink, 1973; by courtesy McGraw-Hill Book 
Company.] 



much as 5H may be required. If the tray spacing is too small, the downcomer 
will become filled with liquid and froth and downflow flooding will result. 



ENTRAINMENT FLOODING 

Determination of the column diameter through the use of the velocity at which a 
droplet will become suspended in a vapor stream was first suggested by Souders 
and Brown. 16 The expression for this velocity is easily developed by considering 
the case of a freely falling spherical droplet of mass m through a vapor at rest. 
Let the projected area of the droplet be denoted by A d and its diameter by D d . 
Let the drag force on the droplet be denoted by F D , the buoyancy force by F b , 
and the gravitational force by F g . If the downward direction of motion is taken 
as the positive direction, then the application of Newton's second law of motion 
gives 

where u is the velocity of the droplet in the positive direction and the con- 
version factor g c has the value of 32.17 when m is in pounds force. The forces are 
given by 



p i nD *\ n g 



u" „ inDj \ w 



F o-C D A dPv -=C D ]^^ v - 



(12-22) 
(12-23) 



where C D is the customary drag coefficient, p v is the mass density of the vapor, 
p L is the mass density of the liquid, and g is the acceleration of gravity. 

When the droplet reaches it terminal velocity, du/dt = 0, and Eqs. (12-20) 
through (12-23) may be solved for the terminal velocity u to give 



~(gm?r 



(12-24) 
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Since the first term on the right-hand side is very nearly constant for any one 
droplet, Eq. (12-24) is commonly stated in the following form 



u = C< 



B \ Pv ) 



(12-25) 



where 



~SB 



-G£f 



Let D p be regarded as the average droplet diameter. Then all droplets having 
a diameter less than D p become entrained in the vapor and are carried to the 
plate above. This observation suggests the use of Eq. (12-25) in the correlation of 
the vapor velocity at which entrainment flooding occurs. The original correla- 
tion of Souders and Brown 16 consisted of a plot of C SB against tray spacing with 
surface tension as a parameter. Fair and Mathews 5 presented a correlation for 
bubble-cap trays in 1958 and sieve trays 4 in 1961 in which C SB is plotted against 
the Sherwood function, (L/G)(p v /p L ) ll \ where L and G are the mass rates of 
flow of the liquid and vapor, respectively, in pounds per hour. In Fair's correla- 
tions, tray spacing is used as a parameter and a surface tension correction is 
applied. For crossflow sieve trays, Fair's correction for estimating the entrain- 
ment flood point is shown in Fig. 12-10. The factor (20/a) ' 2 which appears in 
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Figure 12-10 Values of C SB at flooding conditions for sieve and bubble-cap plates. L/G = ratio of 
mass flow rate of liquid to vapor, u is in feet per second, and a is in dynes per centimeter. [J. R. Fair, 
Pet. Chem. Eng. 33(10): 45 (1961), by courtesy Petroleum Engineer.] 
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the ordinate function corrects for the deviation of the system surface tension 
from the base value of 20 (dynes per cm) to the actual surface tension a of the 
liquid. In Fig. 12-10, the linear velocity u is based on the active area available for 
deentrainment (usually the tower cross-sectional area minus one downcomer) in 
feet per second. 

Fair 4 restricted the correlation presented in Fig. 12-10 to systems which 
satisfy the following conditions 

1. Weir height is less than 15 percent of tray spacing 

2. System is low to nonfoaming 

3. Hole diameter is one-quarter inch in diameter or less (sieve trays) 

4. Holes are evenly distributed and occupy at least 10 percent of the active area, 
the area between the downcomer and the outlet weir. 

If the hole area A h is less than 10 percent of the active area A a , then Fair 4 
recommends that the chart values be corrected as follows 



A *I A * "/Mchar, 

0.1 1.0 

0.08 0.9 

0.06 0.8 

where A a is the area between the 
downcomer weir and the outlet weir. 



A correlation similar to the one proposed by Fair 4 is presented in Fig. 12-11. 
This correlation was proposed by Smith et al. 15 and it is applicable to columns 
having either bubble caps, sieve, or valve trays. In this correlation, the parameter 
is settling height rather than tray spacing used by Fair. 4 Settling height is defined 
as the tray spacing minus the clear (vapor-free) liquid depth. For this correla- 
tion, the clear liquid depth is defined as (h w + h ow ), the height of the weir plus the 
height at which clear liquid overflows the weir. It is further specified that h ow is 
the value found by use of the Francis weir formula [see Eqs. (12-8) and (12-9)]. 
In the same year that Smith's correlation appeared, Gerster 6 proposed a similar 
correlation in which the parameter (h w + h ow ) was used. 

The correlation presented in Fig. 12-11 is based on data collected by Smith 
et al. 15 on a number of towers which were operating under conditions near their 
physical limits and occasionally overflowing. Smith et al. state that the average 
deviation in the flooding velocity data from manufacturers of valve trays was of 
six percent. Previously published data used by Fair 4 to formulate the correla- 
tion of Fig. 12-10 were represented less satisfactorily by Fig. 12-11 with an aver- 
age deviation of 25 percent, consistently low. Smith et al. had no explanation to 
offer except to point out that some of the data used by Fair were taken on 
towers of experimental design rather than from towers of commercial design 
which were used in his study. 
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Figure 1H1 Hooding limit, for sieve, va.ve, and bubble-cap plates. L/C ""° °^, fl ™ rl£ 
liquid to vapor. „ is in fee. per second, and S is the tray spacng ,n mches. [Sm.th et al„ Retrod 
Refiner 40(5): 183 (1963). by courtesy Hydrocarbon Process.} 



A FURTHER INSIGHT TO ENTRAPMENT AND DROPLET RUPTURE 

A further insight into droplet entrainment and rupture is provided by the 
anaWs s of Manning 13 who developed a relationship for the absolute rnax.mum 
veS at which a 8 droplet of a given diameter will remain suspended wrthout 
rupturing into smaller droplets. . 

For a given vapor velocity, the diameter which a liquid droplet ^ must have m 
order to become suspended and have a zero velocity with respect to the floor of 
the tray is found by rearrangement of Eq. (12-24) 



i 



D,= 



3k 2 C d 



"I— ) 

\Pl-Pv! 



(12-26)^ 



Hinze 8 found that for liquid particles falling through vapors C D = 0.7. . J| 

Hinze 8 and others have observed that as the vapor flowing past a droplet | 
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increased, a critical value of the Weber number is reached at which rupture 
occurs. The Weber number is defined as follows 

N Wc = £^ (12-27) 

(J 

where a is the surface tension expressed in consistent units. Since the difference in 
pressure P, on the inside of a liquid droplet and the pressure P on the outside of 
a droplet are related to the surface tension by the well-known relationship 



it is possible to restate Eq. (12-27) in the following form 

Pv/Pl(u 2 /W 



N v 



[(Pi - P)/Pl9c] 



(12-29) 



Thus, the Weber number is seen to be the ratio of the impact kinetic energy of 
the vapor stream to the surface tension energy tending to hold the droplet 
together. As the impact kinetic energy is increased until it exceeds the surface 
tension energy, the droplet will rupture. Although Eq. (12-29) suggests that the 
critical value of the Weber number should be 8, Hinze 8 points out that the 
critical value of the Weber number varies somewhat with liquid viscosity. For 
the set of substances water, carbon tetrachloride, and glycerin plus 20 percent 
water, Hinze 8 concluded on the basis of some rough experimental data that 
rupture occurs at an average Weber number of approximately 20. 

Since a droplet ruptures at values of the Weber number which exceed the 
critical value, Eq. (12-27) may be solved for the maximum value of the droplet 
diameter to give 

0,™ = ^M^ U 2 -30) 

PyU 

where D d max = maximum diameter of the droplet 
(iVwe)crit = critical value of the Weber number 

Equations (12-26) and (12-30) define the maximum diameter which a droplet 
may have and remain suspended in a vapor stream without rupture. The maxi- 
mum diameter of a droplet as well as the maximum vapor velocity which can be 
tolerated without rupture occurs at the intersection of Eqs. (12-26) and (12-30); 
see Fig. 12-12. 

When D d given by Eq. (12-26) is equal to D dmax given by Eq. (12-30), the 
vapor velocity is absolutely the highest which can be tolerated. For instance, if 
the vapor velocity is increased, the droplets will have a positive velocity upward 
or the droplets that were of the maximum diameter will now rupture. Thus, the 
intersection of the two curves in Fig. 12-12 represents the absolute maximum 
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Equation (12-30) 




PARTICLES WILL RUPTURE 
+ ENTRAPMENT 



OPERATING RANGE 
Equation (12-26) 




1/128 1/64 1/32 1/16 1/8 1/4 1/2 I 2 

PARTICLE DIAMETER, INCHES 

Figure 12-12 Four areas of tray hydraulics are described by Eqs. (12-26) and (12-30). The intersec- 
tion of the two curves represents the highest possible vapor velocity that can be tolerated. [E. 
Manning, Ind. Eng. Chenu 56(4): 15 (1964), by courtesy American Chemical Society.] 



velocity that can exist. The intersection is found by solving Eqs. (12-26) and 
(12-30) for the velocity subject to the condition that D d = D dt max . 



j4gf(j(Nwe)crit(pL ~ Pv) 

' 3p£C D 



(12-31) 



If all droplets were of the same size (the maximum size that can exist), the vapor 
velocity at which the droplets would become suspended but would not rupture is 
given by Eq. (12-31). Above any actual tray, a range of droplet sizes exists, and 
the maximum vapor velocity which can actually be reached is well below the 
values predicted by Eq. (12-31). Figure 12-13, taken from Manning, 13 shows a 
comparison of the theoretical maximum vapor velocity given by Eq. (12-31) and 
the actual maximum vapor velocity for several high-capacity trays. 

MINIMUM VAPOR VELOCITY AND WEEPING 

As the vapor rate is reduced below the weep point, excessive liquid weeping 
through the perforations occurs which reduces the plate efficiency significantly. 
Although some weeping of the liquid through the perforations occurs on all sieve 
trays at normal operating conditions, it does not affect the plate efficiency unless 
the vapor rate is reduced until the weep point is reached. This operating condi- 
tion may be predicted through the use of a correlation proposed by Fair. The 
correlation is based on the observation that liquid will not drain through the 
perforations if the liquid head above the perforation is less than the sum of h 
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Figure 12-13 Comparison of theo- 
retical maximum vapor velocity 
with maximum for conventional 
trays. [E. Manning, Ind. Eng. Chem., 
56(4): 15 (1964), by courtesy Ameri- 
can Chemical Society.] 



(the pressure drop across the perforation) and h a (the vapor-free liquid head 
required to overcome the surface tension of the liquid over the perforation). In 
the correlation shown in Fig. 12-14, the liquid head over the perforation is taken 
to be the head at the outlet weir, (h w + h ow ). If the design point lies above the 
appropriate line in Fig. 12-14, then weeping will not be of a sufficient magnitude 
to have an appreciable effect on the plate efficiency. 

The pressure drop of the vapor across the orifice expressed in inches of 
vapor-free liquid is computed by use of Eq. (12-10). The head required to over- 
come the surface tension force at the perforation may be estimated by use of an 
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Figure 12-14 Weeping correlation for sieve plates. [From B. D. Smith, Design of Equilibrium Stage 
Processes, McGraw-Hill Book Company, New York, 1963, by courtesy McGraw-Hill Book 

Company.] 
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expression proposed by Fair et al., 2 which was apparently obtained by restating 
Eq. (12-28) in inches of vapor-free liquid 

h = °^ (12-32) 

" Pl d o 

where D = diameter of perforation, in 

o = liquid surface tension, dyne/cm 

[Actually, on the basis of conversion of units alone, a coefficient of 0.053 rather 
than 0.04 is obtained for Eq. (12-32).] 

Typical Values of Selected Variables 

As a guide in the design of sieve trays, the values of selected variables en- 
countered are presented. These values were taken from Leibson et al. 12 

The perforations in sieve trays are seldom less than ^ of an inch in 
diameter and they are located on equilateral triangles such that the pitch to 
diameter ratio is greater than 2 but less than 5 with an optimum of about 3.8. 
The trays are generally designed with tray thickness to hole diameter of 0.1 to 
0.7. 

Because of its large contribution to the total pressure drop across a tray, the 
liquid seal (h w + fi ow , at the outlet weir) should not normally exceed 4 inches. 
The outlet weir height is normally greater than 1^ inches but less than 3 inches. 

The minimum clearance between the downcomer outlet and the deck of the 
plate is li inches. If the downcomer to tray clearance is greater than the liquid 
seal height on the tray at the minimum liquid rate, an inlet weir of suitable 
height should be provided to ensure that the downcomer is actually sealed in 
order to avoid vapor blowback through the downcomer. 

12-2 VALVE TRAYS 

Valve trays have essentially all of the advantages of both bubble-cap trays and 
sieve trays but hardly any of the disadvantages. They have about the same 
capacity, efficiency, and low pressure drop offered by sieve trays. Like bubble- 
cap trays, valve trays can be operated over a wider range of operating conditions 
(including very low flow rates) than sieve trays. The relatively simple construc- 
tion of valve trays leads to a cost which is not a great deal higher than the 
comparable sieve tray. Some specific claims of Glitsch 7 are as follows: 

1. Maximum efficiency at low loads and high efficiency at conditions 5 to 10 
percent below flooding results in usable capacity. 

2. A combination of lower pressure drop per stage and high efficiency for 
vacuum systems results in low tower pressure drops. 

3. The mechanical design of the tabs are such as to virtually eliminate sticking 
problems. At zero to relatively low vapor rates, the V-type unit is sealed on 
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three tabs which hold the disc above the deck by a distance of approximately 
0.1 inches. The maximum clearance is 0.32 inches. 

Some specific claims of Koch Engineering 1 ' are as follows: 

1. Flexitrays can handle loads up to 10 percent higher than sieve trays and 15 to 
20 percent higher than bubble-cap trays. 

2. The efficiencies are essentially constant over a wide range of operating 
conditions. 6 

3. Low pressure drop and negligible hydraulic gradient are characteristic of 
Flexitrays. 

4. Stops on the caps prevent caps spinning in tray holes. 

At the present time, valve trays constitute about 70 percent of the market 
sieve trays 25 percent, and bubble-cap trays 5 percent. The standard valve tray 
costs about 20 percent more than the standard sieve tray with f to finch or 
larger holes. The cost of a bubble-cap tray is approximately 300 percent more 
than the corresponding valve tray. 

Although the design equations presented by the manufacturers differ in form 
from those presented for sieve trays, they are based on the same fundamentals 
Except for the pressure drop through the perforations, the equations presented 
in bee. 12-1 for sieve trays should yield approximately the same total head H as 
those of the manufacturer. The mechanism for the flow of vapor through the 
perforations differs from the mechanism for the flow of vapor through the valves 
for the V-l and V-4 units, Glitsch 7 has proposed the following equation for 
computing the pressure drop of the vapor as it passes through the opening of the 
valves of a dry plate 6 

Units part open: 



Units full open : 



K 


-1.35 


tmPm 

Pl 


+ K, 


u 2py 

Pl 


K 


- K u 2 Pv 
Pl 







(12-33) 



(12-34) 



where h = pressure loss in inches of vapor-free liquid 
t m = valve thickness, in 
p m = density of valve metal, lb/ft 3 
*i, K 2 = pressure drop coefficients 

u = velocity of the vapor through the opening of the ballast unit, ft/s 

Values of K, and K 2 are given below with the thickness corresponding to several 
densities of commonly used metals. 
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Pressure drop coefficients 











K 2 for deck thickness of 




Type unit 


*i 


0.074 in 


0.104 in 


0.134 in 


0.25 in 


V-l 
V-4 




0.2 
0.1 


1.05 
0.50 


0.92 
0.50 


0.82 
0.50 


0.58 




ness 






Valve material 




Thick 


Metal 


Density 
lb/ft 3 


Metal 


Density 


Gage 


t m , inches 


lb/ft 3 


20 
18 
16 
14 
12 
10 


0.037 
0.050 
0.060 
0.074 
0.104 
0.134 




CS. 

S.S. 

Nickel 

Monel 

Titanium 


480 
510 
553 
550 
283 


Hastelloy 
Aluminum 
Copper 
Lead 


560 
168 
560 
708 



The hole or open area A h (in square feet) used to compute the velocity through 
the opening, w , which appears in Eq. (12-33) is computed as follows 

No. ballast units ^ 35) 

Ah= 7^5 l ' ' 

Example 12-1 This example is based on the results of a design calculation 
given by Leibson et al. 1 2 For the following single-pass sieve tray with crossflow : 

(a) Compute the total holdup H of vapor-free liquid in the downcomer, and 
compare 2H with the specified tray spacing 5. Estimate the height of 
froth in the downcomer on the basis of the assumption that the froth 
density in the downcomer is the same as that over the active area. 

(b) Compute the flooding velocity of the vapor. 

(c) Compute the minimum vapor rate. 

Given: 

Properties (at the operating conditions 270°F and 32.7 lb/in 2 abs) 

p L = 40.8 lb/ft 3 , n L = 0.24 centipoise, a = 12.5 dyne/cm, gravity = 56.3° API, 

and p v = 0.40 lb/ft 3 

Tray Geometry 

Diameter = 15.5 ft 

Hole diameter = -ft in = 0.1875 in 

Outlet weir length = 124 in = 10.33 ft 

Outlet weir height = 2.5 in 

Length of liquid flow path = 13.67 ft 

Clearance between the downcomer outlet and the deck = 2.25 in 
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Tray thickness = 0.1345 in (10 gauge) 
Total area = 188.6 ft 2 
Active area = 116 ft 2 
Perforation (hole) area = 7.8 ft 2 
Area per downcomer = 14 ft 2 

Flow Rates 

Maximum flow rate of liquid = 1.5 ft 3 /s = 673.25 gal/min 
Minimum flow rate of liquid = 0.526 ft 3 /s = 236 gal/min 
Maximum flow rate of the vapor = 250 ft 3 /s 
Minimum flow rate of the vapor = 125 ft 3 /s 

(a) Calculation of the Total Holdup H of Vapor-Free Liquid in the 
Downcomer 

In order to determine //, it is necessary to compute the values of /i , h ow , 
h dc , h L and h g as described in the text. 

1. Calculation ofh 0i the Pressure Drop through the Perforations at the Maxi- 
mum Vapor Rate 

In order to find C by use of Fig. 12-6, the following quantities must be 
evaluated 

A h hole area 7.8 
A a active area 116 

J_ _ tray thickness _ 0.1345 
D ~ hole diameter ~ 0.1875 
From Fig. 12-6, C = 0.73 



= 0.717 



The linear velocity u through the perforations is given by 



250 ft 3 / s 
7.8 ft 2 



"o = ., J = 32.05 ft/s 



Then by Eq. (12-10), 

2. Repeat of Item 1 for the Minimum Vapor Rate 
In this case C = 0.73, and 

127 ft 3 /s 



u 7.8 ft 2 
Then by Eq. (12-10) 



= 16.03 ft/s 



••-<»* (^<°»OQ- 



in 
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3. Calculation of the Height Over the Weir h ow at the Maximum Liquid Rate 

In order to determine the correction factor F w of Eq. (12-8) by use of 
Fig. 12-5, the value of the following quantity is needed 
Q = 673.25 gal/min = { % 
(IJ12) 25 (124/12) 25 

and 

Weir length (ft) _ (124/12)ft =Q667 
Tower diameter (ft) 15.5 ft 
From Fig. 12-5, F w = 1.025. Then by use of Eq. (12-8), one obtains 

IO\ 2 ' 3 v /673.25 gal/min \ 2/3 , C1 . 

*U = 0.48F w g) =(0.48)(1.025)[ J/ ) = 1.51 in 

4. Repeat of Item 3 for the Minimum Liquid Rate 

In this case 

__e__ = 236_^l/min =06gg 

(U12) 25 (124/12) 25 



and since 

and Fig. 12-5 gives 
it follows that 



Weir length __ ^ 
Tower diameter 



F w =1.02 



gj =(0.48)(1.02)(— J =0.75 in 

5. Calculation ofh dci the Pressure Drop of the Liquid Resulting from its Flow 
Under the Downcomer at the Maximum Liquid Rate 

The area between the downcomer outlet and the deck of the tray is 
found as follows 

^ c =(2.25in)(124in) = 279in 2 

Then, by use of Eq. (12-11) 

ft ^O.O 5 ,(0 = ,O.O 5 „(^) ! =O,3 2 „ 

6. Repeat of Item 5 for the Minimum Liquid Rate 

^ = 0.057(|-J = (0.057)(^) 2 = 0.041 



in 



in 
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7. Calculation of h L , the Head Loss from the Flow of Vapor Through the 
Aerated Liquid 

For the first estimate of h L , neglect the hydraulic gradient h g . In order 
to evaluate p of Eq. (12-13), the abscissa of Fig. 12-7 is evaluated. The linear 
velocity through the active area is given by 

250 ft 3 /s 

Then 

m o ^ /2 = (2.16)(0.40) 1/2 =1.37 
From Fig. 12-7 

p = 0.61 
Thus, by use of Eq. (12-13) with the assumption h g ^ 0, one obtains 
K = PK + h ow ) = (0.61)(2.5 + 1.51) = 2.45 in 

8. Calculation of the Froth Height, h f 

For the value of the abscissa computed in item 7, the value </> = 0.22 is 
read from Fig. 12-7. Then by Eq. (12-14) 

h f = hJ4> = 2.446 in/0.22 = 1 1.12 in 

9. Calculation of the Hydraulic Gradient, h g 

In order to evaluate the hydraulic gradient h g by use of Eq. (12-16), it is 
necessary to determine the friction factor/ The latter is determined by use of 
Eqs. (12-17) through (12-19) and Fig. 12-8 as follows 

_ diam eter of the column + length of the weir 

Df _ 

15.5+10.33 ,„„, 
= = 12.9 ft 

h f D f (11.12X12.9) 

r " 2h, + 12D, (2X11.12) + (12X12.9) ~ 

_ I2q _ (12X1.5) 
Uf -KF f "(2.45X12.9) = ° 57ft/S 

Since the viscosity of the liquid was not given by Leibson et al., 12 it was 
estimated to be 0.24 centipoise. Thus 

\i L = 0.24 centipoise = 1.6 x 10" 4 lb/(ft)(s) 
and 

^-^^- ^y^xy ), 11.7x10- 

\i L 1.61 x 10 4 
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By extrapolation of Fig. 12-8 to h w = 2.5, one obtains 

/= 0.035 

Since it is given that the length of the liquid flow path l f = 13.67 ft, the 
hydraulic gradient may now be evaluated by use of Eq. (12-16) to give 

^ = (O035^^ 
"• 120 c r, (12X32.17X0.81) 

Since h g ^ 0, the assumption made in item 7 in the calculation of h L is valid. 

10. Calculation of H, the Height of Vapor-Free Liquid in the Downcomer at 
the Maximum Liquid and Vapor Rates 

By Eq. (12-7) 

H = h + h dc + h L + h ow + h w + h g 

= 3.5 4- 0.332 + 2.45 + 2.5 + 1.51 = 10.29 in 

and 

2H = 20.58 in 

Thus, the specified tray spacing of 5 = 24 inches is adequate. 

The maximum holdup of liquid and froth in the downcomer may be 
estimated by use of the relative froth density <t> for the active area of the 
plate 

10.29 
Maximum height = ' = 46.8 in 

If the relative froth density were this small (</> = 0.22) for the downcomer, 
the column would flood. 

(b) Calculation of the Flooding Velocity of the Vapor 

Figure 12-10 is used in the calculation of this velocity. To use this figure, 
the value of the abscissa is needed. 

Ll Pv \ - 5 _ (1.5 ft 3 /s)(40.8 lb/ft 3 ) / 0.4 J 05 _ 0Q61 
G \ pj (250 ft 3 /s)(0.4 lb/ft 3 ) \40.8/ 

For this value of the abscissa and a tray spacing of 24 inches, Fig. 12-10 gives 

C SB = 0.38 

Thus, the flooding velocity is given by 
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and the chart or graphical value of u is 

ii charl = 3.48 ft/s 
Since 

Ah/Aa = TTe =0067 

Fair 4 recommends that the flooding value of u be obtained by multiplying 
the chart value by 0.835 [see the tabular information given below 
Eq. (12-25)]. Thus 

"noodin g = (3.48 ft/s)(0.835) = 2.9 ft/s 

If a design value of u equal to 80 percent of the flooding velocity is used, 
then 

" desig n = (0.8)(2.9) = 2.33 ft/s 

The specified value for the maximum vapor velocity is 

250 ft 3 /s 



(188.6- 14) ft : 



= 1.43 ft/s 



Thus, the specified value for the maximum velocity of 1.43 ft/s is well below 
the value of 2.33 ft/s computed for design. 

(c) Calculation of the Minimum Vapor Rate 

The minimum vapor rate may be estimated by use of Fig. 12-14. To use 
this graph, the following quantity must be evaluated 

0.040a (0.040)(12.5) __ . 

Thus, 

h + h a = 3.5 + 0.0654 = 3.57 in 

The point [(h w + h ow = 4.02), (h + K = 3.57)] lies well above the curve for 
AJA a = 0.067. Thus, weeping will not be deleterious to plate efficiency. 3 



NOTATION 

A a the active area of a sieve tray, the area between the downcomer weir 

and the outlet weir (the section of the plate which contains the 

perforations) 

A dc clearance area between the downcomer and the deck of the tray, in 2 

A h hole area of the perforations of a sieve plate or the openings of a valve 

plate in the units given with the respective equations in which A h appears 
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C D drag coefficient; defined by Eq. (12-23) 

C discharge coefficient for the flow of vapor through the perforations of a 

sieve tray; see Eq. (12-10) 
D d diameter of droplet 

D f arithmetic average of the tower diameter and the weir length, ft 

D diameter of the perforation of a sieve tray, in 

/ friction factor; appears in Eq. (12-16) 

F w weir constriction correction factor; appears in Eqs. (12-8) and (12-9) 

Y^F t frictional losses accompanying the flow of the liquid from point (1) to 

point (2) of Fig. 12-3 
g c Newton's law conversion factor 

g acceleration of gravity 

h dc head loss by the liquid in flowing under the downcomer, inches of 

vapor-free (or clear) liquid 
h f froth height, total height of froth plus liquid in the downcomer, in 

h g height of the hydraulic gradient, inches of vapor-free liquid 

h L head loss of the vapor as it flows through the aerated liquid above the 

perforations of a sieve tray, inches of vapor-free liquid 
h dry hole pressure drop through the perforations of a sieve tray or the 

ballast units of a valve tray, inches of vapor-free liquid 

h ow height of liquid over the weir, inches of vapor-free liquid 

h w height of the weir, in 

K l9 K 2 coefficients in the pressure drop expression for V-l and F-4 ballast 
units; see Eqs. (12-33) and (12-34) 

l f length of flow path across the plate, ft 

l w length of weir, in 

N Re Reynolds number; defined by Eq. (12-17) 

N We Weber number; defined by Eq. (12-27) 

P pressure in consistent units in the equation in which it appears 

Q volumetric flow rate of the vapor-free liquid, gal/min 

r h hydraulic radius of the aerated mass in inches; see Eq. (12-18) 

u f linear velocity of the aerated mass in feet per second; see Eq. (12-19) 

u line or velocity of the vapor through the perforations of a sieve tray or 

the opening of a valve tray, ft/s 

t m valve thickness, in 

Z height of liquid; see Fig. 12-3 



Greek symbols 

p aeration factor; defined by Eq. (12-13); dimensionless 

p v mass density of the vapor, lb/ft 3 

p L mass density of the liquid, lb/ft 3 

<t> relative froth density; defined by Eq. (12-14) 

p m density of metal, lb/ft 3 



r 
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PROBLEMS 

12-1 The correlation presented in Fig. 12-6 was developed by Leibson et al. 12 on the basis of a 
formula for C obtained by adding the contraction loss from point i to point o of Fig. PI 2-1 to the 
expansion loss from point o to point d. Equations for the contraction loss AP c /p / and the expansion 
loss AP e /p, are available in standard texts and handbooks on fluid flow. The expressions used are as 
follows 

Pl 2 9c 

where K = contraction coefficient and is dependent on the area ratio, (A /Aj) for Reynold's numbers 
based on A and greater than 10,000 
p L = fluid density of the liquid 
m = linear velocity at point o of Fig. PI 2-1 



Flow of 



Fluid 



Figure PI 2-1 

If the total drop across the perforation is denoted by AP /p L (where AP = AP e + APJ, obtain a 
formula for C of the orifice equation 

Pl C l 2 9 c 
in terms of the contraction coefficient K and the area A n and A* . 



Answer: 



C a = 



1 



[K + (l-*.M,) 2 ] 1/2 



12-2 Develop the expression given by Eq. (12-31) for Manning's correlation. 13 
12-3 On the basis of a vapor velocity of 2.16 ft/s (250 ft 3 /s/116 ft 2 = 2.16 ft/s) and a critical Weber 
number of 20 for the system given in Example 12-1, compute the maximum droplet diameter by use 
of Eq. (12-30). 

12-4 For the system given in Example 12-1, calculate the absolute maximum vapor velocity as given 
by Eq. (12-31). Take C D = 0.7, and (N We ) crit = 20. 
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CHAPTER 

THIRTEEN 

APPLICATION OF THE FUNDAMENTALS OF 
MASS TRANSFER TO PLATE EFFICIENCIES 

AND PACKED COLUMNS 



The fundamental relationships required to describe the mass transfer which 
occurs on the plate of a distillation column are the same relationships required 
to describe the mass transfer which occurs in a packed distillation column. For 
many years, packed columns were used primarily for corrosive applications 
where ceramic packing was advantageous and for small-diameter columns where 
it was inconvenient to install plates. Because of the favorable economics of 
installation and low pressure drop, packed columns should be considered as an 
alternative to a column with plates. 

In Sec. 13-1 the fundamental concepts of mass transfer are presented. In 
Sec. 13-2 these fundamentals are used in the development of predictive models 
for plate efficiencies. In the final section, 13-3, a treatment of packed columns is 
presented. 



13-1 FUNDAMENTAL RELATIONSHIPS FOR 

MASS TRANSFER BETWEEN VAPOR AND LIQUID PHASES 

Four of the simplest and best known of the theories of mass transfer from 
flowing streams are (1) the stagnant-film model, (2) the penetration model, (3) the 
surface-renewal model, and (4) the turbulent boundary-layer model 

The stagnant-film model was proposed by Nernst 28 in 1904. The model may 
be described by visualizing the passage of a gas stream containing components A 

443 
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and B past a liquid surface. Suppose that A is soluble and B is not soluble in the 
liquid. In this model, it is supposed that the gas next to the surface is stagnant 
and that the transfer of A through this thin stagnant layer or film of gas occurs 
by molecular diffusion. From the theory of molecular diffusion, the following 
expression is obtained for N A9 the rate of diffusion of A per unit area of liquid 
surface 

N _ DabH C ai -C a2 ) / 13-1 v 

RTyC BM 

where D AB = molecular diffusivity of A with respect to B in a mixture of A and B 
P = pressure 
C Al = bulk concentration of A in the gas stream 
C A2 = concentration of A at the surface of the liquid 
C b m = logarithmic mean of concentrations of B at the boundaries of the 
film 
y = thickness of the stagnant film 
T = temperature, and R is the gas constant 

The model has two major faults. It provides no method for the calculation of the 
film thickness y and it predicts that the rate of diffusion should be proportional 
to the first power of the diffusivity. The experimental results of Gilliland and 
Sherwood 17 and of Vivian and King 36 suggest that the diffusivity should be 
raised to the powers of 0.5 and 0.56, respectively. 

Since y is unknown, it is customary to state Eq. (13-1) in terms of mass 
transfer coefficients as follows 

Na = K L (C A1 - C A2 ) = k' G (p A1 - p A2 ) (13-2) 

The penetration theory was proposed by Higbie 19 who observed that the 
mass transfer of a solute A from a liquid to a gas in industrial processes could be 
regarded as a succession of intermittent processes wherein each bubble of vapor 
is exposed to a succession of liquid surfaces. Each liquid surface is visualized as 
forming at the top of the bubble and remaining in contact with it for amount of 
time t, equal to that required for the bubble to move through a distance equal to 
one bubble diameter. The mass transfer process over the time period t was 
described by the partial differential equation known as Fick's second law. The 
solution obtained for a suitable set of boundary conditions led to the following 
expression for N 4 , the rate of transfer of A from the liquid to the vapor per unit 
of interfacial area 



N A = 2(C A1 -C A0 )I- (13-3) 




where C A0 = concentration of A in the liquid 

C Al = concentration of A at the phase boundary between the gas bubble 
and the liquid 
t = average contact time between a gas bubble and a liquid surface 



FUNDAMENTALS OF MASS TRANSFER TO PLATE EFFICIENCIES AND PACKED COLUMNS 445 

Since the model provides no means for computing the contact time t, it is not 
suitable for predicting mass transfer coefficients. It does agree well with exper- 
imental evidence 17,34 which suggests that N A should be proportional to the 
difTusivity raised to approximately the 0.5 power. 

Danckwerts 8 reasoned that some surfaces may remain in contact longer 
than other surfaces and generalized the penetration theory by introducing a 
probability function which expresses the fact that there exists a distribution of 
contact times lying between zero and infinity. In the resulting expression ob- 
tained for N A , the term 2^/D/nt is replaced by ^/Ds, where 5 is the fractional 
renewal rate. Since the unknown t is replaced by the unknown 5, the model is 
not suitable for the prediction of mass transfer coefficients. 

The turbulent boundary layer model accounts for the transfer of a solute 
molecule A from a turbulent stream to a fixed surface. Eddy diffusion is rapid in 
the turbulent stream and molecular diffusion is relatively insignificant. It is 
supposed that the turbulence is damped out in the immediate vicinity of the 
surface. In the intermediate neighborhood between the turbulent stream and the 
fixed surface, it is supposed that transport is by both molecular and eddy diffu- 
sion which take place in parallel. The total rate of transfer (moles of A trans- 
ferred per unit time per unit area) is given by an extended form of Fick's law 

N A =-(D + E D )^ (13-4) 

where E D is the eddy diffusivity. Although the eddy diffusivity is not generally 
available from experimental observations, it may be estimated through its rela- 
tionship to eddy viscosity, which can be derived from velocity profiles. 29 Further 
treatment of the general topic of mass transfer is outside the scope of this book. An 
excellent treatment of this topic by Sherwood et al. 29 has been published recently. 
In the remainder of this chapter, the two-film theory with equations of the 
form of Eq. (13-2) is applied to packed columns and to plate efficiencies. The 
essence of the two-film theory is the additivity of the vapor and liquid film 
resistances which was first proposed by Lewis and Whitman. 26 ' 37 

Applications of the Two-Film Theory to 

Mass Transfer between Vapor and Liquid Phases 

For defiiiiteness in the following development consider a packed column such as 
the one shown in Fig. 13-1, and suppose that it is operating at steady state. The 
rate of flow of the liquid absorbent stream is denoted by L , the rich absorbent 
stream by L A , the rich gas stream by V N+ u and the lean gas stream by V u all in 
moles per unit time. 

In the following developments, it is supposed that the mixing is perfect in the 
radial direction, but that no mixing occurs in the vertical direction. At any 
particular Z of this column, the transfer process whereby component i is trans- 
ferred from the liquid to the vapor phase may be represented graphically as 
shown in Fig. 13-2. 
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0.0 



V*i* 



i + t 



Figure 13-1 Sketch of a packed absorption column. 



As implied by Fig. 13-2, the rate of mass transfer of a component from the 
liquid to the vapor phase consists of a sequence of rate processes which occur in 
series. First component i is transferred from the liquid phase to the interface at 
the liquid side. The fugacity potential or driving force for this transfer process is 
taken to be/f -ff\ where the fugacity f\ is evaluated at the bulk conditions of 
the liquid phase and/f is evaluated at the conditions at the liquid side of the 
interface. The rate of mass transfer per unit time per unit height of packing K\ 
for this step of the process is expressed as follows 

Rf = M,S(/f-/f) (13-5) 

where S = cross-sectional area of the column 

a = interfacial area per unit volume of empty column 
k L = rate constant with the units of moles of component i transferred per 
unit time per atmosphere per unit area 

Since k L and a are commonly determined as a product rather than individually, 
the product is customarily regarded as a single constant with the subscript i on 
the symbol a denoting the value of the product for component i. 

The fugacity driving force for transfer across the interface is ff -ft, and 
the rate of transfer is given by 

Rf = k, ai S(ff -ft) ( 13 - 6 > 
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Liquid Phase 



Vapor Phase 




av 



(Bulk Conditions) 



Figure 13-2 Sketch of the fugacity profile involved in the transfer of a component from the liquid 
phase to the vapor phase. 

Similarly, for the transfer of component i from the vapor side of the interface to 
the vapor phase, the driving force is//'' — f\, and the rate is given by 

R? = k G a,Sifr-fr) (13-7) 

Since the transfer processes occur in series and are at steady state, it follows that 

Rf- = R{ = Rf = R t (13-8) 

and that 

Ri = kLtiStft ~ff) = KaAff -ft) = MiS(/?* -}\) (13-9) 



ADDITIVITY OF THE RESISTANCES 

The developments which follow are based on the additivity of the resistances (the 
reciprocal of the mass transfer coefficients) which was first proposed by Lewis 
and Whitman. 26, 37 When the rate expressions for the three processes described 
in Fig. 13-2 are added, one obtains the following result upon rearrangement 



Ri 



1 1 1 

Mi M«- Mi 



s[(ft -ff) + (ff -ft) + (// -/D] (13-10) 



This expression may be restated in the following form 

Ri = Koa t S(ft-fr) 



(13-H) 
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where the overall mass transfer coefficient X G a, is defined as follows 

1 * +^+7*- < 13 " 12 ) 



K G a t k G a { k,^ k L a ( 

When the rate constant k, for transfer across the interface is exceedingly large or 
the resistance to transfer across the interface is negligible, then 

KmK G ai = —. —rr, ( 13 " 13 ) 

^ l/k L fl,- + 1/Mi 

This limiting case is sometimes referred to as the two-film theory for mass trans- 
fer. The resistances to mass transfer in the vapor and liquid phases are con- 
centrated in the vapor and liquid films. Experimental evidence presented by 
Tung and Drickamer 34 and Emmett and Pigford 13 suggest that k t is very large 
except at very high rates of mass transfer. Thus, for all practical purposes, 

fT=ff ( 13 ~ 14 ) 

Setting f? ^ff should not be taken to mean that the rate of mass transfer 
across the interface is equal to zero. On the contrary, the rate of mass transfer 
across the interface is equal to the rate of mass transfer across the vapor and 
liquid phases. That is, in the limit as /c 7 approaches infinity, the difference 
IT ~ff approaches zero and the corresponding indeterminate k { a { (// -ff ) 
approaches the finite number R t [see Eq. (13-9)]. 

Instead of using the difference in fugacities as the driving forces in the rate 
expressions, concentrations and partial pressures are commonly used. Again, 
dynamic equilibrium is assumed to exist at the interface and the rate of transfer 
across the interface is omitted in this and subsequent developments. The rate of 
mass transfer of component i from the liquid to the vapor phase is given by 

R t = k' Lai S(C[ - Cf) = k f G a t S(Pt ' Pi) ( 13 " 15 ) 

where C, has the units of moles per unit volume. 

RELATIONSHIPS BETWEEN THE MASS TRANSFER COEFFICIENTS 

If the following reasonable unrestrictive assumptions are made, then fairly 
simple relationships exist between k L a i9 k G a t , K G a t and k' L a i9 k G a i9 K G a { . Such 
relationships are needed because most of the experimental data have been col- 
lected by measuring concentrations and partial pressures. At any Z of the 
column, the following relationships among the variables are assumed 

1. P v = p* = p* = pL = P 

2 T y = T^ = T*^ = T L = T 

v ^ (13-16) 

3. il, = 1 ZL = 1 
"! 7i 

4. p L = p* 
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where p L is equal to the molar density of the liquid phase. Since the fugacities of 
the pure components depend on temperature and pressure alone, it follows from 
conditions 1 and 2 that/f =f\ and/f =f[ at any Z. Thus, on the basis of the 
assumptions given by Eq. (13-16), it is possible to restate Eq. (13-15) as follows 

*. = ^ (/.'' -If) = %^ (/?■ -/,") (13-17) 

Yi J i li J i 

Comparison of Eqs. (13-9) and (13-17) gives the relationships shown in item I of 
Table 13-1 for k L a i9 k' L a if and k! G a { . 

When the rates of mass transfer across the liquid and vapor films as given by 
Eq. (13-17) are divided by k! L a k p L Sh\ fi and fe'gfljPS/^/f, respectively, and 
added, one obtains the following result upon rearrangement 

R^K'^SW-pY) (13-18) 

where K' G a x is defined in item I of Table 13-1 and 

p^vtPKiX, Kt=f L /f y 

li 

Similarly, R { may be stated in terms of concentration units as follows 

R^K'^SiCt-CJ) (13-19) 

where JC' L a, is defined in item I of Table 13-1 and 

rt _ l\p L yi 
' " YtK t 

[Note that £,• = j pj is not necessarily equal to P and that £f = j CJ is not neces- 
sarily equal to p L because the liquid and vapor were not assumed to be at the 
bubble-point and dew-point temperatures, respectively.] By comparison of the 
above equations, other relationships are readily obtained. 



Component-Material Balances 

Consider again the packed column which is graphically represented in Fig. 13-1. 
Again it is supposed that the mixing is perfect in the radial direction and that no 
mixing occurs in the vertical direction. In Fig. 13-1, the distance Z is measured 
from the top of the column down. The liquid flows in the positive direction of Z, 
and the vapor flows in the counter direction (or in the negative direction of Z). 
A material balance on component i in the vapor phase over the element of 
volume S(Z j + 1 - Zj) is given by 



Vy ( 



,Zj+ i 



- Vy\ + j RidZ = (13-20) 

Zj+l \Zj J Zj 

Application of the mean value theorem of differential calculus (see Theorem A-2 of 
Appendix A) to the first two terms of Eq. (13-20) and the mean value theorem of 



450 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 

Table 13-1 Summary of the mass transfer relationships 



I. Relationships based on the assumptions given by Eq. (13-16) 

1. Mass Transfer Coefficients 

m« = (jfz)w k * ai = (jr) k ' GQi * G *' = tfTF ) K ' GOi 



1 _J_ / yfK,P \ 1 



K G a i k G°i k L°i K 

J_ = J_ | / y v jp L \ i 



2. Number of Transfer Units 



. ,(SZ T \ f (2) dx t ® = value of x, atZ = 0; 

n Li = k^ytfi^—j = -J — ? where ^ = ^ Qf ^ ^ z _ ^ 

v V (SZ T \ r® dy t (J) = value of ^ at Z«0; 

n Gi = k 6 a iyi /,- J— J = - J ^— ^ where ^ = ^ Qf ^ at z = Zt 

,. „/sz r \ f <2> rfy,- . v rf**.*. 

OGi - w /r (y ) = - 1 ^ wh - * - "7T 



/SZ r \ r<2> <*y, 



n OGi l 



\ V I k yf-y, 
tSZ T \ ,-<2> dy { 

/sz r \ f <2) rfxj . v yjy,- 

«ou = K L a,pL(-f) --h^Zx, where *< = *K, 
II. Relationships based on the use of the tangent line yf = m.x, + b t and associated assumptions 

1. Mass Transfer Coefficients 

1 _ 1 /m,P\ 1 

K' CM fli " *i«i + \P L /Ml 

2. Number of Transfer Units 

n' Gi = same as shown in Item I 
ri Li = same as shown in Item I 
(SZ T \ |-(2) dy t where yf is a hypothetical mole 

n'oGW = K 'os( a i P [-J^J = -J ^*~ fraction defined by Eq. (13-27). 

[SZ T \ i-<2> f/x,. where xf is a hypothetical mole 

"olm, = K'LM<*iP L [-£- J = -J^ x ._ x * fraction defined below Eq. (13-30). 
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Table 13-1 (continued) 



III. Relationships based on Henry's law, p x = //, C, and associated assumptions 

1. Mass Transfer Coefficients 

1 _J^ _H^ 
K'un a i K; a i k i. a i 

1 1 1 

+ - 



2. Number of Transfer Units 



K' U i a i k 'i. a i H i k 'a a i 

n' Li = same as shown in Item I 
n' (i = same as shown in Item I 



iSZ T \ ,(2) dy t where yf is defined below 

n'oom = KGH*iP\-y- ) = " J ^T^ E q. (13-32) 

lSZ T \ |(2) dx { where xf is defined below 
nooHi = K^a^—j = - J^ ^3^ £q (n _ 32) 



integral calculus (see Theorem A-3 of Appendix A) to the integral appearing in 
Eq. (13-20) yields 



AZ 



d(Vy) 



dZ 







(13-21) 



Zj+P AZ 



+ AZR, 

Zj+aAZ 

where < a < 1 and < /? < 1. Division of each term of Eq. (13-21) by AZ 
followed by the limiting process whereby AZ is allowed to go to zero yields 



d(Vy t ) 



dZ 



+ *i 



= 



(13-22) 



Since Z, and Z j+l were arbitrarily selected (0 < Z } < Z ;+1 < Z T \ Eq. (13-22) 
holds for all Z (0 < Z < Z T ) which is implied by restating the equation in the 
following form 



d(Vy t ) 
dZ 



+ R t =0 (0 < Z < Z T ) 



(13-23) 



Similarly, the limit of the material balance on component / over the interval 
from Zj to Z j+ x as the increment over which the balance is made is allowed to 
go to zero, gives the following differential equation for component i in the liquid 
phase 



d{Lx,) 
dZ 



+ R t =0 (0 < Z < Z T ) 



(13-24) 
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Number of Transfer Units 

Expressions for the number of transfer units are obtained by the restatement of 
Eqs (13-23) and (13-24) in an integrated form for each of the equivalent expres- 
sions for Ri. For example, consider the case where the expression given by 
Eq. (13-H) is used for R t . This expression may be stated in terms of mole 
fractions as follows 

R t = KaOtSift -f\) = KoatStf fa - tf /!>*) 

= K G a i Sy?fr(Y i -y i ) (13-25) 



where 



Hf>- 



K t =fi-/f) 



Elimination of R, from Eqs. (13-23) and (13-25) followed by the separation of 
variables and then integration from Z = to Z = Z r yields the following result 
upon rearrangement 

Xfly K fr (S?rL.fA. (13-26) 

where ® = value of y t at Z = 
(2) = value of y t at Z = Z T 

Also, the variation of the quantity on the left-hand side of Eq. (13-26) with Z 
was neglected in the integration process. Since the right-hand side of Eq. (13-26) 
involves a ratio of mole fractions, it is dimensionless. Consequently, the left-hand 
side is dimensionless. These dimensionless quantities are given the name of the 
number of transfer units and denoted by the symbol n OGi (see Table 13-1). The 
subscript OGi denotes the fact that the transfer unit for component i is based on 
the overall mass transfer coefficient K G for the gas phase. Other expressions 
given in Table 13-1 for the number of transfer units are obtained by use of other 
expressions for K, in Eqs. (13-23) and (13-24). 



Use of Tangent Line (yf = m^ -I- b) Relationships 
in the Definitions of K' G a { and K' L a x 

In this method of relating the mole fractions in the vapor and liquid phases, a 
linear relationship is assumed between the mole fraction of component i in a 
given phase and the mole fraction that it would have in the other phase if the 
two phases were in equilibrium. For the case of a binary mixture, the linear 
relationship is represented by the tangent line to the equilibrium curve 

yf = m . Xi + b t ( 13 - 27 ) 

where the quantity yf is defined as the mole fraction that component i would 
have in the vapor phase if the vapor were in equilibrium with a liquid having the 
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mole fraction x, . From this definition of yf, it follows that 

yf = KiXi 
and 

i = 1 1=1 

Thus, yf may be evaluated by making a bubble-point calculation on a liquid 
having the mole fractions {x,}. 

Let it be assumed that the values of m, and b { apply with good accuracy for 
both x, and xf, which amounts to assuming that the equilibrium curve is 
straight over this range of values of x, and that p L = p y \ Then Eq. (13-15) may 
be restated in the following form 

R, = - L ^-[(m, Xt + b l )-(m,xr + b l )] 

= ~^ (yf - yf) = V G cnPS(y! - yd (13-28) 

These two expressions for K, may be used to develop an expression for the 
overall mass transfer coefficient in a manner analogous to that demonstrated in 
the development of Eq. (13-11). In this case 

R t = K' GM a { S(pf - p\) = K' GM a { PStf - y t ) (13-29) 

where K! CM a { is defined in item II of Table 13-1. In a similar manner, Eq. (13-28) 
may be used to obtain 

R t = K' LM a ( 5(Cf - Cr) = K' LM a ( p L ( Xi - xf ) (13-30) 

where K' LM a { is defined in Prob. 13-5 and xf is the mole fraction that component 
/ would have if the liquid phase were in equilibrium with a vapor phase having 
the mole fraction y ( . From this definition of xf, it follows that 

x? = yJKi 
and 

i = i i=i 

Thus xf may be evaluated by making a dew-point calculation on a vapor having 
the mole fraction y t . 



Use of Henry's Law, p t = # f C f , in the Definition of K' HG a t and K' HL a ( 

If it is assumed that the same value of H t may be used for both C\ and Cf, then 
the following expressions may be obtained for the rate equations involving the 
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overall mass transfer coefficients K' Ha a, and K' HL a„ namely, 

R, = K'anSfa* - pi) = K' a „a,PS(yr - y,) (13-31) 

Rt = K' lMai S(Cf - Cf) = K' ul a,pH{x, - xf) (13-32) 

where K' GH aj and K' LH ai are defined in item III of Table 13-1, and 



y" = -V- xf 



*_ Pi 



Hi PL 

Height of a Transfer Unit 

The height of a transfer unit, denoted by the symbol HTU, was introduced by 
Chilton and Colburn. 7 For the gas phase, this quantity is defined as follows 

(HTt/) Cl =— r (13-33) 

n Gi 

For each of n, listed in Table 13-1, a corresponding (HTU)i may be defined. 

Other relationships are readily deduced from those presented in Table 13-1. 
For example, by use of the relationships given in item I of Table 13-1, it can be 
shown that 

-L = ± . IvtKiV] i = _L , (ytKjV] i = j_ 

nooi n Gi \ yYL )n Li n' Gi + \ y\L }n' u n> OGi (U '^ 

From this relationship it is evident that n Li = ri u , n Gi = n' Gi , and n OGi = n' OGi . 

The relationships in item II of Table 13-1 for the tangent line may be used to 
show that 

1 1 im i V\ 1 

" = — + H- — (13-35) 

n oGMi n Gi \ L Jn Li 

The additional subscript M has been added to emphasize the fact that the 
number of overall transfer units computed by Eq. (13-35) may differ slightly 
from the number computed by use of Eq. (13-34). The difference results from the 
fact that over any one stage of a distillation column, the slope of the equilibrium 
line generally changes, which gives rise to more than one possible choice for m t 
as demonstrated in the last section of Sec. 13-2. 



13-2 PLATE EFFICIENCIES 

This presentation is limited to two models, the Murphree plate efficiency and the 
modified Murphree plate efficiency, and their applications to columns in the 
service of separating both binary and multicomponent mixtures. For conven- 
ience of application, these efficiencies are restated in terms of the vaporization 
plate efficiency. Definitions of the vaporization point and plate efficiency follow 
immediately and the Murphree plate efficiencies are defined in a subsequent 
section as they arise in the development of the perfectly mixed liquid phase model. 
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Definitions of the Vaporization Efficiencies 

The utility of the vaporization efficiency rests on the fact that the equations for 
columns with perfect plates are readily transformed to those for columns with 
actual plates by the introduction of a single multiplier of K { . Unlike the Murph- 
ree plate efficiency, the vaporization plate efficiency does not arise from a parti- 
cular model for the behavior of a plate. Instead it is a function which may be 
evaluated for any model which is assumed to describe the behavior of a plate. In 
this respect, the definition of the vaporization plate efficiency is analogous to the 
thermodynamic activity coefficient. 



DEFINITION OF THE VAPORIZATION POINT EFFICIENCY 

The definition of the vaporization point efficiency is axiomatic. For let a and b 
be any two nonzero numbers which are finite and positive. Then if a is unequal to 
6, there exists a positive number c such that a = cb. Similarly, if the fugacity /f of 
component / in the vapor phase at any point above the liquid on a plate is 
unequal to its fugacity f\ in the liquid, then there exists a multiplier E t , called 
the vaporization point efficiency, such that 

f\ = Ejt (13-36) 

where f = fugacity of component i at a given point in the vapor phase 

f\ = fugacity of component / at a point in the liquid phase which is just 
beneath the point in the vapor phase 

From the definitions of f\ and/f, it follows that 

y^E&K^ (13-37) 

where y\ and y[ are the vapor and liquid activity coefficients and K t is the ideal 
solution K value (K t — f\lf\, where f\ and/f are the fugacities of pure com- 
ponent i evaluated at the temperature and pressure of the mixture). 



DEFINITION OF THE VAPORIZATION PLATE EFFICIENCY 

The vaporization plate efficiency is defined in a manner analogous to the vapori- 
zation point efficiency. Let f v yi be the fugacity of component i in the perfectly 
mixed vapor phase which leaves any plate j of a distillation column and f)i be 
the fugacity of component i in the liquid phase leaving plate;. If/£- is unequal to 
fji (where both /£• and f) { are nonzero, finite and positive), then there exists a 
positive number E j{ such that 

tt = Ejitt (13-38) 

Introduction of the thermodynamic definitions of /},• and /j- followed by 
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rearrangement yields 

^.= £,4/C,x, (13-39) 

Yji 

The vaporization efficiency was perhaps first employed by either McAdams 6 
or Carey. 5 In 1949, Edmister 12 proposed a similar efficiency and called it the 
absorption efficiency. Vaporization efficiencies have been applied to batch-steam 
distillation 21 and to conventional columns with plates. 22,33 



Temperature Conventions 

In the Murphree and modified Murphree plate efficiencies, it is supposed that 
the vapor and liquid leaving each plate are in thermal equilibrium: 
T] = Tf = Tj. Since the sum of the j^-'s over all components is equal to unity, it 
is evident from Eq. (13-39) that 

1= ZeA^Xj, (13-40) 

i=l Yji 

In many applications, the vapor forms an ideal solution (y£ = 1 for all i), and 
Eq. (13-40) reduces to 

l-tE^K^ (13-41) 

i=l 

The temperature of plate j is that value of 7} which satisfies Eq. (13-41) 
[or (13-40)]. 

The determination of the temperature by the Murphree convention is based 
on the assumption that the liquid is at its bubble-point temperature at every 
point on the plate. Then for the case where the liquid phase is perfectly mixed 
but the vapor phase is not, the actual y above the vapor may differ from yf, the 
mole fraction component that i would have in the vapor if the vapor were in 
equilibrium with the liquid. The value of y% is given by the equilibrium 
relationship 

yt^K^Xj, (13-42) 

Yji 

where K Mji is evaluated at the temperature the liquid would have if it were at its 
bubble-point temperature. That is, for the case where the vapor phase forms an 
ideal solution, the temperature of plate ; by the Murphree temperature conven- 
tion is that Tj which satisfies the following expression 

l=i7iiK UJl Xj, (13-43) 
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Modified Murphree Plate and Point Efficiencies 
for the Perfectly Mixed Liquid Phase Model 

First the equations for the modified Murphree plate efficiency are developed and 
then the corresponding equations for the Murphree plate efficiency are 
developed. Expressions for the vaporization efficiencies for each of these 
efficiencies are then presented. The section is concluded by the presentation of 
numerical examples for binary mixtures which demonstrate that essentially the 
same compositions of the vapor leaving a plate are predicted by vaporization 
efficiencies corresponding to the modified Murphree efficiency model as are 
predicted by the Murphree plate efficiencies. This result suggests that the cor- 
relations for the film coefficients developed by others 4 for use with Murphree 
efficiencies may be used in the prediction of vaporization efficiencies for multi- 
component systems. 



THE MODIFIED MURPHREE PLATE EFFICIENCY AND 
THE CORRESPONDING VAPORIZATION EFFICIENCY 

The modified Murphree plate efficiency model consists of the following set of 
assumptions. 

1. The liquid phase is perfectly mixed. 

2. No mixing of the vapor occurs as it passes up through the liquid phase, but 
upon leaving the surface of the liquid, the vapor becomes perfectly mixed 
before entering the next plate. 

3. The variation of the total-flow rate across any one stage may be neglected in 
the efficiency model for that stage. 

4. The vapor and liquid phases are in thermal equilibrium at the temperature 7} 
of the liquid leaving plate; which satisfies Eq. (13-42). 

5. The overall mass transfer coefficient and the interfacial area are finite and 
positive constants for each plate. 

In the following developments, the number of mass transfer units is taken to 
be an independent variable and the compositions dependent variables. The equa- 
tions for mass transfer on the plate of a distillation column are of the same form 
as those for a packed column. Thus, on the basis of the above assumptions, the 
component-material balance at any distance Z from the surface of the liquid on 
plate j may be represented by the following differential equation 

v r& + ( K c<)jiS(Kj>xji - yd = o O 3 - 44 ) 

which is obtained by elimination of R t from Eqs. (13-23) and (13-25). Also the 
activity coefficients appearing in Eq. (13-25) were omitted in the interest of 
simplicity in the above and in the following developments. (The effect of activity 
coefficients may be included by replacing K j{ by yj; £,,/}'£ wherever K jt appears.) 
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Suppose that K^x^ > y t over the interval of integration from Z = (the surface 
of the liquid on plate j) to Z = Z T (the floor of the plate on plate;). Separation 
of the variables in Eq. (13-44) followed by integration yields 



. 



dy, _ c z T (K a af)j i sdz 



KjiXji 



yi 



■j 



(13-45) 



Since the liquid is assumed to be perfectly mixed, Ky.x,, is constant over 
the interval from Z = to Z = Z T . Thus, Eq. (13-45) may be integrated and 
rearranged to give 



yji-yj+i. 



Kji X ji 



■yj+i.i 



= 1 - exp (- 



H OGji 



(13-46) 



where 



*OGji 



= («, 



M^) 



Also, it follows from Eq. (13-34) that the number of overall transfer units may be 
expressed in terms of the number of gas-phase and liquid-phase units as follows 



"0Gji n Gji \ L J ) n Lji 

Let the modified Murphree plate efficiency be defined by 



E Ji 



Kji*ji — yj+i,i 



(13-47) 



(13-48) 



Then, it follows from Eqs. (13-46) and (13-48) that one should be able to predict 
the modified Murphree plate efficiency on the basis of the total number of 
overall transfer units, namely, 

£jf=l-exp(-n OGil ) (13-49) 

When both the numerator and denominator of the expression for E]f given by 
Eq. (13-48) are divided by K^x^ and the expression so obtained is solved for 
E ji9 the following formula is obtained 



E lt = 



_ yj+i, 



Kji x ji 



+ £S 



1- 



Kji x ji 



(13-50) 



Replacement of £j/ in Eq. (13-50) by its equivalent as given by Eq. (13-49) yields 
the predictive formula for E Ji9 namely, 



E Jt = 1 - e- noGJi 



1- 



yj+i,t 

Kji X ji. 



(13-51) 
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THE MODIFIED MURPHREE POINT EFFICIENCY AND 
THE CORRESPONDING VAPORIZATION POINT EFFICIENCY 

Instead of making a material balance over the entire plate, a balance may be 
made over a section of the plate which is AZ high and AW wide. The variable 
W is measured from the outlet weir at which W = W T . If it is supposed that the 
vapor is distributed uniformly over the plate, then the flow rate per unit length is 
given by V/W T . Thus, the material balance over the element from W } to 
Wj + AW is given by 

l, UH.,-1, MfH + >., K feH =0 

(13-52) 

Application of the mean value theorems of integral and differential calculus 
followed by the limiting process wherein AZ and AW are allowed to go to zero 
yields 

Vdv- 

~J^ + R i = Q (0<Z<Z T ,0<W< W T ) (13-53) 

Separation of variables followed by integration from Z = to Z = Z T at a given 
W yields 

Since K x x x does not change with Z at a given W, this expression may be in- 
tegrated and rearranged to give the definition of the modified Murphree point 
efficiency. 

E% = J , '~^ +1,f = 1 - e~ n < (13-55) 

K i x i - yj+i,i 

where n { is the point value of the number of overall transfer units. At any W 

nm jj^g^ i = _l + (^)j_ (13 . 56) 

V n { n Gi \ L Jn Li 

By use of the definition of the point vaporization efficiency (y t = E.K.Xf) and 
Eq. (13-55), the following predictive expression is obtained for the vaporization 
point efficiency for plate j 

£;=l-e-"'(l-^M (13-57) 
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Murphree Plate Efficiency for the Perfectly Mixed Liquid Phase Model 

The assumptions for the Murphree plate efficiency model are the same as those 
for the modified Murphree plate efficiency model except for the additional 
assumption that the liquid leaving each stage is at its bubble-po.nt temperature. 
The beginning equation for the development of the expression for the Murphree 
plate efficiency is obtained by replacing R, in Eq. (13-23) by the expression given 
by Eq. (13-29) to give 

v ^i + (K ' G a) ii PS(yr-y i ) = (13-58) 

aZ 

where the variation of V over plate j has been neglected in accordance with the 
assumptions. Integration followed by rearrangement in a manner analogous to 
that demonstrated for the modified Murphree efficiency model yields the follow- 
ing result 

= y*-yj+L , = , _ exp ( _^ CM ,) (13-59) 

isz T \ 

i = j_ + la^h jJL (B-60) 

n'oGMji n Gji \ L j l n Ui 

v*-K x ( 13 " 61 ) 



E 



where 



Also 



and y% is given by either 



or 



y% = mM + b t (13-62) 

As shown in Problem 13-9, E jt may be expressed in terms of E Mji . 

THE MURPHREE POINT EFFICIENCY 

In this case an assumption in addition to those stated for the modified Murphree 
plate efficiency model is made. This assumption is that the liquid is perfectly 
mixed vertically but not horizontally, and that the liquid is at its bubble-point 
temperature at each point on the plate. Thus, along any one vertical line, the 
bubble-point temperature is the same, but it varies from point to point in the 

horizontal direction W. , 

By following the same general approach as that demonstrated lor me 
modified Murphree point efficiency, one obtains the following expression for the 
Murphree point efficiency 

E Mnmi yfJl±hL = 1 - exp (-n' Mi ) (13-63) 
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where 

n f M i = (K f G a) i p{^ L ) 
Also, 

"Mi n Gi \ Lj )n Li 

and is given by 

j,* = m . Xi + b t (13-65) 

or 

Jf = *„,*.- (13-66) 

Comparison of the Murphree Plate Efficiencies and the Vaporization 
Efficiencies Corresponding to the Modified Murphree Efficiency Model 

Comparison of the Murphree efficiency [Eq. (13-59)] with the modified Murph- 
ree efficiency [(13-48) and (13-49)] shows that the Murphree efficiency depends 
on n'ocMi [Eq. (13-59)] while the modified Murphree efficiency depends on ri OGi 
[Eq. (13-49)]. The number of overall transfer units n' OGi and ri OG ui for the two 
efficiencies depend on the same set of transfer units (ri Gi and ri Li ) and are the 
same except that the quantity y[KJy\ appears in ri OGi in the same position that 
m { appears in ri OG m . 

In both models, a state of dynamic equilibrium is assumed to exist at the 
interface (// =ff) and they have this one point (x-f, y^) at the interface in 
common. In the model for the vaporization efficiency, the 7} found by 
Eq. (13-40) is the same throughout the vapor and liquid phases on plate j. Since 
equilibrium is assumed to exist at the interface, it follows that the vaporization 
efficiency must be equal to unity at the interface and, consequently, the K } -s 
found by use of Eq. (13-40) must satisfy the equilibrium relationship 
y) { = yfKjixfi (where it is supposed that the vapor phase forms an ideal solu- 
tion). Since the liquid is assumed to be at its bubble-point temperature through- 
out the liquid phase in the Murphree model for the plate efficiency, it follows 
that y)i = yfi K^ }i xf { = yf { K M x% or K^a is equal to K j( . That is, the two models 
have the same interface temperatures and, furthermore, the temperature 
computed by use of vaporization efficiencies [Eq. (13-40)] is seen to be the 
bubble-point temperature of the interface [see Fig. 13-3]. 

The vaporization plate efficiency (based on the modified Murphree efficiency 
model) and the Murphree plate efficiency have two points [{xj^yj+i, i) an( * 
(*fi> yji)] m common as may be seen from Fig. 13-3. The expression for the line 
connecting these two points is 

^ = ^4 (13-67) 

Vn G x t - xf 



462 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 

After the interface point has been reached, the paths for the two models differ. In 
the case of the vaporization plate efficiency (based on the modified Murphree 
efficiency model), a projection is made from the point (xjf , y)i) to the point 
(x n , y n ) with the slope K n that satisfies Eq. (13-40). In the case of the Murph- 
ree plate efficiency, a projection is made from the point (xf t , y) { ) to the point 
(x n , yf x ) along the tangent line, tf = m x x x + b v Since the equilibrium curvets 
seldom straight, an appropriate value of m l lying between the values at (x„ , y,,) 
and (x jl9 yfr) is selected. The values of y n predicted by use of vaporization 
efficiencies are calculated by use of Eqs. (13-40), (13-47), and (13-51). 

Although the Murphree model contains an additional assumption (that the 
liquid leaving plate ; is at its bubble-point temperature) over the modified 
Murphree model, the corresponding values of y n predicted by both models on 
the basis of the same sets coefficients {ri Li9 ri Gi } and points {x^, y j+ lf i} appear to 
be in almost perfect agreement for the two examples presented (see Tables 13-2 
and 13-3). These examples were taken from Ref. 24. The number of transfer units 
for each film in these examples was taken to be independent of component 
identity just as they are for the existing correlations for binary mixtures which 
are given below. In Example 13-1 (the benzene-toluene system), the vapor and 
liquid phases closely approximate ideal solutions, but the liquid phase of the 
ethanol-water system in Example 13-2 is highly nonideal. 

The following calculational procedure was used to compute the vaporization 
plate efficiencies (corresponding to the modified Murphree plate efficiency 
model): 

1. On the basis of the given set {n G , ri L } and a selected value of x n , compute 
yj+ 1 i by use of the operating line. 

2. Find the temperature 7} which satisfies Eq. (13-40). For each assumed value 
of Tj, each vaporization efficiency E n must be evaluated by use of Eqs. (13-34) 
and (13-51). (Note in Example 13-2 in which the liquid phase is highly non- 
ideal each K M should be preceded by a y£.) 

The values of y ;1 found by use of the Murphree plate efficiency model were 
calculated as follows: 

1. On the basis of the given set {ri G , ri L } and a selected value of x n , compute 
yj+ 1. 1 by use of the operating line. 

2. Find the temperature T Mj which satisfies Eq. (13-43). 

3. Evaluate m x by use of Eq. (13-68) [or (13-69)] given below. 

4. Compute ri OGSti by use of Eq. (13-35) and y n by use of Eq. (13-59). 

For definiteness, the value of the slope m l corresponding to the outlet com- 
position {Xji} was used. The values of m l for Example 13-1 were computed by 
use of the following formula for m x as suggested in Ref. 4. 



ai*i( Za.-*«l 



_dy\ = 

mi "5x7 " dx x [1+x^-l)] 2 



(13-68) 
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For Example 13-2 whose liquid phase is highly nonideal, the following formula 
for m l was used 



d 
m, = - 



\iW I J _7iCc l +a l x A {dy 1 /dx 1 



dx x * 

Ly.a,*,- 



yiai^i[yi«i + «i*i(<fyi A**i) - y 2 + (1 - x 2 )(dy 2 /dx l )] ^ 



I Zy,- ««•*,• 



where component 2 (the least volatile) was taken to be the base component in 
Eqs. (13-68) and (13-69). (For the base component, a 2 = K 2 /K 2 = 1.) Examina- 
tion of Fig. 13-3 shows that the value of m { at x j{ may differ appreciably from its 
value at xf u particularly at large values of n' G relative to ri L (and/or large values 
of V relative to L). The shape of the equilibrium curve determines the precise 
variation of m i with the mole fraction of component 1 in the liquid. For those 
cases in which n\ < ri G , values of m t of good accuracy may be obtained for 
Example 13-2 by locating the point (xf^ y 1 n ) graphically by use of the slope 
(-Ln'JVn'c) and then taking m t to be equal to the slope of the straight line that 
passes through the points (xf x , y)\) and (x ;i , yfj as may be visualized by use of 
Fig. 13-3. The values of y n determined by use of these values of m x are shown in 
parentheses in Table 13-2 for the selected values of x n . The values of y n 
enclosed in parentheses are seen to give an improvement in the agreement of the 
values of y jt predicted by use of the Murphree and the vaporization efficiencies. 

If ri G (and/or V) is small relative to n' L (and/or L), it may be seen from 
Fig. 13-3 that the value of m x at xf t approaches its value at x jl9 and the value of 
m i given by Eq. (13-69) approaches the correct value of m { . If n' G is small relative 
to ri L , it is seen from Table 13-3 that y n computed by the Murphree plate 
efficiency approaches the value of y n computed by use of the vaporization plate 
efficiency. 

Since the assumptions given by Eq. (13-16) become approximations for 
highly nonideal solutions such as ethanol and water, n G and n L become only 
approximately equal to ri G and ri L , respectively. Thus, some disagreement in the 
y n 's predicted by use of the two types of efficiencies might be expected. The 
error in the y n 's resulting from setting ri G = n G and n' L = n L appears to be small 
relative to the precise method used to compute the m^s. 

Examples 13-1 and 13-2 demonstrate that for the same set of film coefficients 
(n' L , n' G ) and compositions {x jl9 y j+li J approximately the same values of y n are 
obtained by use of vaporization plate efficiencies (based on the modified Murph- 
ree model) as are obtained by use of Murphree plate efficiencies for binary 
mixtures. This result suggests that the existing correlations for ri L and ri G given in 
the Bubble-Tray Design Manual* may be used to estimate the E^s for the 
modified Murphree model for multicomponent mixtures. This statement arises 
from the fact that the formulas for the vaporization plate efficiencies which were 
used in the computations for binary mixtures are precisely the same ones that 
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yji= K ii x i. 




vy ;<>x 

*py * ' / — T 


Yjl = K Mj |Xj| 






yji - K ji x ji 




^y 










>^y^ n' L 

yr S slope =--hr 

y' 1 / n G V 

i (T) : The values of yji 

1 vaporization and 
1 Murphee efficiencies 
1 are approximately 
1 equal. 




4 


*ji 




Mole fraction in liquid 



Figure 13-3 Comparison of Murphree plate efficiencies with vaporization plate efficiencies. [C. D. 
Holland and K. S. McMahon, Chem. Eng. ScL, 25:431 (1970), by courtesy Chemical Engineering 
Science.] 

are also applicable for multicomponent mixtures. The use of vaporization plate 
efficiencies (based on the modified Murphree model) rather than Murphree plate 
efficiencies avoids the uncertainty encountered in the determination of m x when 
one attempts to apply the Murphree efficiencies to multicomponent mixtures. 
The use of vaporization plate efficiencies (based on the modified Murphree 
model) also avoids the uncertainty encountered in the determination of m 1 when 
the Murphree plate efficiencies are applied to multicomponent mixtures. The 
postulate in the Murphree efficiency model that the liquid leaving a plate is at its 
bubble-point temperature uses up one degree of freedom and consequently only 
(c- 1) Murphree plate efficiencies may be fixed independently for each plate. 
The difficulty in selecting the independent and dependent Murphree efficiencies 
is avoided by the use of the vaporization efficiencies (based on the modified 
Murphree model). 
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Table 13-2 Statement and solution of Example 13-1 24 

I. STATEMENT OF EXAMPLE 13-1 

A distillation column operating at an absolute pressure of 760 mmHg is to be used to 
separate a benzene-toluene mixture. The column has a total condenser, and in the rectifying 
section, L = Lj= 100 mol/h. The distillate rate D = 50 mol/h and the mole fraction of benzene 
(component no. 1) in the distillate is 0.95. Find the y jx by use of the vaporization plate 
efficiencies (based on the modified Murphree model) and by use of Murphree plate efficiencies 
for the set {n' L> ri G } of transfer units enumerated below at Xj = 0.4, 0.6, and 0.9. (The operating 
line for the rectifying section intersects the equilibrium curve at an x n slightly greater than 0.3 
but less than 0.4.) Use the following expressions for vapor pressures of benzene and toluene 
which are based on data taken from p. 578 of Chemical Engineers Handbook (3d ed.), J. H. 
Perry (ed.) 

(6RS2 V 
J (P in mmHg and T in °R) 

P 2 (toluene) = 48.151 x 10 6 exp j —J (P in mmHg and T in °R) 

Compute m by use Eq. (13-68). 
II. SOLUTION OF EXAMPLE 13-1 



Specifications 


Vaporization plate efficiency t 


Murphree (plate) 


"i 


"l 


X M 


7}(°F) 


*;.i 


C M 


>i.i 


T Mj (°F) 


F 


yj.i 


1 


1 


0.4 


204.4310 


0.9433 


0.2569 


0.5957 


204.3829 


0.3329 


0.5960 


1 


1 


0.6 


194.9532 


0.9126 


0.2804 


0.7445 


192.9477 


0.3879 


0.7451 


1 


1 


0.9 


181.1069 


0.9585 


0.3166 


0.9355 


180.0270 


0.4521 


0.9356 


0.2 


10 


0.4 


203.4859 


0.9483 


0.1739 


0.5901 


203.3829 


0.1766 


0.5900 


0.2 


10 


0.6 


193.0473 


0.9222 


0.1750 


0.7297 


192.9477 


0.1779 


0.7297 


0.2 


10 


0.9 


180.1058 


0.9630 


0.1762 


0.9243 


180.0270 


0.1791 


0.9242 


10 


0.2 


0.4 


205.3324 


0.9180 


0.0793 


0.5879 


203.3829 


0.1256 


0.5881 


10 


0.2 


0.6 


197.2668 


0.8604 


0.0894 


0.7283 


192.9477 


0.1724 


0.7293 


10 


0.2 


0.9 


183.02% 


0.9197 


0.1110 


0.9268 


180.0270 


0.2541 


0.9273 



t Based on the modified Murphree model. 
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Table 13-3 Statement and solution of Example 13-2 24 



I. STATEMENT OF EXAMPLE 13-2 

A column operating at total reflux at an absolute pressure of 760 mmHg is to be used to 
separate an ethanol-water mixture. Find the set of y n 's corresponding to the sets {n' L , ri G ] listed 
below by use of the vaporization plate efficiencies at the following values x n = 0.2, 0.3, 0.4, and 
0.9. Curve fits for the activity coefficients which are based on the experimental results of J. S. 
Carey (Sc.D. Thesis in Chemical Engineering, M.I.T., 1929). 



In?! 



0.2924+ 1.1939x 2 



lny 2 



= 0.2925+ 1.1939(0.5 + x 2 ) 



Use the following curve fits for the vapor pressure of the pure components: 

1. /Methanol) = 745 x 10 6 exp (-8728.11/T) (P in mmHg, T in °R) 

2. F 2 (water) = 530.5 x 10 6 exp (-9038.0/7) (P in mmHg, T in °R) 

These curve fits are based on data presented in the International Critical Tables vol. Ill, 
pp. 212-217, McGraw-Hill Book Company, New York, 1928. 

Compute m x by use of Eq. (13-69) and also take Lj/Vj = 1 in the calculation of n OGi and 



II. SOLUTION OF EXAMPLE 13-2 



Specifications 


Vaporization plate efficiencyt 
Tj(°¥) E hl Ejf y hl 


Murphree plate efficiency 


n ' G 


"l 


x ji 


T Mj (°F) 


Emj, i 
0.0960 


y>.i 


\ 


1 


0.2 


192.7814 


0.4400 


0.2043 


0.2971 


182.2920 


0.2329 (0.3087) 


1 


1 


0.3 


185.8769 


0.5846 


0.2622 


0.4014 


179.3242 


0.1778 


0.3529 (0.3978) 


1 


1 


0.4 


181.0562 


0.7129 


0.3086 


0.4876 


177.6956 


0.2791 


0.4660 


1 


1 


0.9 


172.8911 


0.9990 


0.3932 


0.9006 


173.2978 


0.4183 


0.9040 


0.2 


10.0 


0.2 


182.6709 


0.4752 


0.1727 


0.2599 


182.2920 


0.1561 


0.2535 


0.2 


10.0 


0.3 


179.2672 


0.5896 


0.1750 


0.3520 


179.3242 


0.1687 


0.3502 


0.2 


10.0 


0.4 


177.2978 


0.6983 


0.1762 


0.4407 


177.6956 


0.1748 


0.4414 


0.2 


10.0 


0.9 


172.8906 


0.9987 


0.1780 


0.9003 


173.2978 


0.1785 


0.9017 


10.0 


0.2 


0.2 


199.2087 


0.2973 


0.0504 


0.2287 


182.2920 


0.0221 


0.2076 (0.2337) 


10.0 


0.2 


0.3 


192.0522 


0.4296 


0.0735 


0.3353 


179.3242 


0.3473 


0.3141 (0.3471) 


10.0 


0.2 


0.4 


185.5680 


0.5784 


0.0999 


0.4352 


177.6956 


0.0918 


0.4217 


10.0 


0.2 


0.9 


172.8916 


0.9986 


0.1778 


0.9003 


173.2978 


0.2062 


0.9020 



t Based on the modified Murphree plate efficiency model. 
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Summary of Existing Correlations for the Prediction of 
the Number of Transfer Units 

Correlations proposed in the Bubble-Tray Design Manual 4 may be used for the 
prediction of n a and n, for binary mixtures. These equations may be used to 
estimate the number of transfer units for multicomponent mixtures as shown by 
Graham et al. 18 For the prediction of n a , Eq. (2) on p. 27 of the Manual 4 may 
be used; for the prediction of n, , the correlation given by Eq. (9) on p. 34 is 
available; this correlation contains the liquid contact time as a parameter, which 
may be computed by use of Eq. (9) on p. 35; the liquid holdup may be estimated 
by use of Eq. (10) on p. 35. For sieve trays, which are not treated in the 
Manual, 4 a correlation recommended by Gerster et al. 15 has been presented by 
Smith. 31 



Example 13-3 To demonstrate the use of the predictive method, 
Example 13-3, which is taken from Ref. 24, is presented. A statement of this 
example appears in Table 13-4. Physical properties which are listed in the 
table were estimated as follows. The viscosity of each pure component i in 
the vapor phase was predicted by use of the correlation proposed by Bird 
et al. 1 ' 2 - 20 The pure component viscosities so obtained were used to predict 
the viscosities of the vapor mixtures by use of the semi-empirical formula 
proposed by Wilke. 40 

Vapor phase diffusivities for each binary pair were predicted by use of 
the modified form of the Hirschfelder-Bird-Spotz equation 20 which was 
proposed by Fuller et al. 14 The diffusivities so obtained were used to predict 
the diffusivity of each component i in the vapor mixtures by use of the 
equation presented by Wilke. 38 

The viscosities and diffusivities for components in multicomponent 
liquid mixtures were predicted by an extension of existing formulas for the 
prediction of these properties for binary and ternary mixtures. 

Viscosities for each of the pure components in the liquid phase were 
obtained from the literature. Then the viscosities of liquid mixtures were 
predicted by use of the generalized form of the Arrhenius equation as 
described by Graham et al. 18 

Diffusivities for each component i in the mixtures were estimated by the 
correlations proposed b> Tang, 32 Wilke and Chang, 39 Wilke, 40 and Fuller 
et al. 14 as described by Graham et al. 18 

In Table 13-5 the product distributions obtained experimentally are 
compared with those found by use of perfect plates and by use of the 
perfectly mixed liquid phase model [Eq. (13-51)]. The experimental results 
show that the plate behavior of the actual column was better than perfect 
plates. The observed behavior can be explained on the basis of the existence 
of a concentration gradient in the direction of flow of the liquid across each 
plate which was neglected in the perfect plate and perfectly mixed liquid 
phase models. 
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To demonstrate the behavior of the vaporization efficiencies throughout 
the column, those efficiencies obtained for o-xylene and the C 9 + aromatics 
are listed in Table 13-6. 



Table 13-4 Statement of Example 13-3 * 



1. Operating conditions and geometry 

LJD = 13.35 
/= 16 (feed plate) 
N = 42 

Total condenser at 19.7 lb/in 2 abs 
i.d. of column = 5.5 ft. 
Plates = Koch Flexitray-AF, 
single-pass flow 



h w = 3 in 

Z, = 4 ft and 1 in (distance between weirs) 
AP (across condenser) = 2 lb/in 2 
AP (per plate) = 0.225 lb/in 2 
Pressure in reboiler = 26.7 lb/in 2 abs 
Thermal condition of feed: liquid at 148.9°F 
and 54.7 lb/in 2 abs 





Component 
no. 


Feed 


Distillate 


Bottoms 


Component 


(lb/h) 


(mol/h) 

41.07479 
0.80068 
0.80068 
0.08007 

32.7399 
0.22723 


(lb/h) 


(mol/h) 


(lb/h) 


(mol/h) 


o-xylene 

m-xylene 

p-xylene 

Ethylbenzene 

C 9 + aromatics* 

NonaromaticsJ 


1 

2 

3 
4 
5 
6 


4360.5 

not 

8.5 

3935.5 

25.5 


4280.5 
85.0 
85.0 
8.5 
15.5 
25.5 


40.32121 
0.80068 
0.80068 
0.08007 
0.12896 
0.22723 


3920.0 


0.75358 
32.61503 



2. Sources of the physical properties data 

1 Vapor and liquid enthalpies except for the liquid enthalpy of ethylcyclohexane, were 
taken from API Research Project 44. (Selected Values of Properties of Hydrocarbon and 
Related Compounds. American Research Project 44. Thermodynamics Research Center Texas 
A&M University.) The liquid enthalpy of ethylcyclohexane was estimated by use of Theisens 

correlation^ 

2 The vapor pressures were computed by use of the Antoine equation, and the constants 
for this equation were taken from Lange's Handbook of Chemistry by N. A. Lange (Handbook 
Publishers, 10th Edition, McGraw-Hill, New York, 1967). 

3 Liquid viscosities for the pure components were taken from API Research Project 44, 

4 Critical properties for all components except ethylcyclohexane were taken from API 
Research Project 44. The critical properties for ethylcyclohexane were estimated by use of 
Lydersen's method.§ 

5. Atomic diffusion volumes were taken from Ref. 14. 

6. Molar volumes were taken from Ref. 39. 



t The experimental value for both m-xylene and p-xylene was 170 lb/h and an equal distri- 
bution (85 lb/h) was assumed for computational purposes. 

JC 9 + aromatics were taken to be cumene, and the nonaromatics were taken to be ethyl- 
cyclohexane. (These choices were based on experimental evidence which was available.) 

§ The Properties of Gases and Liquids, Their Estimation and Correlation, 2d ed. by R. C. Rem 
and T. K. Sherwood. McGraw-Hill Book Company, New York, 1966. 
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Table 13-5 Comparison of the experimental product distri- 
butions with those predicted by use of perfect plates and by the 
modified Murphree plate efficiency model 







^■Di 








Perfect 


Modified Murphree 


Component 


Experimental 


plates 


model 


o-xylene 


0.95190 


0.92217 


0.88555 


m-xylene 


0.037781 


0.01889 


0.01886 


p-xylene 


0.01889 


0.01884 


Ethylbenzene 


0.00189 


0.00189 


0.00189 


C 9 + aromatics 


0.00304 


0.03280 


0.06949 


Nonaromatics 


0.00536 


0.00536 


0.00536 






X Bi 

Perfect 


Modified Murphree 


Component 


Experimental 


plates 


model 


o-xylene 


0.02258 


0.06032 


0.10681 


m-xylene 


0.0 


0.00001 


0.00005 


p-xylene 


0.0 


0.00002 


0.00008 


Ethylbenzene 


0.0 


0.0 


0.0 


C 9 -I- aromatics 


0.97742 


0.93965 


0.89306 


Nonaromatics 


0.0 


0.0 


0.0 



Table 13-6 Vaporiation efficiencies for the modified Murphree efficiency 
model 





Component 






Component 




Plate 


o-xylene 


C 9 + aromatics 


Plate 


o-xylene 


C 9 -1- aromatics 


1* 


1.000 


1.00 


21 


0.988 


1.02 


2 


0.998 


1.06 


23 


0.985 


1.02 


3 


0.997 


1.06 


25 


0.983 


1.02 


5 


0.995 


1.05 


27 


0.980 


1.02 


7 


0.994 


1.05 


29 


0.978 


1.02 


9 


0.992 


1.04 


31 


0.975 


1.01 


11 


0.991 


1.04 


33 


0.973 


1.01 


13 


0.989 


1.04 


35 


0.970 


1.01 


15 


0.988 


1.03 


37 


0.968 


1.01 


16 


0.993 


1.02 


39 


0.965 


1.01 


17 


0.992 


1.02 


41 


0.963 


1.01 


19 


0.990 


1.02 


42 


1.000 


1.00 
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13-3 PACKED DISTILLATION COLUMNS 

The packed column is now a widely used device for mass transfer in distillation, 
absorption, and stripping. Typical of the packings which are available today are 
those shown in Figs. 13-4 and 13-5. Recently, Bolles and Fair 3 presented the 
results of an excellent evaluation of the design equations for packed columns. 
The most reliable equations or correlations for making the following types of 
determinations 

1. Capacity, or flood point 

2. Pressure drop 

3. Mass transfer 

were determined. The equations and correlations for making these determina- 
tions are presented below. 

In the study conducted by Bolles and Fair, 545 observations from 13 original 
sources were used. Column diameters ranged from 0.82 to 4 feet. Packings used 
consisted of ceramic Raschig rings, metal Raschig rings, ceramic Bed saddles, 
and metal Pall rings. Packing sizes ranged from 0.6 to 3 inches. Data were 
obtained from distillation columns, absorbers, and strippers in which the operat- 
ing pressures ranged from 0.97 to 315 lb/in 2 abs. 



Flood Velocity Model 

The flood velocity is defined as that vapor velocity above which liquid accumu- 
lates uncontrollably in the packed bed and continued operation becomes impos- 
sible. The variables which determine the flood velocity are the packing geometry, 
system properties, and liquid viscosity. The first published model was that of 
Walker et al. 35 in 1937. In 1938, Sherwood et al. 30 made a minor adjustment to 
the correlations. Lobo et al. 27 made a further improvement in 1945. Further 
modification to the correlation was made by Eckert in 1963 10 and in 1970. n The 
final Eckert correlation for flood velocity 



(tM^)terfcr-' 




(13-70) 



is shown in Fig. 13-6 and the symbols are defined in the caption of this figure. 
The flood-mass velocity of the vapor [lb/(h)(ft 2 )] based on the superficial area is 
denoted by G l5f . The packing factors F p9 given by Eckert 11 are presented in 
Table 13-7. This correlation was found by Bolles and Fair 3 to be more reliable 
than those proposed by Walker et al., 35 Sherwood et al., 30 and Lobo et al. 27 
Bolles and Fair report that a safety factor of 1.32 should be used for this model 
for 95 percent confidence. 
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Figure 13-4 Two types of packing used for packed columns [by courtesy Koch Engineering Company, 
Inc.] 




w 



w 



w 



Figure 13-5 Some typical kinds of commercial packings: (a) Metal pall rings, (b) Plastic Intalox 
Saddles, (c) Raschig ring, (d) Ceramic Intalox Saddle, (e) Plastic Intalox Saddle. [By courtesy of Norton 
Company, Chemical Process Products Division.] 
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Figure 13-6 The Eckert flood velocity correlation. (F p = packing factor, ft l ; see Table 13-7. 
g = acceleration of gravity, ft/s 2 . G„, = mass velocity of the vapor, superficial, flood, Ib/s-ft 
w L = liquid mass flow rate, lb/s. w K = vapor mass velocity, lb/s. p v = density of vapor lb/ft . 
p L = density of liquid, lb/ft 3 . /i L = viscosity of vapor, lb/ft-s. \i w = viscosity of water, lb/fi-s.) [J. S. 
Eckert, Chem. Eng. Prog.. 63(3): 39 (1949), by courtesy American Institute of Chemical Engineers.] 

Table 13-7 The Eckert packing factors F p in ft" 1 
for dumped packing 11 



Fpinfr 1 


Packing 


Ceramic 


Metal 


Ceramic 


Metal 


size 


Raschig 


Raschig 


Berl 


pall 


inches 


rings 


rings 


saddles 


rings 


1 

2 


580 (£) 


300fe) 


240 


85 


1 

8 


380 (£) 


170 (A) 


200 


70 


2 

4 


255 (*) 


155 (A) 


170 


60 


1 


155 (i) 


137 (A) 


110 


48 


U 


125 (A) 


no(A) 


85 


39 


1* 


93(A) 


83(A) 


65 


28 


2 


65 (i) 


57(A) 


45 


20 


3 


36(A) 


32(A) 


25 


16 



t Wall thickness, inches 
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Pressure Drop Correlations 

The drop in pressure with the depth of packing is a key design variable, particu- 
larly for columns in vacuum service. The most reliable correlation is the gener- 
alized pressure-drop correlation of Leva 25 as refined by Eckert, 11 which is 
referred to as the Eckert model. This correlation, presented in Fig. 13-7 is of the 
form 

where the packing factors F p are the same as those used in the flooding 
correlation (see Table 13-7). The mass velocity of the vapor based on the 
superficial area is denoted by G Vs [lb/(s)(ft 2 )]. The pressure P appears implicitly 
as a parameter of the graphical representation of Eq. (13-71) in Fig. 13-7, 
and the remaining symbols are defined in the caption of this figure. Bolles and 




.01 .02 



5 10 






Figure 13-7 The Eckert correlation of the pressure gradient. (G„ s = superficial mass velocity of the 
vapor, lb/s-ft 2 . Remaining symbols are defined in Fig. 13-6.) [J. S. Eckert, Chem. Eng. Prog., 63(3): 39 
(1970), by courtesy American Institute of Chemical Engineers] 
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Fair 3 report that a safety factor of 2.2 is required for this model for 95 percent 
confidence. 



Mass Transfer Models 

From the definition of the height of a transfer unit HTU, given by Eq. (13-33), it 
is evident that the multiplication of Eq. (13-35) by the total depth of packing 
yields the following relationship used by Bolles and Fair in their analysis 

Hoc = H G + \^H L (13-72) 



where 



Hog = Z T /no Gi H G = Z T /ri G H L = Z T /n' L 



Bolles and Fair 3 proposed the following correlations for H L and H G , which were 
superior to all other correlations tested 

H L = <t>C fL (Z T /10r 5 ^- L (13-73) 

H G = (A(^O m (2:r/10) 1/3 (3600G L /,/ p /J-" x /^ (13-74) 

where <j> = packing parameter; see Fig. 13-8 
C fL = a factor, which is given by Fig. 13-9 
Z T = total height of packing, ft 
Sc L = fi L /p L D L , Schmidt number for the liquid 
Sc v ~= fi v /p v Dy, Schmidt number for the vapor 

\jj = packing parameter; see Fig. 13-10 

d! = min (d, 2), the minimum of d or 2 

d = diameter of the column, ft 

m = 1.24 for rings and 1.11 for saddles 

n = 0.6 for rings and 0.5 for saddles 



2 



G L = mass velocity of the liquid, lb/s-ft 
f H = (Ml/M°" 16 ; Vw = 10 centipoise 
f, = {pJPw)- l - 25 \Pw = 62.4 lb/ft 3 

fa = (oJ°wY *\ °w = 72 - 8 d y ne / cm 

a L = surface tension, dyne/cm 

In the development of the correlation, the values of the physical properties \i L , 
Pl> ° l were evaluated at the operating conditions while the corresponding values 
of /%, p W9 and a w were held fixed at the values shown above. The improved 
mass transfer correlation of Bolles and Fair 3 requires a safety factor of 1.7 for 95 
percent confidence. 
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Figure 13-9 Correlation of the load factor 

C/l ■ ( F r = UvJuvMf at a fixed ratio of lic l uid to 
vapor mass flow rates, u vs = velocity of vapor 
based on the superficial area, ft/s, u vsf = 
velocity of the vapor based on the super- 
ficial area at the flood point, ft/s.) [W. L. Bolles 
and J. R. Fair, Third International Distillation 
Symposium, London, April 1979, No. 213 of 
E.F.C. Sec. 3.3, p. 35, by courtesy Institute of 
Chemical Engineers (London).] 



Example 13-4 This example is based on an example presented by Bolles and 
Fair 3 Determine the flood velocity, the column diameter, the pressure drop 
per foot of packing, H L , H G , and H OG for the separation of a benzene- 
toluene mixture in a packed column. The column conditions to be used tor 
design purposes are as follows: 



Composition 99 mole % benzene 1 mole % toluene 

Pressure 14.7 lb/in 2 abs 

Temperature 176°F 

Liquid load 200,000 lb/h = 55.5 lb/s 

Vapor load 240,000 lb/h = 66.6 lb/s 



Use the following physical properties: 



Density of liquid 
Density of vapor 
Viscosity of liquid 
Viscosity of vapor 
Surface tension 
Relative volatility 
Diffusion coefficient 

of liquid 
Diffusion coefficient 

of vapor 



50 lb/ft 3 
0.168 lb/ft 3 
0.31 centipoise 
0.00906 centipoise 
21 dynes/cm 
2.5 

4.26 x 10' 5 cm 2 /s = 4.59 x 10" 8 ft 2 /s 

4.27 x 10" 2 cm 2 /s = 4.6 x 10" 5 ft 2 /s 
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Metal, 2-inch Pall rings are to be used as the packing. The free area is 96 
percent of the total area. The total packed height will be subdivided into 
individual reirrigated sections of not more than 30 feet of bed depth each. 
The column diameter is to be based on 80 percent of the vapor flood 
velocity. 

1. Calculation of the flood velocity by use of the Eckert correlation The abscissa 
of Fig. 13-6 has the value 



w L /p;_/200,000\ /0.168 =00483 



3,000 \ 
^000/ 



^ 240,000/ V 50 

For this value of the abscissa, Fig. 13-6 has an ordinate of 0.18. Thus, Eq. (13-71) 
becomes 

The value of F p = 20 is obtained from Table 13-7, and from the data given, it 
follows that 

which gives 

G Vsf = 1.57 lb/s-ft 2 
1.57 lb W 0.96 ft 2 free surface \ 



Design velocity = j-^^i^^-)^ 



free surface/I ft 2 cross-sectional area) 



x ( 2^_ j = 0.9135 lb/s-ft 2 = G v 

\1.32 safety factor/ 



Then 



(66.61b/s)4 
^~V(0.91351b/s-ft 2 )7: * Mlt 

2. Calculation of the pressure drop From item I, the abscissa of Fig. 13-7 has the 
value of 0.0483. To find the pressure drop per foot of packing (the parameter of 
Fig. 13-7), the ordinate must be evaluated as follows 



/ g "W i uM~>r f ( o - 9i35 /°- 96 ) (20)f i - ) 

(t) (F 'W)W;) fcj "l 32.17 J (2O) l50x 0.168) 
162.4/ (l.0O5/ 



\0.2 

= 0.0661 
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By Fig. 13-7, the pressure gradient is = 0.6 in H 2 0/(ft packing) = 1.12 
mmHg/(ft packing). Correction of this result by the safety factor of 2.2 gives 

Pressure gradient = 1.12 x 2.2 = 2.46 mmHg/ft 

3. Calculation of H L In order to evaluate H L by use of Eq. (13-73), values for </>, 
C fI , and S c/ are needed. 
Since 



Liquid-mass velocity = (200,000) 
Fig. 13-8 gives 



tt(9.64) 2 
4> = 0.08 ft 



2.74 x 10 3 lb/(h-ft 2 ) 



To find C /L , the value 

Fr = U Vs/ U Vsf 

is needed 

1.57 lb W ft 3 



The superficial vapor velocity u Vs is found as follows 



Then 



5.66 
F r = — = 0.605 



For this value of F r , Fig. 13-9 gives 



C /L = 0.94 



The Schmidt number for the liquid is computed as follows 

<, _J±_ ,. (0.31X0-672 x IP- 3 ) 
^ L ~p L D L - (50X4.59 x 10-") ~ ^ 

Equation (13-73) gives 

H L = ^C^^J'^ySc^ = (0.08)(0.94)(3) 015 (90.8)° 5 = 0.845 ft 



4. Calculation of H G To compute H G by use of Eq. (13-74), values for the quan- 
tities i/fifpjfp,/,,, Sc v , and G L must be determined. 
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and 



At 80 percent of the vapor flood velocity, Fig. 13-10 gives 

^ = 140 ft 

A-ter-esr— 
'.-ter-(£T- 

H V (0.00906 x 0.672 x 1(T 3 ) 7gg 
^ v ~p v D y ~ (0.168)(4.6xl0" 5 ) 

G L = (2.71 x 10 3 lb/h-ft 2 )(^) = 0.753 lb/s-ft 2 

Equation (13-74) gives 

W) 1 24 (Z r /10) 1/3 (Sc K ) 1/2 



H r = 



(XMGJJM ' 6 



(140)(2) 124 (3) 1/3 (0.788) 



\V2 



(3600 x 0.753 x 0.829 x 1.32 x 2.70)° 



= 1.93 ft 



5. Calculation of the overall height of a transfer unit, H OG To compute H OG by 
use of Eq. (13-72), the value of X 

mV 

is needed. Let 1 refer to benzene and 2 to toluene. Then 

d\\ _ d \ QLjXx Oi 

m = 7^ " d^ l [a 1 x 1 + (1 - xOJ ~ [1 + *i(«i - I)] 2 

For y t = 0.99, the corresponding value of x t is 

yja t 0.99/2.5 



Then 



n " Vi/«i + ^/«2 0.99/2.5 + 0.01/1.0 
2.5 



: 0.975 



[1 + 0.975 x 1.5] : 



= 0.412 
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Next 

mol wt of liquid = 0.975 x 78.11 + 0.025 x 92.13 = 78.46 
mol wt of vapor = 0.99 x 78.1 1 + 0.01 x 92.13 = 78.25 

and 

I = (200,000)1^^) = 2,549 lb-mol/h 
V = (240,000)(^y = 3,067 lb-mol/h 

Hog = H G + ™ L = 1.93 + (0.496)(0.845) = 2.35 ft 



Then 



and thus 



Design Procedures for the Absorption of Dilute Gases 

Many situations arise where it is necessary to remove diluents such as NH 3 and 
C0 2 from a carrier gas such as air with a suitable solvent, say water. 

Most absorption separations of this type are carried out at pressures near 
atmospheric where the deviation of the vapor phase from perfect gas behavior is 
negligible. For such systems, Eqs. (13-23) and (13-29) may be combined to give 

+ K G aSP(y*-y) = (13-75) 



d(Vy) 

dZ 



where the subscript i has been dropped with the understanding that y refers to 
the solute in the gas stream, and y* is the mole fraction which the vapor would 
have if it were in equilibrium with the liquid phase; see Eq. (13-27). 

If it is assumed that only one component, the solute, is transferred from the 
gas phase to the liquid phase, then the derivative in Eq. (13-75) may be stated in 
terms of dy/dZ. The flow rate V of carrier gas plus solute is related to the total 
flow rate V of the carrier gas as follows 

F = -^- (13-76) 



Thus 



d(Vy) v , d[y/(i-y)] = r dy = (_^_\di (3mll) 

dZ ~ V dZ (i-yfdZ \l-y)dZ V 
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Elimination of d(Vy)/dZ from Eqs. (13-75) and (13-77) followed by the separa- 
tion of variables and integration from the top of the column packing at Z = to 
the bottom of the column packing at Z = Z, (see Fig. 13-1) yields 

where y x is equal to the mole fraction of the solute in the gas stream leaving the 
top of the column while y N+l is equal to the mole fraction of the solute in the 
gas stream entering the bottom of the column. By use of the mean value of 
the integrand on the left-hand side of Eq. (13-78) and by replacement of y* by its 
equivalent as given by Eq. (13-27), the following result is obtained 

F „ JSZ T \ f >iv+i dv 

""^"TfH, ■ <■-*,-»■.+»» (,3 - 79 > 

When m varies significantly over the range of mole fractions x which exist in the 
column, then the integral in Eq. (13-79) may be evaluated either graphically or 
numerically. The value of x for any y in the interval y i to y N+l is given by the 
component-material balance 



r\ y yi 



+ — — - (13-80) 

1 - x ' 



l-x L [1-y \-y 

where L is the flow rate of the pure solvent. 

When both the vapor and liquid phases are very dilute in the solute, the 
equilibrium sets {y* % x) are located very near the origin, and consequently the 
tangent line intersects the y axis very near the origin. Thus, Eq. (13-27) reduces 
to y* ^ mx. Also when the vapor and liquid phases are dilute in the solute, 
(1 - y) ^ 1 and (1 - x) ^ 1, respectively. Under the conditions enumerated plus 
the assumption that m is constant over the small range of mole fractions in- 
volved, Eq. (13-78) may be integrated and rearranged to give 

"o G = ^W^) = ( r ^)ln^i^ (13-81) 

\ V ) \1 -mV/L) y t - mx v ' 

To obtain the final form of Eq. (13-81), the component-material balance enclos- 
ing the entire column, x s = (V/L)y N+ 1 + x - (V/Vjy^ was used. 



Example 13-5 An air stream containing two percent NH 3 is to be scrubbed 
with water in a column which is to be operated isothermally at 85°F and 147 
lb/in 2 abs. The water and gas streams are to be passed through the column 
countercurrently, each at the rate of 240 lb/(h-ft 2 ). The column is to be 
packed with 1-inch Raschig rings. On the basis of the following data and 
correlations deduced from the experimental results by Dwyer and Dodge, 9 
compute the height of packing required to remove 99 percent of the NH 3 in 
the inlet gas stream. 
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y m > = 1.26x NH3 

— = — — L___ m 

K' G a 0.36G° 77 G°/ 20 + 0.356G?/ 78 



Then 



where the mass velocities of the vapor and liquid have the units of lb/(h)(ft 2 ) 
and K' G a has the units of (lb-mol)/(h)(ft 2 )(atm). 

Solution: 

1. Calculation ofy Y and x N 

lb-mol of NH 3 absorbed 

(Hpi) = (0.99)(K^ + ,) 

lb-mol of NH 3 in outlet gas 

pjp5j = Vy s+ , - 0.99Vy N+ , 

yi =M^) = (0 , 2)(0 , H „ 

x N = lb - molof NH 3 absorbed _ (0.99)(Kjy + 1 ) 
lb-mol of liquid ~ L 

= ( "K 002 )(^) = 0-01229 

2. Calculation of the height of packing 
L/lb-mon f240 1b]/lb-mon 

s YmF) = |(hKf?)J (iFib" ) = 1133 lb - m ^/(h)(ft 2 ) 

F/lb-moH f2401bl/lb-mol\ 

S [mT) = |(h)(ft I )J(l9lb-j = 828 lb - m °i/(h)(ft 2 ) 

1 1 



and 



K' a a (0.36)G°- 77 G° 2 ° + 0.356G° 78 

J. - 1 1.26 

K' G a (0.36)(240)°- 77 (240) - 20 + (0.356)(24O) - 78 = ° 0629 



K' a a = 15.9(lb-mol)/(h-ft 2 -atm) 
Since y N+ , = 0.02, V/L = 8.28/13.33 = 0.621 

m = 1.26 y Y = 0.0002 x„ = 0.01229 
V/S = S.2B K' G a= 15.9 and P = 1 atm 
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the height of packing may be computed by use of Eq. (13-81) as follows 

ZT =(^)(r^vz) lnZ ^= 



mx 



N 



JT . 



mx, 



o 



^28 0.02 - (1.26)(0.01229) 

Zr= (15.9)[l-(1.26)(0.621)] (0.0002) - (1.26)(0.0) 



s T ■ 



Z T = 7.46 ft 



Simultaneous Mass and Heat Transfer Between the Vapor and Liquid 
Phases where the Phases are Composed of Multicomponent Mixtures 

Although reliable correlations of mass transfer coefficients for the components of 
a multicomponent mixture remain to be developed, a development of the equa- 
tions required to describe simultaneous mass and heat transfer in a packed 
column follows. 

In the following developments, it is supposed that thermal equilibrium exists 
at the vapor-liquid interface at steady state. That is, the limiting temperature T*" 
of the vapor as the interface is approached from the vapor side is equal to the 
limiting temperature T^ of the liquid as the interface is approached from the 
liquid side of the interface. In the interest of simplicity, the enthalpies of 
the mixtures are assumed to obey the ideal solution relationships. 

Over an element of packing from Zj to Z, + AZ, the liquid phase, vapor 
phase, and interface may be visualized as shown in Fig. 13-11. The energy bal- 
ance enclosing the vapor phase over the element AZ, and over the vapor side of 
the vapor film [see enclosure (1) of Fig. 13-11] is given by 

.Zj+AZ c .Zj + AZ 

+ | £ R i H i dz ~\ q G dZ = (13-82) 

Zj 3 Zj i = l J Zj 

where H = £- =1 H, v,, ideal solution 

H t = enthalpy of pure component i at the temperature T v and pressure at Z 
q G = h G a (V - V\ Btu/(h)(ft of packing) 

a = interfacial area for mass transfer, ft 2 of surface per ft of packing 
h G = heat transfer coefficient, Btu/(h)(°F) 
T v = bulk temperature of the vapor phase, °F 
T 1 = temperature of interface, °F 

Application of the mean value theorem of differential calculus to the first two 
terms and the mean value theorem of integral calculus to each of the integrals of 
Eq. (13-82) followed by the limiting process whereby AZ is allowed to go to zero 
yields the following result upon recognition that Z ; and Z } 4- AZ were selected 
arbitrarily in the domain (0 < Z < Z r ) of interest 



(VH) 



-(VH) 

Zj + AZ 



d{yH ) + £ R f H, - q G = (0 < Z < Z T ) (13-83) 



dZ i = 1 
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Figure 13-11 Simultaneous mass and heat transfer across an interface. [C. D. Holland, Fundamentals 
and Modeling of Separation Processes, Prentice- Hall, Inc. (1975).] 



Similarly, when the energy-balance enclosure for the liquid phase includes 
the liquid phase, the liquid film, the interface, and the vapor film [see enclosure 
(2) of Fig. 13-11], one obtains 



d(Lh) 
dZ 



Y J R i H i + q G =0 (0<Z<Z T ) 



(13-84) 



Likewise for enclosure (3) of Fig. 13-11, the following result is obtained 
d(Lh) _ 

i=l 



dZ 



£/U + <k=0 (0<Z<Z T ) 



(13-85) 



where q L = h L a(T l - T L ), Btu/(h)(ft of packing) 

h L = heat transfer coefficient for the liquid phase, Btu/(h)(°F) 

>i = Zi=i M.- 

h ( = enthalpy of pure component i in the liquid phase at the temperature 
T L and pressure P at Z 

Equations (13-83), (13-84), and (13-85) plus the component-material bal- 
ances given by Eqs. (13-23) and (13-24) constitute the set of equations needed to 
describe simultaneous mass and heat transfer in a packed column in the service 
of separating a multicomponent mixture. 
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The enthalpy balances given by Eqs. (13-83), (13-84), and (13-85) may be 
restated explicitly in terms of the temperature T K , T L , and T' in the following 
manner. First observe that 

c 

If the effect of pressure and composition on enthalpy is neglected 

d Jh = d J± d TL =C * d -?- (13-87) 

dz d-r dz "• dz 

Multiplication of each member of Eq. (13-23) by H, followed by the summation 
over all components yields 

f=l " Z 1=1 

The relationships given by Eqs. (13-86), (13-87), and (13-88) may be used to 
reduce Eq. (13-83) to the following form 

\dT v 



(M 



dz -q G =0 (13-89) 



Similarly, Eq. (13-84) may be reduced to 

- ( thCi,)^ ~ tWi ~ fc«) + 1o = (13-90) 

and Eq. (13-85) reduces to 

-(t^)^ + fc -0 (13-91) 

The above equations have been used as summarized by Holland 22 in the analysis 
of the experimental results obtained for a packed absorber. 

NOTATION 

a interfacial area for mass transfer in ft 2 of surface per ft 3 of empty 

column: interfacial area for heat transfer in ft 2 of surface per ft of 
packing (although these areas are not necessarily equal, the same 
symbol is used for each in the interest of simplicity) 

b intercept of the tangent line, y* = mx + b 

C A concentration of component A, lb-mol/unit vol 

C fL a factor in Eq. (13-73) 

C pi molar heat capacity of component /, Btu/(lb-mol)(°F) 

d column diameter, ft 
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D diffusivity, ft 2 /s; D AB = diffusion coefficient of A relative to B 

E D eddy diffusivity, ft 2 /s; see Eq. (13-4) 

£, vaporization point efficiency, defined by Eq. (13-36) 

Eji vaporization plate efficiency defined by Eq. (13-38) 

Ej! modified Murphree plate efficiency; defined by Eq. (13-48) 

E Mji Murphree efficiency; defined by Eq. (13-59) 

Ep\ modified Murphree point efficiency; defined by Eq. (13-55) 

E stPi Murphree point efficiency; defined by Eq. (13-63) 

fi fugacity of component i in a mixture; evaluated at the temperature, 

pressure, and composition of the mixture, atm 
fi fugacity of a pure component ; evaluated at the temperature and pres- 

sure of the system, atm 
fn > f P . fa factors appearing in Eq. ( 1 3-74) 
F p a factor appearing in the Eckert correlation for the flooding velocity 

[Eq. (13-70)]; see Table 13-7 
F r flood ratio, at a fixed ratio of liquid to vapor mass flow rates 

G mass velocity, lb/(s)ft 2 or lb(h)(ft 2 ) 

G v mass velocity of the vapor 

G Vs mass velocity of the vapor based on the superfacial area 

G L mass velocity of the liquid 

h G heat transfer coefficient for the vapor phase; defined below 

Eq. (13-82), Btu/(h)(°F) 
h L heat transfer coefficient for the liquid phase; defined below 

Eq. (13-85), Btu/(h)(°F) 
H G height of a gas phase transfer unit; also denoted by (HTU) G 

H L height of a liquid phase transfer unit; also denoted by (HTU) L 

H OG height of an overall transfer unit; defined by Eq. (13-72) 

(HTU) G height of a gas phase transfer unit; defined by Eq. (13-33) 
k G , k' G mass transfer coefficients for the gas phase; defined by Eqs. (13-7) 

and (13-15), respectively, lb-mol/(h)(ft 2 )(atm) 
k L , k' L mass transfer coefficients for the liquid phase; defined by Eqs. (13-5) 

and (13-15), respectively, k L has the same units as k G and k' L has the 

units of lb-mol/(h)(ft) 
kj mass transfer coefficient for the interface; defined by Eq. (13-6), 

lb-mol/(h)(ft 2 )(atm) 
K G overall mass transfer coefficient; defined by Eq. (13-13), 

lb-mol/(h)(ft 2 )(atm) 
K' G overall mass transfer coefficient; see Table 13-1 

K L , K' L overall mass transfer coefficients; see Table 13-1 
K t ideal solution K value; defined below Eq. (13-18) 

K Mji ideal solution K value; evaluated at the temperature given by the 

Murphree temperature convention; see Eq. (13-43) 
/,• flow rate of component i, lb-mol/h 

L flow rate of liquid, lb-mol/h 

L flow rate of the solute-free liquid, lb-mol/h 
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m slope of the tangent line, y* = mx + b 

N ( rate of mass transfer, lb-mol/(h)(ft 2 ) 

n G , ri G number of gas phase transfer units; see Table 13-1 

n L , ri L number of liquid phase transfer units; see Table 13-1 

n OG number of overall transfer units; see Table 13-1 

ri OGM number of overall transfer units; defined below Eq. (13-59) 

rii point value of the number of overall transfer units, defined by 

Eq. (13-56) 

p A partial pressure of component A, atm 

P total pressure, atm 

q rate of heat transfer for the gas phase, Btu/(h)(ft of packing) 

q L rate of heat transfer to the liquid phase; Btu/(h)(ft of packing) 

Q flow rate of clear liquid, gal/min 

R t rate of mass transfer, lb-mol/(h)(ft of packing) 

S cross-sectional area of column, ft 

Sc Schmidt number 

t average contact time between a gas bubble and a liquid surface; see 

Eq. (13-3) 

u v vapor velocity, ft/s 

u Vs vapor velocity based on the superficial area, ft/s 

v t flow rate of component in the vapor, lb-mol/h 

V total flow rate of vapor, lb-mol/h 

V flow rate of the solute free vapor, lb-mol/h 
vv L mass flow rate of liquid, lb/h 

w v mass flow rate of vapor, lb/h 

W length of flow path; measured from the outlet of the downcomer, ft 

y, mole fraction of component i in the vapor 

Z T total depth of packing, ft 

Greek Symbols 

y t activity coefficient; see Chap. 14 

X mV/L 

fi viscosity 

p density 

a surface tension 

(f) packing parameter; see Fig. 13-8 

\j/ packing parameter, see Fig. 13-10 

Subscripts 

G gas (or vapor) phase 

s based on superficial area 

L liquid 

V vapor 
/ flood 
w water 
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Superscript! 


» 


/ 
L 

se 

V 


interface 

liquid 

liquid side of interface 

vapor 

vapor side of interface 



PROBLEMS 

13-1 From the appropriate relationships given in the text, obtain the expressions given in item I of 
Table 13-1. 

13-2 Begin with the defining equations for the number of mass transfer units and the assumptions 
enumerated in the text and obtain the result given by Eq. (13-34), namely, 



13-3 Use the relationships in the text to obtain the expression given in item II of Table 13-1 for 

K' cai . 

13-4 Obtain the relationship given by Eq. (13-35) for ri OGMi . 

13-5 (a) By use of Eqs. (13-15) and (13-27), show that 



_J___L + (_>l)_L 

K L M a i k L a i ymtPlkctti 
(b) Use the result of part (a) to develop the following expression 

— = — +/— )— 

n OLMi n U \ m i V ) n Gi 



where 



n OLMi = K' L M a iP 



lI^I 



(?) 



13-6 Obtain the expression given by Eq. (13-67) for the line connecting the points (x jly y j+l ,) and 

(x^JofFifrDO. 

13-7 Begin with first principles and obtain the expressions given by Eqs. (13-68) and (13-69) for m v 

13-8 Carry out the developments given by Eqs. (13-82) through (13-91) for the case where both the 

vapor and liquid phases form nonideal solutions. 

13-9 Begin with Eqs. (13-39), (13-59), and (13-61) and show that 



Eji - —— + £ v 

and that 

E .. = ^i_e-«; 
1 K tt 



Kji Kji Xji 



i W ji 



Kji Kjj x^ 
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CHAPTER 

FOURTEEN 



THERMODYNAMIC RELATIONSHIPS 
FOR MULTICOMPONENT MIXTURES1 



To solve distillation problems involving multicomponent mixtures, vapor-liquid 
equilibrium data and enthalpy data are needed. The methods used to obtain 
these data may be classified as follows: (1) the use of a single equation of state 
and (2) the use of multiple equations of state and/or correlations for the predic- 
tion of the liquid and vapor parts of the K values and the enthalpies. This 
classification was suggested by Adler et al. 2 in an excellent paper on the indus- 
trial uses of equations of state. Although the first approach, the use of a single 
equation of state, is the more desirable, many industrial problems are en- 
countered in which this approach is too inaccurate and the second approach is 
used. 

In Sec. 14-1 the fundamental thermodynamic relationships for multicompo- 
nent mixtures are presented. In Sec. 14-2, the use of the thermodynamic relation- 
ships developed in Sec. 14-1 and an equation of state to predict the K values and 
enthalpies is demonstrated for several equations of state. The equations of state 
which appear to be the most popular choice of industry are treated in detail. 

Sections 14-3 through 14-5 are devoted to the use of several equations of 
state and/or correlations used in the calculation of the K values and enthalpies 
which are needed in a distillation calculation. A variety of methods are presented 
for the calculation of ideal solution K values, and several methods for computing 
activity coefficients such as the Wilson equatipn and the UNIFAC method are 
presented. 

f This chapter was written in collaboration with Dr. N. J. Tetlow of Dow Chemical Company. 
492 
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14-1 FUNDAMENTAL PRINCIPLES OF 
THERMODYNAMICS NEEDED IN THE 
CALCULATION OF VAPOR-LIQUID EQUILIBRIA 
AND ENTHALPIES OF MULTICOMPONENT MIXTURES 

A knowledge of the thermodynamics of pure components is assumed. In view of 
this assumption, the general development moves rapidly from the equations for 
pure components to the corresponding equations for multicomponent mixtures. 

The First and Second Laws of Thermodynamics 

The first law of thermodynamics (the energy of the universe is constant) implies 
that the energy function U is independent of path. As a consequence of the 
second law (heat does not of itself flow from a body of lower temperature to one 
of higher temperature), the entropy function S can be shown to be independent 
of path. For a pure component or a mixture at constant composition, both the 
first and second laws are contained in the expression 

dU=T dS-PdV (14-1) 

The statement that the functions U and S are independent of path has the 
physical significance that the functions U and S depend on the state of a system 
as described by its temperature, pressure, and composition, and they are 
independent of all previous states of the system. That is, such functions are 
independent of the history of the system, and they are known by a variety of 
names such as "potential functions," "exact differentials," and "point functions." 

The function W (work) and the function Q (heat) which appear in one 
statement of the first law of thermodynamics (AU = Q - W) are "path func- 
tions." These functions depend upon the path followed in going from one state 
to another. 

From the standpoint of thermodynamics, the most significant mathematical 
properties of state functions are summarized in the following statement. The 
necessary and sufficient condition that the line integral 



/ = f M(x, y) dx + N(x, y) dy (14-2) 



be independent of the path described by curve C is that 

dM dN 



ey-ex < 14 - 3) 



This statement means two things. First, if the line integral / is independent of 
path, then dM/dy = dN/dx. Second, if dM/dy = dN/dx, then the line integral / is 
independent of path. The equality given by Eq. (14-3) is commonly called the 
Maxwell relationship. 
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Since the internal energy U is independent of path, it follows from 
Eqs. (14-1) through (14-3) that 

This is one of the well-known " Maxwell relationships." Another useful property 
of functions whose line integrals are independent of path is the following one. If 
the line integral / is independent of path, a function /(x, y) exists such that 

^=M(.v,,) and fe^=N(x.y) (14-5) 

ox oy 

Equation (14-1) implies that U is a function of the independent variables S 
and V, that is 

U = U(S, V) 

Thus 

"-(£),«♦$)." (1 «> 

Comparison of Eqs. (14-1) and (14-6) shows that 

In addition to the functions U and S, other thermodynamic functions in 
common use are as follows: the enthalpy H, the work function A, and the free 
energy function G. These are also state functions, and they are defined as follows 

H = U + PV (14-7) 

A=U-TS (14-8) 

G = H-TS (14-9) 

Combination of these definitions with Eq. (14-1) gives the following set of equa- 
tions for a pure component where the total number of moles is held fixed (or a 
mixture in which the moles of each component is held fixed) 

dH=TdS+VdP (14-10) 

dA= -SdT-PdV (14-11) 

dG= -SdT+VdP (14-12) 

Each of these is an equivalent statement of the first and second laws of thermo- 
dynamics for a pure component or a mixture in which the number of moles 
of each component is held fixed. These equations are also said to describe closed 
systems in that there is no exchange of mass between the system and the 
surroundings. 
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Consider now the free energy function G. As indicated by Eq. (14-12) G is a 
function of P and T. Thus 

(fr) f ~S and (f p )=V (14-13) 

and 

idS\ ldV\ 

\dPtr-\efl < 14 - l4 > 

For a multicomponent mixture in which the composition is free to vary, the 
total free energy is a function not only of P and T but also the moles n { of each 
component present in the mixture, that is, 

G = G(P, T, «!, n 2f ...,n c ) 
and 

H£L,M£),/-5(a * <-» 

In the case of the first two partial derivatives, the subscript n { means that the 
moles of all components (/ = 1, 2, . . . , c) are held fixed. The subscript n jti which 
appears on the derivatives included in the summation means that the moles of 
all components except / are held fixed. The partial derivative (dG/dn) P r is 
called the partial molar free energy, and denoted by <?,-. The partial molar free 
energy G, was introduced by Gibbs who called it //,-, the chemical potential. Thus 

fe)r. p. nj „ = Gi = ^ = * (P ' Z " l * Ul ' ' • ' ' ^ ( 14 " 16 ) 

Since the moles of each component of the mixture are to be held fixed in 
computing the first two partial derivatives of Eq. (14-15), it follows from 
Eq. (14-12) that 

(^Lr -S and (fpLr v (14 - l7) 

Thus, Eq. (14-15) may be restated as follows 

dG-SdT+VdP+ZH dn t (14-18) 



i=l 



which is a statement of the first and second laws of thermodynamics for multi- 
component mixtures. When Eq. (14-18) is combined with the expressions ob- 
tained by taking the total differentials of Eqs. (14-7) through (14-9) the 
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following equivalent forms for the first and second laws are obtained 

c 

dU=TdS-PdV+ £>, dn { (14-19) 

i= 1 

dH = T dS + V dP + iix, dn, (14-20) 

1 = 1 

C 

dA= -SdT-PdV + £>,- dn { (14-21) 

i=i 

Since U = U(S, V, n u w 2 , ..., n c ), H = H(S, P, n x , n 2 , ..., n e \ and /I = A(T, V, 
n u n 29 ...,n e ), these functions may be expanded in a form analogous to 
Eq. (14-15) and the coefficients of dS, dP, dT, and dV determined in the same 
manner as shown for Eq. (14-18). Comparison of the expressions so obtained 
with Eqs. (14-19) through (14-21) shows that 

*"(^L. JW HSL,*, *-(£!.,.„., (14 - 22) 

IDEAL AND NONIDEAL SOLUTIONS 

Several equivalent definitions for ideal solutions exist; that is, any one of these 
may be taken as the definition and each of the others will follow as a 
consequence. Thus, the choice of a particular definition is largely a matter of 
personal preference. The definition taken here was selected because it describes a 
physical phenomenon which is easily visualized. 

An ideal solution is defined simply as one which obeys Amagat's law of 
additive volumes. That is, the volume of an ideal solution at a given temperature 
?mdj)r^ure_js^quaj.tojthe_sum of the volumes of its pure constituents at the 
same temperature and pressure 

V = n l v l + n 2 v 2 + --- + it c i? c j (14-23) 

where n, = moles of component i; the total moles of solution is denoted by n; 

t>. = volume of one mole of pure component i at the temperature T and 

pressure P of the solution 
V = volume of n moles of solution at P and T 

By this definition, volume is conserved when components that form an ideal 
solution are mixed. For the above definition to be of significant practical use, it 
is necessary that Eq. (14-23) hold over a reasonable range of temperatures, pres- 
sures, and compositions. \ 

Nonideal solutions may be represented by a formula which is symmetrical to 
Eq. (14-23). This formula is obtained by use of Euler's theorem (Appendix A, 
Theorem A-6) for homogeneous functions. These extensive thermodynamic 
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functions V, (/, S, //, A, and G are all homogeneous functions of degree 1. This 
degree is assigned to that class of functions having the common property that 

V(ln ly An 2 , ..., kn c ) = XV(n u n 2 , ..., w c ) (14-24) 

where A is any real number. For example, if the moles of each component in a 
mixture are doubled (at constant temperature and pressure), the volume of the 
resulting mixture is twice the initial volume. For such functions Euler's 
formula 60 is 

V = n x V x + W2 p 2 + ... + „ c p c (14-25) 

where V t = (dV/dn^ r, njpi = partial molar volume of component /; evaluated at 
the pressure, temperature, and composition of the mixture. Note that, V t is not 
homogeneous in the intensive variables P and T, but it is a function of these 
variables. 



THE FUGACITY 

In the analysis of thermodynamic systems, it has been found that a new variable 
called the fugacity is more convenient to use than is the free energy. The fugacity 
of pure component i at the temperature T and pressure P composed of pure 
component i is defined by 

&\i = RTd In/ (at constant T) (14-26) 

lim {=1 (14-27) 

p-o * 

where the chemical potential /x is equal to the free energy per mole of component 
i, that is, 



'-"HsL- 



d(ng) 



dn 



g{P, T) (14-28) 



The second condition, Eq. (14-27), is equivalent to supposition fact that all 
actual gases and substances approach a perfect gas in the limit as the pressure 
goes to zero. 

The fugacity of component i in a mixture of c components at the tempera- 
ture T and pressure P is defined by 



dUi^RTdlnfi 


(at constant T) 


(14-29) 


lim ^ = 1 




(14-30) 



-0 Pi 

where/ =/,(?, T, n u n 2 , . .., n c ) = fugacity of component i in the mixture 
& = ^(P, T, n lf n 2 , . . . , n c ) = (dG/dn i ) Pt Tt nj ti = G, 
p, = partial pressure of component j; p f = Py { 
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PHYSICAL EQUILIBRIUM 

The necessary conditions for any mixture (ideal or nonideal) of components in 
each of two phases to be in equilibrium may be taken as follows 

p v = P L (14-31) 

tf-tf (i=1.2,...,c) 
Beginning with equations of this type, the Gibbs phase rule may be deduced 

& + o = c + 2 (14-32) 

where 0> = number of phases 

O = number of degrees of freedom 
c = number of components 

As a consequence of the last expression of Eq. (14-31), it can be shown that 

;r=/f ( 14 - 33 > 

Since the fugacity /| is a function of the temperature T, pressure P, and compo- 
sition .MMJ^^M^LBfease, it follows that/f may be restated in the following 
functional form __ 

W^jM (14_34) 

where y\ = y\(P, 7, {>;,}), the activity coefficient of pure component i in the 
vapor phase 
f\ = the fugacity of pure component i in the vapor state at T and P of the 
vapor mixture 

Similarly, for component i in the liquid phase 

jZEEZZS (14 " 35) 

where y, L = yt(P, T, {x,}), the activity coefficient of component i in the liquid 
phase 
f\ = the fugacity of pure component i in the liquid state at T and P of the 
liquid mixture 
Then, Eq. (14-33) may be restated as follows 






(14-36) 



The vapor-liquid distribution coefficient, K, = y,/x t , is commonly called the K 
value of component i. Thus 



K _lUl (14-37) 



Instead of showing the activity for component i in the vapor phase explicitly, it 
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has become customary to restate Eq. (14-37) in the following form 
where </>/ =///Pt 

tf=nip 

w = yrfr/p=fr/(pyi) 

(Recognition of the fact that $ = f v i /Py i is useful in the application of the 
equations of state for the calculation of <$.) 

In the development of the calculational procedures presented in other chap- 
ters of this text, the symmetrical form of Eq. (14-36) is used and the ratio/?-//! is 
denoted by K t and called the ideal solution K value. In the present treatment 
(and only in this chapter), the ideal solution K value is denoted by K\. Equation 
(14-36) may be restated in terms of the ideal solution K value as follows 

y { = K t x t = | K\ Xl = (-^y) K l x i ( 14 " 39 ) 

This form of the equilibrium relationship is used because the behavior of a large 
number of mixtures can be approximated by use of ideal solutions. For the case 
where both the vapor and liquid phase form ideal solutions, it is shown in the 
next section that y[ = 1 and y^ = 1. Consequently, for ideal solutions, 
Eq. (14-39) reduces to 

y . = KiXi = K\x t (14-40) 



Useful Thermodynamic Relationships 

In order to develop the relationship between the chemical potential tf(P, T, {y t }) 
of component i in a mixture and the chemical potential tf(P, T) of pure com- 
ponent i at the same pressure P and temperature T as the mixture, the change in 
chemical potential over the path shown in Fig. 14-1 (with P = P) is computed. 

For step 1 

vZ{Pi, T) - tf(J\ T) = RT f f '" $± = RT In ^ (14-41) 
For step 2 

A "(P, T, {y,}) - tf(P 2 ,T) = RT\' v A = RT In jj- = (14-42) 



t Numerous authors (Refs. 12, 25, 51) denote the liquid fugacity coefficient by v, rather than 4>i 
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(Standard state) 

pure component 

i, gas 

J i. P 



(1) 


Pure component 
gas 

f V = fV 
J i. Pi J i 

P 2 , T 


(2) 


Gas mixture 

/r.», 


(T) 


(TX/D 







Note: P 2 is that pressure at which yT of the pure component is equal to its fugacity J\ in the 



mixture. 



Figure 14-1 Path for computing the difference in free energy of a component in a mixture and in its 
standard state at the same temperature. 



Addition of these two equations gives the desired result 

n 



Gr = gr + RTln 



sx 



(14-43) 



where G\ = i%(P, T, {y,}) = partial molar free energy or chemical potential of 
component i evaluated at P, T, and {y t } of the vapor phase 
q\ = $(p 9 t) = free energy or chemical potential per mole of pure com- 
ponent i in the vapor phase at P and T 

A similar development may be used for the liquid phase to obtain 

it 
n 



Gt = gt + RT\n^ L 



(14-44) 



where G[ = ^(P, T, {\,}) = partial molar free energy or chemical potential of 
component i evaluated at P, T, and {x,} of the liquid phase 
g[ = ^(P, T) = free energy or chemical potential per mole of pure com- 
ponent / in the liquid phase at P and T 

When/r and/f in Eqs. (14-43) and (14-44) are replaced by their equivalents as 
given by Eqs. (14-34) and (14-35) respectively, one obtains 

GY = 9 r + RT In tftt (14-45) 

and 

Gf = gf + RT In rfx, (14-46) 



THE LEWIS AND RANDALL RULE 

From Eqs. (14-3) and (14-18), it follows that 



5P 



,n, \ 0n i/P,T,njf,i 
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Similarly, for a pure component, Eq. (14-12) gives 



or 






(14-48) 

Thus, partial differentiation of Eq. (14-43) with respect to P gives 

V^- vr = RT ^m^ (14 . 4 9) 

If, over the interval from to P, the partial molar volume V\ for component 
i is equal to the molar volume v\ for pure component i (that is V\ = v\\ then 
the Lewis and Randall rule holds for component i over the pressure interval to 
P. (Note that for the ideal solution behavior to exist over the interval to P, it is 
necessary that the Lewis-Randall rule hold for each component of the mixture 
over the interval to P.) Thus, if V\ = v\, then Eq. (14-49) reduces to 

Id In fY/fY\ 

N^L-° (,4 - 50, 

This equation shows that when the temperature and composition of a mixture 
are held fixed, the ratio f\jf\ is independent of pressure. At any given tempera- 
ture, the general solution of Eq. (14-50) is 

/r//r = ^i,y 2 ,...,yc) (14-51) 

A more precise expression for y\ { is given by recalling that the limit of/!7/T as P 
goes to zero is y i9 that is, 

Mm J\lf\ = y { = lim rj t 

P->0 F-0 

But since f\jf\ and rj t are independent of P, the following relationship, called 
the Lewis and Randall fugacity rule, holds at all pressures in the interval to P 

?r=fryi (14-52) 

Similarly, if over the interval to P,V\ = vfr for component i in the liquid phase, 
then it follows as a consequence that the Lewis and Randall rule holds for 
component / over the pressure interval to P 

tt=fhi (14-53) 

Thus, by replacing f\ and/f in Eqs. (14-43) and (14-44) by the expressions 
given by Eqs. (14-52) and (14-53), the following expressions are obtained for 
ideal solutions 

G\ = gV + RT In y t (i = 1, 2, . . . , c) (14-54) 
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and 

G[ = gt + RT In x, (i = 1, 2, ..., c) (14-55) 

Also, a comparison of Eqs. (14-52) and (14-53) with (14-34) and (14-35) shows 
that for ideal solutions 



y[ =1 i( = 1 (14-56) 



for all i. 



RELATIONSHIPS BETWEEN THE PARTIAL MOLAR QUANTITIES 

Since Eq. (14-9) applies for both a mixture and a pure component, it may be 
differentiated termwise with respect to n { with P, T, and the remaining mole 
numbers held fixed to give 

G, = H t - TS ( (14-57) 

The quantities G, , /?, , and S t are defined as follows 

— I partial molar free energy (14-58) 

/?.= (—) partial molar enthalpy (14-59) 

\ dn i!p,T,nj Pi 

— ) partial molar entropy (14-60) 

dihlp.T.njn 

Important thermodynamic relationships involving the partial molar quantities 
are as follows 



MfrLr 




(14-61) 


tSG,/T\ B t 




(14-62) 


ideal vapor and liquid solutions 






RY = h\ 




(14-63) 


Hj- = hf 




(14-64) 



Proofs of the above relationships are left as prbblems for the student; see 
Probs. 14-7 and 14-8. 

THE VIRTUAL VALUES OF THE PARTIAL MOLAR ENTHALPIES 27 28 

Use of the virtual values of the partial molar enthalpies makes it unnecessary to 
compute the partial molar enthalpies in order to compute the correct enthalpy of 
a mixture. The virtual values of the partial molar enthalpies are defined as 
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follows 

Z/.^ + ft (14-65) 

where //, = H\(P, 7, {/i,}) = virtual value of the partial molar enthalpy of com- 
ponent / in a mixture at temperature 7 and pressure P 
h° = enthalpy of one mole of component / in the perfect gas state at the 

temperature 7 and the pressure P = 1 atmosphere 
ft = h(P, 7, {«,-}) - /i°(l, 7, {«;}), the enthalpy of one mole of mixture at 
the temperature 7 and pressure P minus the enthalpy of one mole of 
the same mixture in the perfect gas state at 7 and at P = 1 atmosphere ; 
ft is called the enthalpy departure function 

Although the virtual values of the partial molar enthalpies are generally 
unequal to the partial molar enthalpies, they may be used to compute the correct 
enthalpy of the mixture, that is, 

nh(P, T, {",-}) = £ «,#,. = £„,//,. (H-66) 

i i 

The equality given by this equation is readily established by beginning with the 
fact that the enthalpy of one mole of any mixture may be expressed in terms of 
h° and the departure function ft as follows 

h = h° + Q (14-67) 

[Equation (14-67) is also seen to follow immediately from the definition given 
above for ft.] Then the enthalpy of n moles (n t + n 2 + • • • + n c = n) of a mixture 
is given by 

nh = nh° + nQ (14-68) 

Termwise differentiation of Eq. (14-68) with respect to n k at constant pressure, 
temperature, and with all of the h,'s held fixed except n k yields 



B k 



d(nh) 



dn k 
which reduces to 



dn k 



?**)♦ (£)—(£),,,,.<-> 



J? k = /i k ° + ft + «(JM (14-70) 

\Cn k /p,T,nj* k 

For convenience in making subsequent comparisons, let the subscript k in the 
above equation be replaced by the subscript i. Multiplication of the resulting 
expression by n t followed by the summation over all component yields 

nh = Y. »ttti = 1 "A° + nft + n £ ni^) (14-71) 

Since ft is a homogeneous function of degree zero in the n/s, it follows from 
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Euler's theorem (Appendix A, Theorem A-6) that 

Uf) =° 

Thus, Eq. (14-71) reduces to 

nh = £ n,fl f = £ B,fc? + «a (14-72) 

i i 

Now if one begins with the definition of H t as given by Eq. (14-65) and 
multiplies each term of this equation by n t and then sums the resulting expres- 
sion over all components, one obtains 

£ *,£,• = I>fc, + «n (14-73) 

i i 

Comparison of Eqs. (14-72) and (14-73) establishes the validity of Eq. (14-66). 
Consequently, the virtual values of the partial molar enthalpies may be 
employed in the calculation of the correct enthalpy of a mixture even though the 
virtual values of the partial molar enthalpies are unequal to the partial molar 
enthalpies. [The relationship between H t and H, follows immediately from 
Eqs. (14-65) and (14-70)]. 

The departure function Q (which is needed in the evaluation of the virtual 
values of the partial molar enthalpies [Eq. (14-65)]) may be evaluated through 
the use of an equation of state for the mixture. 

Next, the equations needed to evaluate the thermodynamic functions for a 
given equation of state are presented. 



Equations for the Evaluation of the Thermodynamic Functions in Terms of 
the Independent Variables, Temperature, Pressure, Volume and 
Composition 

First, paths for the evaluation of the thermodynamic functions of pure compo- 
nents in terms of the independent variables {P, T} are presented. Then the paths 
are presented for the evaluation of the thermodynamic functions for mixtures in 
terms of the independent variables (P, T, {n,}). 

The state of any pure component is uniquely determined by fixing any two 
variables. Consider first the case where pressure and temperature are taken to be 
the independent variables. The expressions for the thermodynamic functions are 
obtained by use of the path shown in Fig. 14-2. The standard state is taken to be 
a perfect gas at P and T . The gas is taken from its standard state to its final 
state P and T by the following path. 

1. Change the temperature from T to Twith the pressure held constant at P . 

2. Change the pressure from P to P* with the temperature held constant at T. 

3. Change the pressure from P* to P with the temperature held constant at T. 
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ft moles 
perfect 



P*,T a 



(i) 



(Po) 



n moles 
perfect 

gas 
Po*T 



(2) 



(T) 



t Note: In the limit as P* approaches zero, 
the actual gas becomes a perfect gas. 



n moles 
actual 
gast 
P*, T 



(T) 



(3) 



ft moles 

actual 

gas 

P, T 



Figure 14-2 Path used to develop the thermodynamic functions for pure gases in terms of tempera- 
ture and pressure. 



The third container may be regarded as a "converter" because a perfect gas 
enters and an actual gas leaves. The equations involving the third container [see 
steps (2) and (3) of Fig. 14-2] become correct in the limit as the pressure P* is 
allowed to go to zero. The actual gas leaving the third container approaches a 
perfect gas as the pressure approaches zero. This path follows closely the one 
originally proposed by Beattie. 5 The resulting thermodynamic expressions ob- 
tained by use of the path shown in Fig. 14-2 are given in Table 14-1. 

The path used for evaluation of the thermodynamic functions of mixtures in 
terms of temperature, pressure, and composition is shown in Fig. 14-3. The 
standard state of each component is taken to be the pure component in the 
perfect gas state T and P . Again, in the limit as P* is allowed to approach 
zero, the container at P* and T (see Fig. 14-3) becomes a "convertor" in 
the sense that a perfect gas mixture enters and an actual gas mixture leaves. 
The resulting expressions for the thermodynamic functions are presented in 
Table 14-1. 

The path used to evaluate the thermodynamic functions of pure components 
as functions of V and T is shown in Fig. 14-4. The standard state is V and T 
and the final state is V and T. The gas is taken to its final state along the path 
shown in Fig. 14-4. In the limit as K* is allowed to approach infinity, the second 
container becomes a "convertor" as described for the previous case. The result- 
ing expression obtained for the thermodynamic functions are presented in 
Table 14-2. 

In Fig. 14-5, the path used to evaluate the thermodynamic functions of 
mixtures in terms of V, T, and {nj is shown. Again, the standard state of each 
component is taken to be the perfect gas state at the temperature and volume, T 
and V . After the components have been mixed isothermally, the mixture is 
taken along the path shown in Fig. 14-5 to the final state V and T. The corre- 
sponding equations obtained for thermodynamic functions are given in 
Table 14-2. 
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Table 14-1 Equations for pure components as functions of P and 
Tand mixtures as functions of F, T, and {«,} 

1. Pure components 

H(P,T) = f v - T (jf) p \ dP + nh ° 

s(p ' T)= C[?-SH /, - nR,np+ns0 

A(P y T) = ft V - — \dP + nRT In P - PV + n(h° - Ts°) 



RT 



.P(V RT\ 



2. Mixtures 



mr.T.w). 



S{P,T, {«,}). 



A(P,T, {«,})- IK 



V--fel.J <ip -?"' Rln ^ + ? n ' s 






dP + £ /t.KT In Py,- - PK + X «,(*? - 7*°) 



_ f '[/0K\ RT 



</P + KT In Py, 



where 



V-Wo.W+ | cj,rfr 



j?-*?(p ,7i)+| f</r 

To J 

/ij o (P , T ) = enthalpy at the standard state of a perfect gas at P and T 
5?(P . 7 ) = entropy at the standard state of a perfect gas at P and T 



RESTATEMENT OF THE THERMODYNAMIC EQUATIONS 
IN TERMS OF THE RESIDUAL WORK FUNCTION, A(p 9 T) 

The restatement of the equations given in Table 14-2 in terms of the residual 
work function is presented in Table 14-3. The use of the reformulated form of 
the equations for the evaluation of the thermodynamic functions is a useful 
technique which appears to have been suggested first by Benedict et al. 6 
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Figure 14-3 Path used to develop the thermodynamic functions for gas mixtures in terms of temper- 
ature, pressure, and composition. 
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Figure 14-4 Path used to develop the thermodynamic functions for pure gases in terms of tempera- 
ture and volume. 
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Table 14-2 Equations for pure components as functions of V and 
Tand mixtures as functions of K, T, and {n,} 

1. Pure components 



H(V, T) = J P - T — J \dV + PV + ™° 



5(F, 7) = 






A(V, T) = J"( P - ^1) dK - „R7 In -^ + «(«° - Ts°) 

•"'-fl(£L- 



ap\ rt 

V 



dV -RT In 



nRT 



2. Mixtures 



»c. t. w) = /_" [p - r(g) hv+pv+z «.«r 



w. {",})- 



-si 



dV + Y ni R In + T n,s,° 



dV - £ n,K7 In -— + Z *,« - Ts°) 



J In t RT\ 
A(V t T,{ ni })=\^ \P-—— I 

Win/,- [*[(£) -^U-KTln-I- 



where 



To 



5.° = *f(^o. T ) + | v <* r + R ln ^ 
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t Note: In the limit as V* increases without bound the actual gas becomes a perfect gas. 

Figure 14-5 Path used to develop the thermodynamic functions for gas mixtures in terms of temper- 
ature, volume, and composition. 



Generally, in the solution of problems involving the thermodynamic func- 
tions U, H, G, A, /i, and/, the values of the functions at the system pressure and 
temperature are needed. However, most of the equations of state are usually 
stated in the form of P as a function of V and T which makes the integrals 
appearing in Table 14-2 easier to evaluate than those in Table 14-1. Also, instead 
of evaluating all of the integrals given in Table 14-2, one needs to evaluate only 
one of these because all of the functions may be restated in terms of this integral. 
The integral commonly selected for evaluation by use of an equation of state is 
the one appearing in the expression for A(V, T). A summary of these results is 
presented in Table 14-3. Since U(V, T)=U(P, T), H(V, T) = H(P, T), ..., 
fi(V, T) = /*(P, T), and f(V, T) =/(P, T), the expressions shown in Table 14-3 
may be used to compute the values of the thermodynamic functions at the 
systems P and T. The common integral, called the " residual work content " after 
Benedict et al., 6 is defined as follows 



^>=;/>T) 



dV 



(14-74) 
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Table 14-3 Statement of the thermodynamic 
functions of Table 14-2 in terms of the residual 
work content A 

1. Pure components 

- in nRT \.„ i°( p ~p RT \A 

*-;U p -— r-J.hH* 

S=-n{ — ) - nR In pRT + ns° 
\dTfy 

A=nA + nRT In pRT + n(u° - Ts°) 



f . pRT IP 

RT\n- = A + RT\n *-— + ' 
P P 



2. Mixtures 






v 

A = nA-Y n t RT In -— + V «K - Ts°) 
r thRT 7 



RT\n ±*- 



8(nA) 



dn: 



+ I- -RT\ + RT In P 



P. 7 . 



(~RT) + Ri 



\p i P 



Let the molar density be denoted by p. Then p = n/V, and the above integral 
may be restated in terms of p and T to give 

A{V, T) = A(p, T) = f Q ( Lz ^ L ) ^ ( 14 ~ 75 ) 

Thus, the expression given in Table 14-2 for A(V, T) reduces to 

A(V, T) = nA(V, T) + nRT In pRT + n(u° - Ts°) (14-76) 

which is seen to be the expression given in Table 14-3 for A(V 9 T). Once an 
equation of state has been specified, the integral called the residual work content 
may be evaluated. 
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14-2 EQUATIONS OF STATE AND THEIR USE IN 
THE PREDICTION OF K VALUES AND ENTHALPIES 

Th e equations of state which appear to be finding the widest application for 
distillation calculations cons ist of the modified versions of the Benedict- 
Webb-Rubin equation of state, the Soave-Redlich-Kwong equation of state, and 
_the Peng-Robinson equation of state. All of the equations needed to compute the 
K values and enthalpies by use r prthese equations of state are presented in this 
section. In addition an jcmllineiGf the development of the equations needed to 
compute the K values and enthalpies by use of the original Benedict-Webb- 
Rubin equation of state is presented. Also, an outline of the development of the 
equations needed to calculate fugacities and enthalpies by the original Redlich- 
Kwong equation of state is presented. Unlike the original Benedi ct- Webb-Rubin 
equation of state which is recommended for computing the prpperties of both 
vapor and liquid phases , the Redlic h-Kwong equation is recommended for com- 
puting prop erties of only the vapor phase. The.Soave-R^Hch-Kwon^And.. the 
Peng-Robinson equations of state are, however, recommended for computing 
the properties of both p h ases for certain pure components and mixtures. 

The Benedict-Webb-Rubin Equation of State 6 7 

The Benedict-Webb-Rubin (BWR) equation of state is given by 



P = RTp + Ib RT -A - ^ \p 2 + (bRT - a 



)P 3 



+ ^P 6 +yJ(l + yp 2 )exp(-yp 2 ) (14-77) 

where A , B ,C , a, b, c, a, and y are empirical constants. In some correlations, 
some of these constants are taken to be functions of temperature. The mixing 
rules commonly employed are given in Table 14-4. 

In the solution of distillation problems, the only functions generally required 
are the enthalpies and fugacities of the pure components and the enthalpies of 
mixtures as well as the fugacities of the components in a mixture. Thus, only the 
expressions for these quantities are given in tables for the equations of state. 

The first step in the development of the expressions for these functions is the 
development of the expression for the residual work content A. For the BWR 
equation of state, the expression for A is obtained by carrying out the integration 
implied by Eq. (14-75) through the use of Eq. (14-77). The resulting expression 
obtained for A is given in Table 14-4. 

The expression for the enthalpy of one mole of a pure component is ob- 
tained by use of the expression given by h in Table 14-3 and the expression given 
in Table 14-4 for A. Similarly the expression for the fugacity of a pure compo- 
nent is found by use of the expression given in Table 14-3 for/and the expression 
for A. The resulting expressions for h and / are given in item 3 of Table 14-4. 



512 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 

Table 14-4 The Benedict-Webb-Rubin equation of state 6 * 7 



1. Values of the Constants of the BWR equation for 12 Hydrocarbons 7 


Units: P = 


lb/in 2 abs 








P = 


lb mol/ft 3 








T = 


degree Rankine (°F + 459.63) 






R = 


10.7335 lb ft 3 /(in 2 lb mol °R) 






Substance 


Methane 


Ethylene 


Ethane Propylene Propane 


Mol wt 


16.031 


28.031 


30.047 


42.047 44.062 


B 


0.682401 


0.89198 


1.00554 


1.36263 1.55884 


A 


6,995.25 


12,593.6 


15,670.7 23,049.2 25,913.4 


C x 10" 6 


275.763 


1,602.28 


2,194.27 


5,365.97 6,209.93 


b 


0.867325 


2.20678 


2.85393 


4.79997 5.77355 


a 


2,984.12 


15,645.5 


20,850.2 46,758.6 57,248.0 


c x 10" 6 


498.106 


4,133.14 


6,413.14 20,083.0 25,247.8 


a x 10 3 


511.172 


731.661 


1,000.44 


1,873.12 2,495.77 


y x 10 2 


153.961 


236.844 


302.790 


469.325 464.524 


J 1/2 


83.6376 


112.221 


125.183 


151.820 160.983 


cy 2 x io- 


3 16.6061 


40.0285 


46.8430 


73.2528 78.8031 


fcl/3 


0.953644 


1.30193 


1.41845 


1.68686 1.79396 


a 1/3 


14.3970 


25.0109 


27.5235 


36.0264 38.5408 


C 1/3 x 10" 


2 7.92684 


16.0486 


18.5788 


27.1813 29.3360 


a 1/3 x 10 


7.99567 


9.01094 


10.0015 


12.3270 13.5644 


y 112 x 10 


12.4082 


15.3897 


17.4009 


21.6640 23.7597 


Substance 


i-Butane 


j-Butylene 


n-Butane 


t'-Pentane 


Mol wt 


58.078 


56.062 


58.078 


72.094 


B 


2.20329 


1.85858 


1.99211 


2.56386 


A 


38,587.4 


33,762.9 


38,029.6 


4,825.36 


C x 10" 6 


10,384.7 


11,329.6 


12,130.5 


21,336.7 


b 


10.8890 


8.93375 


10.2636 


17.1441 


a 


117,047.0 


102,251.0 


113,705.0 


226,902.0 


c x 10" 6 


55,977.7 


53,807.2 


61,925.6 


136,025.0 


a x 10 3 


4,414.96 


3,744.17 


4,526.93 


6,987.77 


y x 10 2 


872.447 


759.401 


872.447 


1,188.07 


A 112 


196.437 


183.747 


195.012 


219.667 


cy 2 x io- 


3 101.905 


106.441 


110.139 


146.071 


6 1/3 


121647 


2.07497 


2.17320 


i 2.57853 


a 1 ' 3 


48.9165 


46.7620 


48.4464 


60.9929 


C 1/3 x 10' 


2 382530 


37.7521 


39.5625 


51.4281 


a 1/3 x 10 


16.4050 


15.5281 


16.5425 


19.1181 


y 1/3 x 10 


29.5372 


27.5573 


29.5372 


34.4683 



THERMODYNAMIC RELATIONSHIPS FOR MULTICOMPONENT MIXTURES 513 

Table 14-4 (continued) 



Substance 



n-Pentane 



n-Hexane 



n-Pentane 



Mol wt 


77.094 


86.109 


100.125 


Bo 


2.51096 


2.84835 


3.18782 


*o 


45,928.8 


5,443.4 


66,070.6 


C x 10" 6 


25,917.2 


40,556.2 


57,984.0 


b 


17.1441 


28.0032 


38.9917 


a 


246,148.0 


429,901.0 


626,106.0 


c x 10 -6 


161,306.0 


296,077.0 


483,427.0 


a x 10 3 


7,439.92 


11,553.9 


17,905.6 


y x 10 2 


1,218.86 


1,711.15 


2,309.42 


J 1/2 

^0 


214.310 


233.331 


257.042 


cy 1 x io- 3 


160.988 


201.386 


240.799 


*> 1/3 


2.57853 


3.03671 


3.39097 


a 1 ' 3 


62.6707 


75.4726 


85.5494 


C l/3 x 10" 2 


54.4349 


66.6492 


78.4822 


a i/3 x 10 


19.5220 


22.6070 


26.1616 


y l > 2 x 10 


34.9122 


41.3660 


48.0564 



2. Residual work content 


A-\B B RT A T2 jp+ 2 p + 5 +T2 \ vo2 


-{v? + \) exp i-^\ 


3. Pure components 



t - r .^. u ..« f y.l r -ty.!B>.+tf=£l),^y-\ 



dA pdC RT 2 p 2 db c 



dT 



dT'TdT 2 ^■^Thl^^^l'^-HS 

RT In L = RT In ^ + i(b RT -A - ^p 

^ 2 + yp 2 Y ypl 



+ -(bRT-a)p 2 + -aap 5 +j I 



y-e^n 



4. Mixtures 



The mixing rules are as follows: 

4, = (l y,/ti! 2 ) 2 a = (l ,,a}»j a = ( £ y ia }»j 

c = (lj-,cj! 2 ) 2 c = (£ yi c/")' 

(Continued on page 514.) 
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Table 14-4 (continued) 



^ h - h ^(s o RT-2A -^p + [ b RT-^)p 2 ^ 



T 2 



T dT 



RT 2 p 2 db 
~2~~df y 



^|l-|l+yp 2 + ^jexp(-yp 2 ) 



dT 



RT\n^ = RT\n^+ [(B + fl 0i )KT - 2(,M 0I )«" - 2(C C 0l )>/ 2 /r 2 ]p 



+ 3/2[R7(fc 2 6,) 1/3 - (a 2 a,-) ,/2 ]p 2 + 3/5[a(a 2 a| ) 1/3 + a(a 2 a,) 1/3 ]p 5 
3p 2 (c 2 c,) 1/3 / l -e-™ 2 e~^ 2 \ 2p 2 c/y,.\ 1/2 / 
+ T 2 [ yp 2 2 /"T 2 "^/ ( 



3p 2 (c 2 c t .) 1 /3 /l-e-^ e -"*\ 2p 2 c/y f \ 1/2 /l - e^ _ _ yp2 yp 2 e~^ 2 



yp 



RT ln/f/Px, = an expression of the same form as shown for the vapor phase. In this case, however, 
the liquid mole fractions and the liquid density are used in the evaluation of the right-hand side of 
the above expression instead of the vapor density and vapor mole fractions {y,}. 



The enthalpy of a mixture is found by use of the expression given in 
Table 14-3 for the enthalpy and the expression given by Eq. (14-75) for A. The 
expression for the fugacity f { of a component in a mixture is found in a similar 
manner. Expressions for these quantities for the BWR equation of state are given 
in item 4 of Table 14-4. 

For a given P, 7, and sets of vapor and liquid compositions, the equation of 
state [Eq. (14-77)] is solved for the vapor and liquid densities p which satisfy this 
equation. On the basis of these values of P, T, composition, and p, the expres- 
sions given in Table 14-4 for the functions may be evaluated. 

In the calculation of the properties for the vapor phase, the vapor density 
and the vapor mole fractions {>>,} are used. In the calculation of the properties for 
the liquid phase the liquid density and the liquid mole fractions {x t } are used. 
For example, in the calculation of the K value for a given component, the 
right-hand side of the expression given in Table 14-7 for f\IPy\ is evaluated on 
the basis of P, 7, the vapor density, and the vapor mole fractions {v,}. Similarly, 
for the calculation of /f/Px,, the right-hand side of the expression shown in 
Table 14-4 is evaluated on the basis of P, T, the liquid density, and the liquid 
mole fractions {x f }. The resulting values obtained for/^/Py, and/fyPx, are then 
employed to compute the K values for component i as follows 



f M~ K > (i4 - 78) 
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CONSTANTS AND MODIFICATIONS OF THE 
BENEDICT-WEBB-RUBIN EQUATION OF STATE 

G^pUaJioi^ equation of state have been given by 

several authors. L 4 ^ The pure component constants given by Benedict et al. 7 
for the hydrocarbons (methane through n-heptane) yield accurate values of the 
properties at densities up to about 1.8 times the critical density. For tempera- 
tures well below the normal boiling points, constants are given by Orye. 46 Also 
included in this compilation are constants for H 2 , N 2 , C0 2 , and H 2 S. For 
temperatures 0.6 times the critical, Reid et al. 55 recommend the constants of 
Cooper and Goldfrank, 14 Orye, 46 and Kaufman. 35 For temperatures less than 
0.6 T c , the constants of Orye and Kaufman are recommended. Viswanath and 
Su 70 generalized the BWR equation of state based on a modified theorem of 
corresponding states and determined a set of constants for densities up to twice 
the critical in the reduced pressure range of to 40 and the reduced temperature 
range of 1.0 to 15.0. Modifications and a variety of applications of the BWR 
equation of state have been proposed by several authors (Refs. 39, 45, 62, 63, 64, 
65, and 77). 

The constants proposed by Starling for mixtures are presented in Ref. 65. 
With the advantage of increased accuracy achieved by use of the 11-constant 
equation proposed by Starling 65 came the disadvantage that the constants could 
no longer be obtained from pure component properties. Experimental equili- 
brium data, density data, and enthalpy data for mixtures had to be included in 
the regression procedure for obtaining the constants. 2 



Cubic Equations of State 

Martin 44 initiated an analysis of the cubic equations by use of the following 
generalized form of the cubic equation of state 

p _RT -oc(T) -5(T) 

V (v + P)(v + y) + v(v + $)(v + y) (14 ~ 79) 

where a and S are functions of temperature and /? and y are constants. By 
making suitable choices of the constants and functions and performing appro- 
priate rearrangements and translations, Martin was able to obtain other well- 
known cubic equations of state such as the Redlich-Kwong and the 
Peng-Robinson from Eq. (14-79). Tests by Martin showed that the best two-term 
cubic equation of state is the Martin equation which is presented in Table 14-9. 

The Redlich-Kwong Equation of State 53 

The Redlich-Kwong equation of state is given by 

RT a/T 1/2 

P = ^b-^Tb) ( 14 - 8 °) 
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where a and b are constants which depend upon the critical temperature and 
pressure as shown below 

v = v/ n = 1/p = ZRT/P = molar volume (14-81) 

The combining rules for mixtures are as follows 

«=(2>fl« ,/2 ) 2 (14-82) 

b = I y,A (14-83) 

i 

where a} 12 = (0.4278K 2 7 2 7P cl ) 1/2 
fc,. = 0.0867/? T ci /P ci 



Pa 

Z 



= critical pressure of component i 
= critical temperature of component i 



For convenience, let 



where 



A,= 



Then 



I 


.M,- 




» 


y,A 




a, 1 ' 2 


B, 


*, 


UT 1 -" 


RT 


1 


/v 


„ „l/2 



^-(i^)-^(i^)-s4 



B = ?- V ' B ' = ^T?^' = ^ 



and thus 



(14-84) 



(14-85) 



A 2 R 2 T 2 - 5 = a (14-86) 

BRT=b (14-87) 

Use of the expressions given by Eqs. (14-86) and (14-87) to eliminate a and b 
from Eq. (14-80) yields 

n_ ggl A 2 p 2 (KT) 2 

P " 1-pKTB " (1+pKTB) (14 " 88) 



ENTHALPIES AND FUGACITIES 

Expressions for the enthalpies and fugacities are developed in a manner analo- 
gous to that demonstrated for the BWR equation of state. The expression given 
by Eq. (14-75) for A and the expressions given in Table 14-3 are used to obtain 
the formulas presented in Table 14-5. The enthalpy of a mixture is found by 
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Table 14-5 The Redlich-Kwong equation of state 53 

1. Equations of state and constants 

The equation of state is given by Eq. (14-84), and the constants are given by Eq. (14-85). 

2. Residual work content 



A = -RT 



t BP\ A 2 I BP\ 

h ('-z) + « ,n ( 1+ z) 



3. Pure component 



log£-Z-l-ln(Z-BP)-yln(l+y) 



4. Mixtures 



The mixing rules and constants are given by Eqs. (14-85) through (14-87). 

,4^ (z _„_ MZ ^_^_l H , +¥) 

where 



fl! /2 a! /2 
A: = - — — 
RT 



j 

ft 
In — — = (See note for this expression in Table 14-4.) 

re- 



evaluating A and B by use of the combining rules given by Eqs. (14-82) 
through (14-84). The first step in the application of these equations is the calcu- 
lation of the liquid and vapor densities which satisfy Eq. (14-88) for a given 
temperature, pressure, and sets of vapor and liquid compositions. Restatement of 
Eq. (14-88) in terms of the compressibility factor yields 

Z 3 -Z 2 + [A 2 P - BP(\ + BP)]Z - A 2 PBP = (14-89) 

This cubic equation in Z has either three real roots or one real root and two 
conjugate imaginary roots. 60 For the case where three real roots exist* the smal- 
lest root corresponds to the liquid phase and is called the " liquid root," and the 
largest root corresponds to the vapor phase and is called the "vapor root." The 
intermediate root has no physical meaning. For the case where only one real 
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root exists, it may be either a vapor or a liquid root. For T < T c , the single real 
root is a vapor root if the corresponding density is less than the critical density 
(p < p c ) and a liquid root if p > p c . If T > T c , the single real root is a vapor 
root. Methods for the determination of the real roots are readily available; 60 
see also Adler et al. 2 for the retrograde region. After Eq. (14-89) has been solved 
for the real roots, the enthalpies and fugacities are found by use of the expressions 
given in Table 14-5. 

The Redlich-Kwong equation of state is commonly regarded as one of the 
best of the two-parameter equations of state. It may be used to predict vapor- 
phase properties above the critical temperature for any pressure. 53 This 
equation and modifications of it have been recommended for all nonpolar 
compounds. However, the fugacities and enthalpies predicted by the Redlich- 
Kwong equation for the liquid phase are commonly regarded as inferior to those 
predicted by the modified version of the Redlich-Kwong equation which was 
proposed by Soave. 59 Although a similar modification has been proposed by 
Wilson, 73, 74 only the modification proposed by Soave 59 is presented. 



The Soave-Redlich-Kwong Equation of State 59 

While the Redlich-Kwong equation is said to give volumetric and thermal 
properties of pure components and of mixtures with good accuracy, the vap or- 
liquid-equilibrium dat a pred icted by this .equation ^ften .^iyes poor TesuJtsd?._To 
improve this equation for the prediction of vapor-liqmd-equilibrium data, 
Soave 59 proposed the following .modified form of the Redlich-Kwong equation 
_o_f state 

- RT m (14-90) 



v — b v(v + b) 

where the constants a, b, and a are given in Table 14-6. The quantity a is a 
function of the reduced temperature and a parameter called the acentric factor 
co., which is defined as follows 



■ Pi 

cy,= -log 10 — 



- 1 (14-91) 

7Y = 0.7 



The acentric factor co, was introduced by Pitzer et al. 49 and has been used in a 
number of equations of state. In the modified equation, the parameter a of the 
original equation is taken to be temperature-dependent. With the application of 
mixing rules given in Table 14-6, the proposed equation can be extended suc- 
cessfully to vapor-liquid-equilibrium calculations of multicomponent mixtures 
of nonpolar compounds, with the exclusion of carbon dioxide. Less accurate 
results are obtained for mixtures containing hydrogen. 59 The constants, mixing 
rules, and the expressions for the fugacities and enthalpies are given in 
Table 14-6. 
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The Peng-Robinson Equation of State 47 

Peng and Robinson 47 pointed out that the Redlich-Kwong and the Soave 
modification of the Redlich-Kwong equation of state have the common failure of 
not being able to predict accurate liquid densities even though the vapor densi- 
ties computed by these equations are satisfactory. In order to effect this desired 
improvement, Peng and Robinson proposed the following modified form of the 
Redlich-Kwong equation of state 

p = -*L ™ (14 . 92) 

v-b v (v + b) + b(v-b) { ' 

The equation performs as well as or better than the Soave-Redlich-Kwong in all 
cases tested and shows its greatest advantages in the prediction of liquid phase 
densities. 47 The constants, mixing rules, and the expressions for the fugacities 
and enthalpies for this equation of state are given in Table 14-7. 

The Virial Equation of State 

Most all of the equations of state which have been proposed are essentially of an 
empirical nature. Two of the best known exceptions are the van der Waals 
equation of state and the virial equation of state. The equations for the virial 
equation of state are given in Table 14-8. 

Both theoretical knowledge and experimental data are available for the 
evaluation of the second virial coefficient B u , but little is known about the third- 
and higher-order virial coefficients. If the third- and ' higher-order virial 
coefficients are neglected, the resulting equations may be used for low to moder- 
ate pressures and densities, say densities up to about one-half the critical 
density. 55 

Other Equations of State 

A number of other equations of state have been proposed. Some of these are 
presented in Table 14-9. Lee et al. 38 proposed an equation of state in which a 
procedure similar to the Chao-Seader method (described below) was used for the 
calculation of K values. Lee et al. state that the K values obtained by this 
method are more accurate than those given by the Chao-Seader method, 12 
particularly at low temperatures. 

Sugie and Lu 66 presented an equation of state (see Table 14-9) which con- 
sists of a modification of the Redlich-Kwong equation through the use of a 
deviation function and Pitzer's tables. 49 The authors state that the resulting 
equation is expected to be applicable in the region 0.56 < T r < 1.0 and suitable 
for predicting the vapor and the liquid compressibility factors as well as the 
vapor-phase fugacities of nonpolar substances and mixtures. 

In the formulation of the Barner-Adler equation of state, 3 the authors placed 
primary emphasis on obtaining a generalized set of constants for the region of 
temperature and pressure most frequently encountered by the process 
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Table 14-6 The Soave-Redlich-Kwong equations of state 59 



1. Constants of the Soave-Redlich-Kwong equation of state 



R 2 T 2 a ll2 n 1 ' 2 h 

a { = 0.42747 — -2 Af = ?L^L_ a m = x + (1 _ 7 i/ 2) B = A. 



DT 

6, = 0.08664— -^ m,. = 0.480 + 1.574a>, - 0.176a), 2 
(y, = acentric factor for component i. 



2. Residual work content 



'-»H-f)4"(' + T)| 



3. Pure components 



ln^ = Z-l-ln(Z-BP)--ln(l+ — ) 



4. Mixtures 



The mixing rules are as follows 

i 

For systems containing CO,, H 2 S, and polar compounds, Soave 59 suggested that the empirical 
factor kij be included in the expression for A 2 as follows 

«• j 



and in the formula which follows 

a?-4lVi(l-*u> 

J 
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Table 14-6 (continued) 



The following values of k i} for the Soave- Red lien- Kwong equation were provided by Professor 
Erbar 20 

Carbon Hydrogen Carbon 

Compound dioxide sulfide Nitrogen monoxide 

-0.02 



Methane 


0.12 


0.08 


0.02 


Ethylene 


0.15 


0.07 


0.04 


Ethane 


0.15 


0.07 


0.06 


Propylene 


0.08 


0.07 


0.06 


Propane 


0.15 


0.07 


0.08 


Isobutane 


0.15 


0.06 


0.08 


M-Butane 


0.15 


0.06 


0.08 


Isopentane 


0.15 


0.06 


0.08 


n-Pentane 


0.15 


0.06 


0.08 


M-Hexane 


0.15 


0.05 


0.08 


n-Heptane 


0.15 


0.04 


0.08 


n-Octane 


0.15 


0.04 


0.08 


w-Nonane 


0.15 


0.03 


0.08 


/i-Decane 


0.15 


0.03 


0.08 


n-Undecane 


0.15 


0.03 


0.08 


Carbon dioxide 




0.12 
0.03 




Cyclohexane 


0.15 


0.08 


Methyl cyclohexane 


0.15 


0.03 


0.08 


Benzene 


0.15 


0.03 


0.08 


Toluene 


0.15 


0.03 


0.08 


o-Xylene 


0.15 


0.03 


0.08 


m-Xylene 


0.15 


0.03 


0.08 


p-Xylene 


0.15 


0.03 


0.08 


Ethylebenzene 


0.15 


0.03 


0.08 



-0.04 



fi 

In — — = (See note for this expression in Table 14-4.) 

PX: 
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Table 14-7 The Peng-Robinson equation of state 

1. Equation of state and constants 



P = 
For 



RT (xa __ 

v - b v(v + b) + b(v - b) 

any component /, the constants a and b are given by 

= 0A5724R 2 Tl/P ci 

= 0.0m0RT ci /P ci 

= 1 + m,(l - T r V 2 ) 

= 0.37464 + 1.5422&o ( . - 0.26992cof 



A r - 

Br- 



RT 

A 

RT 



2. Residual work content 



A= -RT 



-('-") 



+ r? _ In 



2^/25 Z + (1-^/2)5? 



3. Pure components 



, , a , v RTA 2 (Td<x Vf Z + (\+Jl)E 

ta ^Z-l-,n(Z-BP)-4L ln Z + < 1+ ^! BP 
^ 2V2B Z + (1-V2)BP 



4. Mixtures 



The mixing rules are as follows 

i \ I / I i 

i 

When the interaction coefficient k tJ is included in the definition of a, one obtains 
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Table 14-7 (continued) 

where 

*i 2 -'".IvM>-*«) 

J 

Inf = f(Z-l)-ln(Z-BP)-4L[^_^), n i±ii±v^ 
P * B VJbU' B/ Z + (l-y2)BP 

where 

J 

A' 

ln ^7 = (See note for this expression in Table 14-4.) 



Table 14-8 The virial equation of state 



1. Equation of state and constants 



_ Pv B C 

where B and C are the second and third virial coefficients. Since 
values of C are generally unknown, the truncated form of this equa- 
tion of state is most commonly used 

Z-l + » 

V 



2. Residual work content 



i nn ^ CRTp 2 
A = BRTp + — +• 



lnj = 2Bp + ^Cp 2 + '---\nZ 



3. Mixtures 



The mixing rules are as follows 

B = Z £ ytyjBy the second virial coefficient 

c = I I Z >W* c y* the third virial coefficient 

• j k 

f y 'X 2 

ln ^r - 2 p I yjB,j + -~-IZ y,y k c llk - ln z 

si J z / k 
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Table 14-9 Equations of state 

1. The Lee-Erbar-Edmister equation of state 38 



KT a be 



v-b v(v-b) v{v - b)(v + b) 
where a, b, and c are constants 



2. The Sugie-Lu equation of state 6 



RT aT-° 5 " d.T + e.T- - 5 

p = _ f. y _J I 

v-b + c (v + c)(v + b + c) £ x v i+l 
where a, b, c, {</,}, and {e^ are constants 



3. The Barner-Adler equation of state 3 



RT af a c/ c df d t ef e 

r -~ T — ; 7\ +-; rrr : rrr +- 



y-t v(v-b) v(v-b) 2 v(v-b) 3 v(v-bf 

where a, c, d, and e are constants and/ a ,/ c ,/ rf , and/, are functions 
defined by Barner and Adler. 3 



4. The Martin equation of state 4 



p= _ T r X(7 r ) 



Z c v r -B (Z c v r + C) 2 

where B and C are constants, Z c is the experimental critical compres- 
sibility factor and A(T r ) is a parameter which depends upon the 
reduced temperature, T r . 



engineers— the dew-point vapor region. Reasonably good results are said to be 
obtained near the critical point and at reduced volumes v r (v r = v/v e , p = 1/v) as 
low as 0.6 in the reduced temperature range of 1.0 to 1.5. The equation is not 
applicable to the liquid phase, nor is it recommended for reduced temperatures 
exceeding 1.5. Reliable results can be expected for gas-phase density, fugacity, 
and enthalpies of pure, nonpolar compounds and slightly nonpolar compounds. 3 
In addition to the equations of state listed in Table 14-9, other useful equa- 
tions of state have been proposed. In order to cover the whole range of reduced 
temperatures T r and reduced pressures P r of practical interest in hydrocarbon 
processing, Lee and Kesler 39 proposed the use of two equations of state similar 
in form to the BWR equation of state, one for a simple fluid and one for a 
reference fluid. The Lee-Kesler correlation also makes use of the acentric factor. 
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14-3 USE OF MULTIPLE EQUATIONS OF STATE 
FOR THE CALCULATION OF K VALUES 

The Chao-Seader method 12 is an example of the use of multiple equations of 
state for the calculation of K values. The Redlich-Kwong equation of state is 
used to compute the vapor-phase fugacity coefficient #f, the Hildebrand equa- 
tion for the calculation of the liquid-phase activity coefficient yf, and an exten- 
sion of Pitzer's modified form of the principle of corresponding states for the 
calculation of the liquid-phase fugacity coefficient 4>\ . 

A number of methods are presented for the prediction of K values. First, 
methods are presented for the calculation of K values for mixtures which form 
ideal solutions in both the vapor and liquid phases. Then the convergence- 
pressure method, the Chao-Seader, and the Grayson-Streed modification of the 
Chao-Seader method are presented. 

Calculation of K Values for Mixtures 

Whose Vapor and Liquid Phases Form Ideal Solutions 

For the case where both the vapor and the liquid phases form ideal solutions, 
the general expression for the K value given by Eqs. (14-37) and (14-38) 
reduces to 

Ki= % = ir K{ (14 - 93 > 

where f\ and f\ are the fugacities of the pure component i, evaluated at the 
temperature T and pressure P of the mixture. 

Thus, to compute K values for ideal solutions, it is necessary only to evalu- 
ate the fugacities f\ and/f at the temperature T and pressure P of the mixture. 
Except for the special case where the vapor forms a perfect gas which is treated 
below, the calculation of the K values is divided into two parts: (1) the calcula- 
tion of the vapor fugacities for pure components, and (2) the calculation of the 
liquid fugacities for pure components. 

Consider the next special case where both phases form ideal solutions and 
the vapor phase obeys the perfect gas law (Pv = RT). 

K VALUES FOR SYSTEMS IN WHICH 
THE VAPOR PHASE IS A PERFECT GAS 

For nonpolar compounds, the perfect gas state is approached at relatively low 
pressures and temperatures, and/7 approaches P. As proposed by Lewis and 
Kay the fugacity f\ is evaluated at the vapor pressure of component i at the 
temperature T, that is, 

ftp=fi, Pi =fZ Pi (14-94) 
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Again for nonpolar compounds at relatively low pressures and high tempera- 
tures, the vapor at P and T approaches a perfect gas (fY Pi = P t ) and Eq. (14-93) 
reduces to 

*.' = £ (14-95) 

This equation has limited application because many liquids (such as polar com- 
pounds) do not form ideal solutions at low pressures. 



CALCULATION OF THE VAPOR PHASE FUG ACITY 
OF A PURE COMPONEN T 

Vapor fugacities for pure components may be computed by use of the equations 
of state which have been presented as well as others which have not been 
presented. Unless extensive testing has been carried out, the range of values of 
the variables given by the developers should not be exceeded. 

To apply an equation of state, it is first solved for the vapor density or vapor 
compressibility factor at the given P and T, and then the value so obtained is 
used in the equation of state; see Tables 14-4 through 14-9. 

Alternatively if compressibility factor charts are available, these Z factors 
may be used to compute the fugacity of pure component / by use of the following 
equation which is readily obtained by commencing with Eqs. (14-12) and (14-26) 

ln^ = J o (Z-l)^ (14-96) 

where Z is evaluated at P and T, and P r is of course equal to P/P ci . 



CALCULATION OF ILLIQUID PHASE FUGACITY 
OF A PURE COMPONENT 

A formula for computing the variation of the fugacity of pure component i in the 
liquid phase with pressure at a given temperature is found by first restating 
Eq. (14-26) in the following form 

The following relationship follows from Eq. (14-5) and (14-18) 

Elimination of (dnt/dP) T from Eqs. (14-97) and (14-98) followed by integration 
of the result so obtained from the vapor pressure P t of pure component i at the 
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temperature T to the total pressure P gives 

//'=//: ft cxp \ ^dP (14-99) 

When two phases composed of the pure component i are in equilibrium at the 
temperature T and the corresponding saturation pressure P, 

/U =/'/>, (14-100) 

Thus, Eq. (14-99) may be restated in the following form 

//' = 0JP, exp J ^rfP (14-101) 

where 

<M=fr.Pi/Pi 

The fugacity coefficient <# may be calculated by use of an equation of state or 
other methods for computing vapor fugacities as described above. (Note, in this 
case, however, /K/P is replaced by /^,/P,.) If the liquid state exists at all 
pressures between P, and the total pressure P of the mixture, the fugacity of the 
liquid is found by integrating Eq. (14-101) which gives 



/, L = «P,exp 



RT 



(P-Pi)\ (14-102) 



In the integration of the exponential term (called the Poynting factor), the effect 
of pressure on the molar volume of the liquid was neglected. Equations (14-96) 
and (14-102) represent direct methods for the calculation of the vapor and liquid 
fugacities by use of Z factor charts or equations of state, provided that both the 
vapor and liquid phases exist. There are, however, many sets of P and T for 
which either the vapor or the liquid phase does not exist for the pure component, 
and extrapolation procedures are required to find the corresponding fugacities. 
For the following sets of P and 7, and extrapolation procedure is needed to 
compute either the vapor or the liquid fugacity: 

1. If T < T ci and P> P ( , the vapor phase does not exist. 

2. If T < T ci and P < P ( , the liquid phase does not exist. 

3. If T > T ei , the liquid phase does not exist at any P. 

A number of methods have been used to estimate the fugacities for the hypo- 
thetical phases. Some of those suggested are enumerated below. 

Case 1 T < T ci and P > P t Since the vapor phase does not exist, the fugacity of 
the vapor must be determined by extrapolation. Extrapolations may be 
carried out either isothermally or isobarically. For example, if the pressure is 
held fixed, then the values of the vapor fugacity coefficient $ may be evaluated at 
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each of several values of Tfor which the vapor phase exists. A plot of <j>\ versus 
T may then be extrapolated to the hypothetical vapor state at the specified P 
and T. A numerical example using this approach is presented in Ref. 29. A 
variety of other methods of extrapolation have been suggested. 24,40 * 61 For 
example Lewis and Kay 40 extrapolated plots of/7 versus/,^ P ./K,- while Souders 
et al. 61 extrapolated plots of log K versus log P. 

Case 2 T < T ci and P < P, When the liquid phase does not exist, the liquid 
fugacity at the specified P and T may be estimated by use of an extrapolation at 
either constant temperature or constant pressure from the vapor to the hypo- 
thetical liquid phase. An example is given in Ref. 29 in which the extrapolation is 
carried out isobarically. 

Case 3 T > T ci In this case, the liquid phase does not exist at any pressure. 
Lewis and Kay 40 suggested the extrapolation of a plot of \ogf\ tP . or log P £ vs. 
l/T r while Souders et al. 61 used experimental K values and heats of solution data 
in their extrapolation procedure. Adler et al. 2 suggested the use of the Chao- 
Seader (or Grayson-Streed) equations or back-calculation from experimental 
vapor-liquid equilibrium data. 

Calculation of K Values of the Aliphatic Hydrocarbons 
by Use of Convergence Pressure 

The concept of conver gence pressure has either been recognized or employed in 
the correlation of K data by a variety of investigators. 9 ' 23, 61 It appears to be an 
\out growth by the plots of log K vs. log P suggested in 1932 by Souders et al. 61 
The pressure at which all of the K's of a multicomponent mixture appear to 
approach unity on a log K vs. log P plot at constant temperature has come to be 
known as the convergence pressure. The possibility of predicting the conver- 
gence pressure of a multicomponent mixture by means of an equivalent binary 
mixture was suggested by Katz and Kurata. 34 Eventually such a method was 
developed by Hadden. 30 ' 31 The development of this method depends upon the 
phase behavior of binary mixtures, a discussion of which follows. 

Consider the hypothetical system consisting of components A and B. Figure 
14-6 was constructed on the basis of the general characteristics of the experimen- 
tal results of several investigators 4, 36 and the discussions of others; 9, 18, 56, 58 it 
represents the phase behavior of a typical binary mixture. With respect to compo- 
sition, the limiting conditions of the mixture are represented by the single curves 
for pure A and B. These are the vapor pressure curves for pure A and pure B, 
and they are seen to terminate at the critical temperature and pressure for each 
component. Each envelope contains all of the two-phase mixtures ranging from 
bubble-point liquid to dew-point vapor. The left- and right-hand boundaries of 
each envelope represent the bubble-point and dew-point curves, respectively. 

The intersection of two envelopes gives the composition of the vapor and the 
liquid at the temperature and pressure that locate the point of intersection. For 
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Locus of criticals for binary 
mixtures of A and B 




Temperature, T 



Figure 14-6 Phase behavior and locus of critical temperatures and pressures for binary mixtures of 
components A and B. 



example, point D of Fig. 14-6 defines the equilibrium state 






T=T D 
x A = 0.6 



K A = 4/3 K B = 0.2/0.4 = 1/2 

At the critical temperature and pressure the liquid and vapor phases are 
indistinguishable. One such point exists for each envelope. The curve connecting 
the points for all envelopes is called the " locus of criticals." 

The phenomenon of "retrograde condensation" is also illustrated by 
Fig. 14-6. As pointed out by Brown, 9 if either the bubble-point or dew-point 
curve is crossed twice while passing through the two-phase region by either 
isobaric or isothermal paths, retrograde condensation will occur. Lines EF and 
GH represent isothermal and isobaric paths, respectively, which would produce 
retrograde condensation. 



CONVERGENCE PRESSURE 

According to the Gibbs phase rule, Eq. (14-32), the number of degrees of 
freedom for a two-phase system is equal to the number of components. Thus for 
a binary there are two degrees of freedom so long as two phases persist. The 
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Figure 14-7 Convergence pressures for a binary mixture. 
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fixing of any two variables, such as the system pressure and the system tempera- 
ture denoted by T 5 and P s , completely determines the properties of the system. 
That is both of the K t % as well as the vapor and liquid compositions, are 
determined along with convergence pressure, which is the ordinate of the point 
of intersection of the line T s = T c and the locus of criticals as illustrated in 
Fig. 14-7. This type of graph was used Hadden. 31 It consists of a combined 
graph of the locus of criticals and the associated log P vs. log K isotherm. 

For a ternary system with two phases present, there are three degrees of 
freedom, and three variables must be fixed in order to completely determine the 
system. Carter et al. n elected to fix T, P, and the composition parameter C 2 , 
which is defined as follows 

C 2 = x 2 /(x 2 + x 3 ) (14-103) 

where the components are numbered in the order of decreasing volatility. For 
each set of values for P, T, and C 2 , the convergence pressure is uniquely 
determined as illustrated in Fig. 14-8. The log P vs. log K plots were constructed 
on the basis of one choice of C 2 , namely, C 2 = 0.4. This figure illustrates the fact 
that only the specification of C 2 and of the system temperature determines the 
convergence pressure and the log P vs. log K isotherm. Also, this figure demon- 
strates that a ternary system may be regarded as three binaries; components 1 
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and 2, components 1 and 3, and components 2 and 3. The broken line in 
Fig. 14-8 represents the locus of criticals for the ternary mixture with C 2 = 0.4. 
Hadden 31 found that better correlations were obtained by use of a composi- 
tion parameter based on mass (lb-mass or gm-mass) fractions rather than mole 
fractions. For a ternary mixture the mass-composition parameter is defined by 

M 2 = m 2 /(m 2 + m 3 ) (14-104) 

where the mass fractions are denoted by the m.'s. 

Hadden found that the critical temperature of a mixture of components 2 
and 3 in a ternary mixture at a specified value of M 2 could be computed with 
sufficient accuracy for use in subsequent correlations by use of the simple 
proportionality 



U - t, 



d . 



M, 



(14-105) 



where t 



cl - critical temperature (°F) of a mixture of components 2 and 3 at the 
specified value of M 2 . The lower case t is used to emphasize the fact 
that the temperatures are in °F 
t d > t C 3 = critical temperatures of components 2 and 3. (Note that for develop- 
ments in which c is used to identify the critical temperature and 
pressure, n is used to represent the total number of components) 
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Figure 14-S Convergence pressure for ternary systems. 
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Figure 14-9 Convergence pressure and critical temperature relationships. 



These temperature differences are shown in Fig. 14-9. Substitution of the 
definition of M 2 into Eq. (14-105), followed by rearrangement yields 



'd = 



m 2 t c2 + m 3 t c3 
m 2 + m 3 



(14-106) 



which is recognized as the weight average of the critical temperatures of com- 
ponents 2 and 3. 

Calculation of the convergence pressure for a ternary mixture may be ac- 
complished by the following formula, proposed by Winn, 75 

(Pj - P 3 )/M 2 = (P 2 - P 3 )/l (14-107) 

where P 2 , P 3 = convergence pressure for the binaries composed of components 
(1, 2) and (1, 3), respectively, at the system temperature t s . If 
t s > T c2 then P 2 is taken equal to the critical pressure for com- 
ponent 2, that is P 2 = P c2 
Pk = Pj = convergence pressure for the ternary mixture at the specified 
values of M 2 and t s 

These pressure differences are likewise depicted in Fig. 14-9, and in view of the 
definition of M 2 , Eq. (14-107) reduces to 



Pk = P* = 



m 2 + m 3 



(14-108) 
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Equations (14-106) and (14-108) and Fig. 14-9 strongly suggest the represen- 
tation of a ternary mixture (at M 2 fixed) as an equivalent binary composed of 
component 1 and the pseudoheavy component 2. Equation (14-106) serves to 
define the pseudoheavy as that hypothetical component having a critical temper- 
ature t cl (the weight average temperature of components 2 and 3 at the specified 
value of M 2 ). The binary composed of components 1 and 2 has a convergence 
pressure P K = P 3 , which is also of convergence pressure of the ternary mixture. 
Thus, for the determination of convergence- pressure, the ternary may be 
replaced by an equivalent binary mixture. 

MULTICOMPONENT MIXTURES 

The above concepts may be extended as demonstrated elsewhere. 26 The critical 
temperature of the pseudoheavy component is given by the following extension 
of Eq. (14-106), namely, 

n 

t* = — m (14-109) 

i = 2 

where component 1 is taken to be the lightest component of the mixture. 

The convergence pressure is given by an extension of Eq. (14-108), namely, 

PK = Pci = — n (14-HO) 

i = 2 

Of these formulas, only the one for t cl given by Eq. (14-109) is used in the 
correlation which follows. 

The GPSA (Gas Processors Suppliers Association) charts as well as other 
correlations are based on the postulate that there exists one and only one log P 
vs. log K { chart for each choice of {P si t s , t cl } or {P S9 t s , P K }, that is 

K ( =-- K t (P s , t si t c ?) = K,(P S , r s , P K ) (14-111) 

THE GPSA (GAS PROCESSORS SUPPLIERS ASSOCIATION) CHARTS 

Charts containing plots of log K vs. log P for each of several convergence pres- 
sures are presented in the Engineering Data Book. 19 Charts are presented for 
nitrogen, methane, ethylene, ethane, propylene, propane, i-butane, n-butane, i- 
pentane, n-pentane, hexane, octane, decane, hydrogen sulfide, selected binaries, 
and the normal boiling fractions. 

In the use of these charts, the pseudoheavy component of the mixture is 
determined by use of Eq. (14-109). The intersection of the line t = t cI with the 
locus of criticals determines the critical pressure for component 2. If component 
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2 does not happen to correspond to a pure component, a symmetrical locus is 
sketched as shown in Fig. 14-10. 

The intersection of this curve with the line t = t s determines the convergence 
pressure P K . The K value for any particular component at the system pressure 
and temperature is then found by use of the appropriate log K vs. log P plot as 
demonstrated in the lower diagram of Fig. 14-10. 

In the determination of the bubble-point temperature corresponding to a 
specified system pressure and liquid-phase composition, the procedure described 
might appear to lead to a trial determination of both the system temperature 
and the convergence pressure. However, because of the relatively small depen- 
dence of the X/s on the convergence pressure, the trial-and-error procedure is 
reduced primarily to the finding of the bubble-point temperature. This character- 
istic relationship between the K.'s and P K permits the use of a single convergence 
pressure over either the entire column or several plates. 
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Figure 14-10 Sketches of typical GPSA (Gas Processors Suppliers Association) charts. 
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If the system temperature is less than the critical temperature of the lightest 
component of the mixture, a convergence pressure for the mixture does not exist. 
However, in order to use the charts, one must be chosen. Following Hadden, 31 
this pressure is called the " quasi-con vergence " pressure. Both Hadden 31 and 
Winn 75 recommend that for such systems the convergence pressure be taken 
equal to the critical pressure of the lightest component. Another choice has been 
recommended by Cajander et al. 10 

Another problem which sometimes arises is the choice of the light compo- 
nent of the equivalent binary mixture for multicomponent mixtures that are dilute 
solutions of the relatively light components. Hadden 31 recommended that the 
light component of the equivalent binary be selected as the lightest component 
of the mixture having a mole fraction (in the liquid phase) equal to or greater 
than 0.001. 

Work continues in the area of graphical correlations as is witnessed by the 
recent correlation of Kesler et al. 37 The authors present a single nomograph for 
the hydrocarbons boiling above 210°F. 



The Chao-Seader Method for the Calculation of K Values 12 

The Chao-Seader method uses the Redlich-Kwong equation of state for the 
calculation of $f, Hildebrand's equation for the calculation of the liquid activity 
coefficient yf, and an extension of Pitzer's modified form of the principle of 
corresponding states for the calculation of the liquid fugacity ratio </>f\ 

To compute <$, one first determines the vapor root of the Redlich-Kwong 
equation. Then $ is computed by use of the expression given for ln/f/Py, in 
Table 14-5. 

The liquid-phase fugacity coefficient $-=/fyp may be calculated from a 
generalized correlation in terms of reduced temperature and pressure such as 
those of Lydersen et al. 42 and Curl and Pitzer. 15 Chao and Seader used a 
modified form of the Curl and Pitzer correlation. The correlation was modified 
by use of experimental data such that appropriate values of <£f could be 
computed for the case where a component does not exist as a liquid and for the 
case of low temperatures. The following expression was proposed for the calcula- 
tion of the fugacity coefficient for any component i in the liquid phase 

log™ <t> L = logio (O) + o> log 10 </> (1) (14-112) 

The quantity </> (0) is given by 

log 10 4> (0) = A + A x T r + A 2 T r + A z T 2 r + A±T] 

+ (A 5 + A 6 T r + A 1 T 2 r )P r + (A 8 + A 9 T r )P 2 - l ogl0 P r (14-113) 

The quantity </> (1) is given by 

log 10 </> (1) = -4.23893 + 8.658087; - 1.22060/T r 

-3.15224T 3 - 0.025(P r - 0.6) (14-114) 
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The coefficients for Eq. (14-113) which were given by Chao and Seader are listed 
in Table 14-10. Special coefficients for the A's of Eq. (14-113) for methane and 
hydrogen, are given in Table 14-10 for these components. When these A's are 
used, the acentric factor w is set equal to zero. 

Three constants must be known for each component in order to determine 
its liquid-fugacity coefficient <j>[ . These are the critical temperature, critical pres- 
sure, and the acentric factor co. Values of a) presented by Chao and Seader 12 are 
listed in Table 14-10. 

The activity coefficients y\ were predicted by use of Hildebrand's equation 

lnyf = ^^ (14-H5) 

To use this equation, two constants must be known for each component, the 
solubility parameter S t and the molar volume t?f\ The average value of the 
solubility parameter <5 for the solution is computed as follows 

5 = ^ r (14-116) 

i 

A list of values of <5, and v\ for several components given by Chao and Seader 
are reproduced in Table 14-10. 

The following restrictions were stated by Chao and Seader. 12 

(a) For hydrocarbons (except methane) 

Reduced temperature range: 0.5 to 1.3 (based on the pure component critical 

temperature). 

Pressure: pressures up to 3,000 lb/in 2 abs but not to exceed 0.8 of the critical 

pressure of the system. 

(b) For light gases— hydrogen and methane 

Temperature range: -100°F to 0.93 of the pseudo reduced temperature of 
the equilibrium mixture but not to exceed 500°F. The pseudo reduced tem- 
perature is based on the mole fraction average of the critical temperatures of 
the components. 

Pressures: up to about 8,000 lb/in 2 abs. 

Concentration: up to about 20 mole percent of other dissolved gases in the 
liquid. 



The Grayson-Streed Modification of the Chao-Seader Method 
for Calculation of K Values 25 

Experimental vapor-liquid equilibrium data obtained by Grayson and Streed 2 
were used to extend the temperature range of the Chao-Seader K-value method 
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Table 14-10 Constants for use in the Chao-Seader correlation 



1. Coefficients for the 


; Chao-Seader correlation of the liquid fugacit) 


r coefficient 12 




Coefficient 


Simple fluid 




Methane 


Hydrogen 




*0 


5.75748 




2.43840 


1.96718 




A l 


-3.01761 




-2.24550 


1.02972 




A 2 


-4.98500 




-0.34084 


-0.054009 




^3 


2.02299 




0.00212 


00005288 




^4 


0.0 




-0.00223 


0.0 




^5 


0.08427 




0.10486 


0.008585 




*6 


0.26667 




-0.03691 


0.0 




*7 


-0.31138 




0.0 


0.0 




^8 


-0.02655 




0.0 


0.0 




A 9 


0.02883 




0.0 


0.0 




2. Pure-component constants used by Chao-Seader 12 and Grayson- Streed 25 for 


the Hildebrand 


equation 














T c t 


*v»- 


Modified 


S 


v L 


Substance 


°R 


lb/in 2 abs 


0) 


(cal/cm 3 ) 1/2 
3.25 


cm 3 /g mol 


Hydrogen 
Paraffins 


60.2 






32 












Methane 


343.9 


673.1 




5.68 


52 


Ethane 


550.0 


709.8 


0.1064 


6.05 


68 


Propane 


665.7 


617.4 


0.1538 


6.40 


84 


i-butane 


734.7 


529.1 


0.1825 


6.73 


105.5 


n-butane 


765.3 


550.7 


0.1953 


6.73 


101.4 


i-pentane 


829.8 


483.0 


0.2104 


7.02 


117.4 


n-pentane 


845.6 


489.5 


0.2387 


7.02 


116.1 


neo-pentane 


780.3 


464.0 


(0.195) 


7.02 


123.3 


n-hexane 


914.2 


440.0 


0.2927 


7.27 


131.6 


n-heptane 


972.3 


396.8 


0.3403 


7.430 


147.5 


n-octane 


1024.9 


362.1 


0.3992 


7.551 


163.5 


n-nonane 


1073.0 


332 


0.4439 


7.65 


179.6 


n-decane 


1114 


304 


0.4869 


7.72 


196.0 


n-undecane 


1154 


282 


0.5210 


7.79 


212.2 


n-dodecane 


1188 


262 


0.5610 


7.84 


228.6 


n-tridecane 


1220 


250 


0.6002 


7.89 


244.9 


n-tetradecane 


1251 


235 


0.6399 


7.92 


261.9 


n-pentadecane 


1278 


220 


0.6743 


7.96 


277.8 


n-hexadecane 


1303 


206 


0.7078 


7.99 


294.1 


n-heptadecane 


1328 


191 


0.7327 


8.03 


310.4 


Olefins 












Ethylene 


509.5 


742.1 


0.0945 


6.08 


61 


Propylene 


657.2 


667.0 


0.1451 


6.43 


79 


1-butene 


755.3 


583.0 


0.2085 


6.76 


95.3 


cis-2-butene 


770 


600.0 


0.2575 


6.76 


91.2 



(continued on page 538.) 
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Table 14-10 (continued) 





V 


PS 


Modified 


S 


v' 


Substance 


°R 


lb/in 2 abs 


CO 


(cal/cm 3 ) ,/2 


cm 3 /g mol 


Olefins 












trans-2-butene 


770 


600.0 


0.2230 


6.76 


93.8 


/-butene 


752.2 


579.8 


0.1975 


6.76 


95.4 


1, 3-butadiene 


765 


628 


0.2028 


6.94 


88.0 


1-pentene 


853 


586 


0.2198 


7.05 


110.4 


c/s-2-pentene 


(866) 


(518.8) 


(0.206) 


7.05 


107.8 


frans-2-pentane 


(863) 


(515.8) 


(0.209) 


7.05 


109.0 


2-methyl-l -butene 


(850) 


(514.4) 


(0.200) 


7.05 


108.7 


3-methyl-l-butene 


(831) 


(507) 


(0.149) 


7.05 


112.8 


2-methyl-2-butene 


(870) 


(527.6) 


(0.212) 


7.05 


106.7 


1-hexane 


(920) 


471.7 


0.2463 


(7.40) 


125.8 


Naphthenes 












Cyclopentane 


921.2 


655.0 


0.2051 


8.11 


94.7 


Methylcyclopentane 


959.0 


599.0 


0.2346 


7.85 


113.1 


Cyclohexane 


977.7 


561.0 


0.2032 


8.20 


108.7 


Methylcyclohexane 


1030.2 


504.4 


0.2421 


7.83 


128.3 


Aromatics 












Benzene 


1012.7 


714 


0.2130 


9.16 


89.4 


Toluene 


1069.2 


590 


0.2591 


8.92 


106.8 


o-xylene 


1138.3 


530 


0.2904 


8.99 


121.2 


m-xylene 


1114.9 


510 


0.3045 


8.82 


123.5 


p-xylene 


1113.1 


500 


0.2969 


8.77 


124.0 


Ethylbenzene 


1115.8 


540 


0.2936 


8.79 


123.1 



t Taken from Grayson and Streed. 25 



from 500 to 800°F at pressures up to 3,000 lb/in 2 abs. New equations for com- 
puting the liquid-fugacity coefficient for the heavier hydrocarbons were 
developed. The K values for the heavier hydrocarbons were correlated in terms 
of normal boiling fractions (125-150°F fraction, 150-200°F fraction, 200-250°F 
fraction, 650-700°F fraction). 

For all components, the vapor-fugacity coefficients ffi were computed by 
use of the Redlich-Kwong equation of state as originally proposed by Chao and 
Seader. The fugacity coefficient <t>\ (tf =/f/P) for any component i in the liquid 
phase was again correlated by use of Eq. (14-112). In this case, however, the 
new data obtained by Grayson and Streed were used to obtain an improved set 
of coefficients in the following correlation 



log 10 <t> {0) = Ao + AJT r + A 2 T^Aff 2 + A 4 T? 

+ (A 5 + A 6 T/+ A n T 2 r )P r + (A s + A 9 T r )P 2 r 



log 10 P r (14-117) 
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These coefficients obtained by Grayson and Streed are presented in Table 14-11. 
When Eq. (14-112) is applied to methane and hydrogen, co is set equal to zero. 
The quantity </> (1) is calculated by use of Eq. (14-114). In this case, however, the 
limits of this equation were altered in order to fit the high-temperature data. In 
particular, for values of T r > 1.0, the values of </> (1) were set equal to the value at 
T r = 1.0. 

For the 45 pure components, the values of <5, and v[ are the same as those 
given by Chao and Seader (see Table 14-10). The value of S for the fraction were 
computed by Grayson and Streed, by use of the following relationship for each 
component in the liquid state 

c iAH-RT\ 12 

d = [ — jr-J (14-118) 

where AH is the latent heat of vaporization in cal per g-mol. For the pure 
components shown in Table 14-11, to was computed by use of Eq. (14-91) and 
for the fractions, the value of w given in Table 14-11 was computed by use of 
the following formula 



3 



logio (Pc/14.7) 



T c /T b - 1 



1 (14-119) 



where T b denotes the normal boiling-point temperature in °R, T c is critical tem- 
perature in °R, and P c is the critical pressure in lb/in 2 abs. 



Calculation of Enthalpies for Mixtures of 
Nonpolar to Slightly Polar Compounds 

For computing the enthalpy departures of pure gases and gas mixtures, the 
equations of state of Sec. 14-2 may be used for both the vapor and liquid phases: 
(1) modified versions of the BWR equation of state, such as the one proposed by 
Starling, (2) the Soave-Redlich-Kwong, and (3) the Peng-Robinson equation of 
state. Another method which has been tested extensively and found to give 
accurate results even for polar gas mixtures is the Yen-Alexander correlation. 78 

For hydrocarbon gas mixtures (including the light gases such as N 2 , C0 2 , 
and H 2 S), Reid et al. 55 recommend the Soave modification of the Redlich- 
Kwong equation, the Lee-Kesler equation, or the Lee-Erbar-Edmister equation. 
If the mixture contains hydrogen, the Soave equation should be used. For gas 
mixtures containing nonhydrocarbons, Reid et al. 55 have recommended the Lee- 
Kesler correlation, the Yen-Alexander correlation, the Barner-Adler equation of 
state, or the Sugie-Lu equation of state. 

Enthalpy departures for liquid mixtures of hydrocarbons which do not con- 
tain hydrogen may be calculated by use of the Soave modification of the 
Redlich-Kwong equation of state. 
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Table 14-11 Constants for use in the Grayson-Streed correlation 2 



1. Coefficients for use in the Grayson-Streed correlation of the liquid fugacity coefficient 


Constant 


Simpl 


e fluid 


Methane 




Hydrogen 




*o 


2.05135 


1.36822 




1.50709 




A i 


-2.10899 


-1.54831 




2.74283 




A 2 


0.0 




0.0 




-0.02110 




A* 


-0.19396 


0.02889 




0.00011 




K 


0.02282 


-0.01076 




0.0 




*S 


0.08852 


0.10486 




0.008585 




K 


0.0 




-0.02529 




0.0 




*1 


-0.00872 


0.0 




0.0 




As 


-0.00353 


0.0 




0.0 




A 9 


0.00203 


0.0 




0.0 




2. Constants for 


use in the Hildebrand equation for the 


petroleum fractions 


Petroleum 


T c 


P c 




6 




v L 


fraction 


°R 


lb/in 2 abs 


CO 


(cal/cm 3 ) 1/2 


cm 3 /g mol 


125-150 


903 


477 


0.2759 


7.45 




127.7 


150-200 


945 


458 


0.3177 


7.53 




135.3 


200-250 


994 


440 


0.3573 


7.70 




142.9 


250-300 (A) 


1043 


420 


0.3910 


7.87 




152.9 


250-300 (R) 


1050 


430 


0.4020 


7.96 




151.4 


300-350 (D) 


1100 


393 


0.4275 


8.01 




167.5 


300-350 (C) 


1113 


400 


0.4042 


8.12 




164.7 


350-400 


1159 


371 


0.4536 


8.18 




181.4 


400-450 (A) 


1216 


343 


0.4926 


8.27 




200.9 


400-450 (R) 


1210 


330 


0.4941 


8.17 




205.3 


450-500 (A) 


1260 


320 


0.5332 


8.28 




219.8 


450-500 (R) 


1260 


290 


0.5645 


8.13 




236.8 


500-550 (A) 


1305 


288 


0.5844 


8.26 




245.3 


500-550 (R) 


1290 


265 


0.5888 


8.06 




260.2 


550-600 {A) 


1350 


262 


0.6441 


8.24 




27*. 8 


550-600 (R) 


1325 


240 


0.6668 


8.02 




:§8.2 


600-650 (A) 


1403 


234 


0.6682 


8.20 




307.1 


600-650 (R) 


1370 


210 


0.7291 


7.94 




325.4 


650-700 (A) 


1442 


213 


0.7659 


8.17 




336.0 


650-700 (R) 


1415 


180 


0.8090 


7.84 




377.6 


700 -1- (A) 


1580 


147 


1.2127 


7.98 




473.5 


700 + (K) 


1620 


100 


1.6848 


7.67 




647.7 



Note: Code letters refer to different gas oils and different hydrocracking conversion levels 
used in the experiments: 

A = heavy gas oils at 40-90% conversion 

C = raffinate from propane deasphalting of heavy gas oils, both at a low conversion level 

(15%) 

D = heavy gas oils at a somewhat higher conversion level (25%) 

R = raffinate from propane deasphalting at 40-90% conversion 
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14-4 ESTIMATION OF THE FUGACITY COEFFICIENTS 
FOR THE VAPOR PHASE OF POLAR GAS MIXTURES 

r hC i " S 48 49 thC V ' rial equation of state and the correlations of Pitzer and 
Curl • for the prediction of fugacity coefficients for nonpolar mixtures is 

presented first and then the method is extended to polar gas mixtures. 

Prediction of the Fugacities Coefficients for Polar 
and Nonpolar Mixtures 

i" Ki rde ,Vo. com P ute f'/ p ™ftlPyi , by the truncated virial equation of state (see 
table 14-8), it is necessary to evaluate the second virial coefficient B. There 
tollows a summary of the formulas needed to evaluate the second virial 
coefficient for both polar and nonpolar compounds. 

ESTIMATION OF THE SECOND VIRIAL COEFFICIENT B 
FOR PURE NONPOLAR GASES 

Pitzer and Curl 4849 developed the following correlation for fl„, namely, 

~f=f m (T r ) + (ai r\T r ) (14-120) 

where T r =T/T ci The acentric factor a* is defined by Eq. (14-91). The functional 

™ S J°I{ and/ which were ori g'na"y proposed by Pitzer and Curl 48 were 
modified by Tsonopoulos 67 to give 

f m <T) - 144S °- 330 ° 1385 ° 0121 0.000607 , 

J (/,)- 0.1445 ^ _ __ (14 . 121) 

J (T r ) - 0.0637 + -^ _ __ (14 . 122) 

ESTIMATION OF THE SECOND VIRIAL COEFFICIENT 
FOR PURE POLAR GASES 

The following correlations were given by Tsonopoulos 67 for two broad classes 
of polar compounds, namely, nonhydrogen bonding and hydrogen bonding 
compounds. 6 

Tsonopoulos recommends the following correlations 

^ =f<»(T r ) + «, ( /»>(r r ) +f«\T r ) (14-123) 

The function f«\T r ) is defined as follows for the nonhydrogen bonding polar 

f (2) (T,)=-°- 6 (14.124) 
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For ketones 

fl = -0.00020483/i r (14-125) 

For ethers 

In (- a ) = - 12.63147 + 2.09681 In /i r (14-126) 

The reduced dipole moment is defined by 

Mr = i^£i (14-127) 

*■ ci 

where the dipole moment //, is in Debye, the critical pressure is in atmospheres, 
and the critical temperature is in degrees Kelvin. 

For hydrogen-bonding polar gases, the following form of the function 
f {2) (T r ) of Eq. (14-124) is recommended 

f m w=jf-j« (14 " 128) 

For straight-chain 1-alkanols 

a = 0.0878 

b = 0.00908 + 0.0006957^ (14-129) 

Estimation of the Cross-Coefficient B u (i ^ j) 

Expressions recommended by Tsonopoulos 67 for the cross coefficients are 
obtained from Eqs. (14-121) through (14-124) and (14-127) by replacing B it by B u , 
P ci by P cij9 T ci by P cij . co { by co l7 , and T r is now equal to T/T clj 

t; i7 = (^^) 1/2 (i-M ( 14 " 13 °) 

Wij = l/2((Oi 4- (Oj) 

n -AT ( P ciVci/T ci + P cj V cj /T cj ) 

where v e is the molar critical volume and k tj is a characteristic constant for each 
binary. 

The expressions given by Eq. (14-130) suffice for the description of nonpolar- 
nonpolar binaries. Characteristics constants for binary constants for nonpolar 
systems have been tabulated by Chuch and Prausnitz 13 and a correlation for k tj 
for the gases such as H 2 , He, etc. has been given by Hiza and Duncan. 33 
Tabulations of values of k tj for various types of binary mixtures are also given by 
Tsonopoulos. 

For polar-nonpolar binaries, B (j is assumed to have no polar term, and 

Hy-0 (14-131) 

fc, = (14-132) 



"u 
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For polar-polar binaries, the polar contribution to B u is calculated by assuming 
that 

a ij = 0.5(a i + a j ) (14-133) 

ft.. = 0.5(6,. + ^) (14-134) 

For a given temperature, pressure, and composition, the corresponding den- 
sity and Z factor given by the equation of state is needed. The vapor root is 
found by solving the truncated virial equation of state (see Table 14-8) for Z, 
and for small values of BP/RT, the expression so obtained reduces to Z = 1 + 
BP/RT, that is, 



\+J\+4BP/RT ^l 1 

Z - — 2 - _ 2 + 2 



1/4BP 



1+ =(ii 



= 1+^ (M " 135) 



The value of Z so obtained is used to compute the corresponding value of the 
density which is needed in the evaluation of the expressions for the fugacities. 



14-5 CALCULATION OF 

LIQUID-PHASE ACTIVITY COEFFICIENTS 

The composition of the liquid phase can have a profound effect on the K value 
for a given component of a mixture. In fact, experimental evidence shows that 
large variations in the X's result from changes in the liquid compositions at 
pressures so low that the vapor not only forms an ideal solution but may also 
behave as a perfect gas mixture. Thus, for many systems, Eq. (14-37) reduces to 

v — IlLl ~~YlLl ~ y » ' M4-n6i 

K, ~y\f v i = p = p ( ' 

In spite of the simplicity of this relationship, the expressions for computing 
the activity coefficients for multicomponent mixtures are quite cumbersome. 
Since the equations of Wohl, 76 Van Laar, 68 Margules, 43 Scatchard and 
Hamer, 57 Redlich and Kister, 52 and others are well documented in the literature, 
a restatement of these equations is not presented. Instead, a brief introduction to 
the newer methods including the Wilson equation, the NRTL, UNIQUAC, 
ASOG, and the UNIFAC methods is presented. 

There follows a presentation of certain fundamental relationships needed in 
the prediction of activity coefficients for the liquid phase. 

Thermodynamic Relationships for Fugacities and 
Activity Coefficients for the Liquid Phase 

This section is divided into three parts. First, condensable components and then 
noncondensable components are considered. Then the use of the excess free 
energy function in the calculation of the activity coefficient is presented. 
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CONDENSABLE COMPONENTS 

A condensable component (or subcritical component) is one whose critical tem- 
perature is greater than the temperature of the mixture. The expression proposed 
by Prausnitz et al. 50 for computing the fugacity/-' of a component in a liquid 
mixture at the pressure P and temperature T may be obtained as follows. From 
the definition of the fugacity of a component in a liquid mixture [Eq. (14-29)], 
the following expression is obtained 

i, (dtf/dP) Tn . = Pf, and consequently 

F? -"H^L ,I4 - U8) 



From Eqs. (14-3) and (14-18), (dn\/dP) T<ni = Pf, and consequently 

./3 ta/f 



Thus 



and integration yields 



/f-=/? L cxpf -i-dP (14-140) 

J Po K1 

where / 0L is the fugacity of component i in the liquid mixture at the temperature 
T and the standard state pressure P . Use of Eq. (14-35) gives 

fOL = y?Lf OL Xi (14 _ 141) 

where y 0L is the activity coefficient of component i in the mixture at the tempera- 
ture T and pressure P , and/f L is the fugacity of pure component i in the liquid 
phase at the temperature T and the standard state pressure P . The expression 
suggested by Prausnitz is obtained by combining Eqs. (14-140) and (14-141), 
namely, 

ft = y? L f? L x ( exp (%dP (14-142) 

When the solution is far from its critical conditions, V\ does not usually differ 
appreciably from v\ and may be replaced by it in Eq. (14-142); otherwise, V\ 
may be evaluated by use of an equation of state or correlations given by 
Prausnitz. 50 The activity coefficient may be adjusted to the pressure P by use 
of Eq. (14-149). The fugacity / 0L of the pure component i may be calculated from 
Eq. (14-99) by replacing the upper limit P by P to give 

f? L =ft Pi exp f*£ dP = «P f exp f°^ dP 

^ #P { rf exp (P - P t ) (14-143) 
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where P, = vapor pressure of pure component i at the temperature T 

f l C Pi = fugacity of pure component i in the liquid state at a pressure equal to 
its vapor pressure P, at the temperature T 
<t> s i = ft Pi /Pi — flpt/Pi = fugacity coefficient of component i at its vapor 
pressure P, at the temperature T 

If the vapor pressure P, is well below the critical pressure, then </>J may be 
computed by use of an equation of state. If the pressure P is allowed to go to 
zero, the quantity f° L computed by use of Eq. (14-143) becomes the "liquid 
fugacity extrapolated to zero pressure." 

NONCONDENSABLE COMPONENTS 

A noncondensable component i is defined as one which is a constituent of a 
mixture which is at a temperature very much above the critical temperature of 
component i. 

For a noncondensable component, the standard state fugacity may be 
defined as Henry's constant for that component in a pure reference solvent R 
which is a constituent of the solvent mixture. As the composition of the solution 
approaches that of the pure solvent R (x R -► 1, x, -> 0), the solution approximates 
an ideal solution and y\ - -* 1. Thus 

lim ^ = lim yf L ff L =ff L = Jf? (14-144) 

Xi->0 X i Xi->0 

Thus, for a noncondensable component, Eq. (14-142) is applicable where the 
standard state fugacity f° { L is equal to the Henry law constant H? (evaluated at 
zero pressure). Henry law constants are found experimentally at the vapor pres- 
sure P R of the reference solvent R. To correct the Henry law constant to zero 
pressure, Eq. (14-142) may be applied to give 

JT? = jr t cxpl" ^dP (14-145) 

Pr ' Pr K1 

Where K* R is the molar volume (or to be more precise the partial molar volume) 
which component i would have in a solution which is infinitely dilute in the 
solvent R. Correlations of the partial molar volumes for noncondensable com- 
ponents have been given by Prausnitz et al. 50 

CALCULATION OF ACTIVITY COEFFICIENTS 

In the above equations, the activity coefficient adjusted to pressure P appears. 
In order to develop the formula needed to adjust the activity coefficient from the 
system pressure P to the reference pressure P , one may begin with an equation 
for the liquid phase which is of the same form as Eq. (14-44), namely, 

Gj-(P, T, {«,}) - rf(P, T) = RT\n^ L (14 . 146) 

J I 
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Partial differentiation of each member of Eq. (14-46) with respect to pressure 
yields 

V l .- v ^ RT ( dln lM) rn (14-147) 

From Eq. (14-34), it follows that 

Integration of this expression with respect to pressure from P to P yields the 
following result upon rearrangement 

y? L = yf-expJ - RJ ' dP (14-149) 

Thus, if the activity coefficient y[ is either known or can be calculated by use 
of a correlation at any pressure P, it may be adjusted to the reference pressure P 
through the use of Eq. (14-149). 

Activity coefficients may be estimated by use of a number of models such as 
those enumerated in the introduction of Sec. 14-5. These models are generally 
stated in terms of the excess free energy per mole of solution. The excess free 
energy g E is the difference in free energy of one mole of the actual mixture minus 
the free energy which the mixture would have if it were an ideal solution, that is, 

ng E = I w, /itfP, T, W) - £ n t rt(P, T) = £ n^ - rf) (14-150) 

' i i 

When this expression is combined with Eq. (14-146), one obtains 

w0 £ = 5>,KTlntf (14-151) 



Then 



d(ng E ) 



dn 



= ^" |J!T (¥] +RT In y^ (14-152) 

Since the summation on the right-hand side of Eq. (14-152) is recognized 
as the Gibbs-Duhem equation (Ref. 51) which has the value zero, Eq. (14-152) 
reduces to 

|«1 -ATtarf (14-153) 

This relationship is used in the development of the expressions given in Table 
14-12 for the activity coefficients. 

The Wilson equation (suggested by Wilson 72 in 1964) is suitable for a large 
variety of nonideal mixtures. This equation, a semiempirical generalization of the 
FIory-Huggins equation, is presented in Table 14-12. The term (X tj - A u ) is an 
empirically determined energy term which is closely related to the difference in 
cohesive energy between an /-/ pair and an i-i pair. Over small temperature 
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ranges, the variation of the energy difference (X i} - k H ) with temperature may be 
neglected with good accuracy. By use of Eq. (14-153) and the expression given 
for g'\ the formula given in Table 14-12 for the activity coefficient is obtained. 

The NRTL equation was developed by Renon and Prausnitz. 54 The expres- 
sion for the excess energy function g E (see Table 14-12) was developed on the 
basis of a " two-liquid " theory. In the theoretical development, the /1,/s are the 
Gibbs interaction energies and the a,/s are the reciprocals of the lattice coordin- 
ation numbers. In practice, the quantities (A,, - 4), (X u - k n \ and a u are taken 
to be three adjustable parameters per binary pair in the mixture and are ob- 
tained by a regression of the equilibrium data. The NRTL equation has been 
used extensively. It is superior to the Wilson equation in that it can be used to 
represent liquid-liquid systems (a,, < 0.426). However, the NRTL equation re- 
quires three parameters per binary pair, whereas the Wilson equation requires 
only two parameters per binary pair. 

On the basis of a quasi-chemical theory, Abrams and Prausnitz 1 developed 

Table 14-12 A summary of selected methods for 
computing activity coefficients 



1. Wilson equation 



9 
RT 



l.,-,-,.( ? «A,)- ? (j^) 



where 



A o = |exp j" 



x fi = k u A ji ± A u 



RT 



2. NRTL equation 






*»-?(?&)♦?(?&)[*-?(&)] 



where 



: " RT " A ;« = ex P (-<*;,*>,•) 



*V ~ *JJ 



T ° ~ RT AiJ = CXP ^ ~ a « T «) a «V = a » 

(continued on page 548.) 
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Table 14-12 (continued) 
3. UNIQUAC equation 



RT 

RT 

In y, = 
where 



= In yf + In yf 

O, <I> z / d> <bA 




z = lattice coordination number 

an equation for the excess free energy per mole of mixture which is known as the 
UNIQUAC equation (see Table 14-12). The excess free energy function is taken 
to be the sum of g c , the combinatorial part, and g R , the residual part of the 
excess free energy. The activity coefficient is relatively insensitive to the choice of 
the coordination number — provided that a reasonable value for the lattice co- 
ordination number z is chosen. 1 Abrams and Prausnitz 1 used the value z = 10. 
The parameters r, and q t are the van der Walls volume and area, respectively, of 
the molecule relative to those of a standard segment of lattice structure of the quasi- 
chemical theory. The pure component constants may be computed from bond 
angles and distances as shown by Abrams and Prausnitz. 1 In practice the 
differences in interaction energies (A,-, - A u ) and (A i; - X n ) are taken to be two 
adjustable parameters per binary pair in the mixture. These differences in inter- 
action energies must be obtained from experimental results. The UNIQUAC 
equation is suitable for both miscible and immiscible systems and requires only two 
adjustable parameters per binary pair. Abrams and Prausnitz state that it is about 
as satisfactory as the Wilson equation but no better for miscible systems. For 
liquid- liquid systems, the authors state that the UNIQUAC equation is superior to 
the NRTL equation. By choice of appropriate simplifying assumptions, the 
UNIQUAC equation may be reduced to other equations such as the Wilson, 
NRTL, Margules, and Van Laar as shown by Abrams and Prausnitz. 1 
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Group Contribution Method for Computing Activity Coefficients 

When experimental data for compounds or mixtures are not available, the group 
contribution methods may be used to estimate the properties of the pure com- 
pounds and mixtures. As observed by Fredenslund et al., 21 group contribution 
methods necessarily involve a compromise between accuracy and the amount of 
data required. 

An objective of the group contribution methods for the calculation of acti- 
vity coefficients is the reduction of the amount of data required for the binary 
mixture parameters. Thousands of compounds are of interest and the number of 
binary pairs of these is astronomical. However, these compounds may be con- 
structed from a relatively small number of molecular groups, and the binary 
pairs existing between the groups become manageable. The data required is 
reduced to that needed to determine the interaction parameter for the group 
pairs. The compromise in accuracy occurs because it is assumed that each group 
behaves in the same manner in all of the different molecules. In spite of this 
compromise in accuracy, group methods appear to be the best available method 
when specific data are lacking. 



THE ASOG METHOD FOR PREDICTING ACTIVITY COEFFICIENTS 

The analytical-solution-of-groups (ASOG) method was developed by Derr and 
Deal 17 and Wilson, 72 and a compilation of parameters has been prepared by 
Kojima and Tochigi. 41 In this method, the activity coefficient of component i 
in a mixture is computed as follows 

In y,. = In yf + lny? (14-154) 

where the activity coefficient yf depends only upon the size of the group and yf 
depends upon the type of group such as CH 2 , CO, or OH. The activity 
coefficient yf is computed by use of the following formula which is based on the 
Flory-Huggins theory for athermal mixtures of unequal-sized molecules 

In yf = 1 - & { + In ^ (14-155) 

where St { = SJYj S j x j 

Xj = mole fraction of component j 

Sj = number of size groups in molecule j 

The activity coefficient yf is computed by use of the equation 

In yf = I v„(ln T k - In r w ) (14-156) 

k 

where the summation is taken over all groups present in the mixture, and 
V k = activity coefficient of group k in the mixture 
r ki = activity coefficient of group k in the standard state of pure 

component i 
v kl = number of interaction group k in molecule / 
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The activity coefficient T k is found by use of the following form of the Wilson 
equation 

,nr.- ,-,„(!*,*„) -I (j^) (.4.157) 

where the group mole fraction X k for the particular group k is defined by 

X k = v J v (14-158) 

L x i L v kj 

j * 

Also, In r\, is computed as follows 

In r, = 1 - In £ x tt r u - 1 10^\ < 14 " 159 ) 

where X u is the mole fraction of group / in pure component i, and it is calculated 
as follows 

X u = ^- (14-160) 

2, v fci 



THE UNIFAC METHOD FOR 
PREDICTING ACTIVITY COEFFICIENTS 

The UNIFAC method, developed by Fredenslund et al. 21 ' 22 is similar in con- 
cept to the ASOG method, but it is based on the UNIQUAC equation 

In y { = In yf + In yf 

where the superscript C refers to the combinatorial part of the activity coefficient 
and the superscript R refers to the residual part of the activity coefficient. 

The combinatorial part of the activity coefficient is computed by use of the 
following expression 

ln;,r=ln^ + ^ i ln^+/ i -^Ix i O (14-161) 

X,- L MJj X[ j 

where l t = (z/2)(r t - q { ) - {r { - 1) q t = £ k ^tQk 

x, = mole fraction of component i in the mixture 

v ki = count of the Jcth group in component i 

R k — a measure of Van der Waals volume ratio for group k 

Q k = a measure of Van der Waals area ratio for group k 
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Group parameters R k and Q k are obtained from Van der Waals' group volume 
V wk and surface areas A wk given by Bondi 8 



Rt = 



15.17 



and 



Qk = 



2.5 x 10 9 



(14-162) 



The numbers 15.17 and 2.5 x 10 9 are normalization factors recommended by 
Abrams and Prausnitz. 1 Values of R k and Q k are given in Table 14-13. 
The residual part of the activity coefficient is computed as follows 



In y * = £ Vfc| .(ln T fc -ln r k%i ) 



(14-163) 



where the summations are over all groups, and 

T k = activity coefficient for group k in the mixture 
T k i = activity coefficient for group k in pure component / 

The activity coefficient T k is computed as follows 



In V k = Q k 



1-ln 



\ m 






(14-164) 



where the summations are over all groups, and 



©m = XmQmlYj* *nQn, area fraction of group m 

X m = Yj X j v mj/Yjn Z; x j v nj* m °l e fraction of group m in the mixture 
V mn = exp(-a mn /T) 
{a m „} = set of group interaction parameters, a mn ^ a nm 



The activity coefficient In r kl is computed as follows 



In r u = Q k 






(14-165) 



where the summations are over all groups in component /, and 



mi = X mi Q m lYjn XniQn> area fraction of group m in component i 
Xmi = Vmi/Yst v ni» m °l e fraction of group m in component i 

Values for the group-interaction parameters a mn must be evaluated from 
experimental phase-equilibrium data. Sets of values of a nm and a mn taken from 
Ref. 21 are presented in Table 14-14. 



X 

u 



"> X 



o 



o> 



X 


U 


v^ 


u 


rs 


m 


<N 




<u 




(U 


c 




c 


ctf 


c 


£ 


3 




3 
JD 


O 


UJ 


c 


c/i 


oo 


§ 


OO 


30 


«r> 


<N 


d 


d 


d 


- 


? 


s 


§ 




5 


d 


d 


d 



x 
u 



x 
u 

u 
II 

u 



u 
< 



X 

u 

u -> 

ac < 

• • u 



UJ h 



x 

O 

x 

x u 

o - 

u X A 

-ox 

X S ™ 

^ -^ c 

• • o bi 

2 « P 



u S JS 



X 

o 
u 
< 



X 

u 
< 



o 
u 



X 

u 



© 00 
vO vo 
s5 OS 


Tt <N <N 
<N ro -h 

H Tf M 


d d 


-; ~i d 


vo ro 
On VO 

p <n 


,2044 
,4311 
.9769 


— * ~* 


^ ^ o 



3 

d 



8 



»0 -H 



X 

u 



2 

vV 

E 

C3 



: c c 

» o O 

. x> JO 

■ »- t* 

! 3 8 

i 2 2 



o 



o 



a 
» 



o 



2 g. 

50 3 



CO 



a. a 

3 3 

2 2 

-o ^ 

T3 T3 



& -a 



8 8 



3 
O 



<5ss 



2 S 



O <v1 5 T> 
£ * 2 e 



•§ 8 



<o^ 



o 



U 



<7t 

E 

s 

eu 
s 
o 

a 



& 






I X X 
U U U 



^ cq <J 



U 
II 

u 



X 

u 
< 



XXX 

u u u 
u u u 
< < < 



X esq 



X x 

X X O O r\ 

oo^i 9. 

u u S u x 



X 

o 
u 

< 



o 
u 



«r> v-i v> 



£ 



a. 

3 
O 

O 



552 



E 
5, 



a 
E 



O 
DC 
U 



X 
U 



X 
U 







u 




X 






O 






z 




o 


— 


«s 




~" 




o 
u 


<N 


I 




X 




X 


u 






u 




-*> 


o 


X 


.. 


«N 


- 


X 


ci 


z 


X 

u 


u 


u 


z 

u 


X 

o 


< 


8 




c 


1> 




x' 
u 






c 

e 

J2 


c 
£ 


< 

<L> 



X 

u 



Oh « 






< Oh 



X 

u 



x~ 
u g 

<N cci 

.. a 
v o 

Is 

o O 



- < 

u g 
^ < 



•s H - ° 
9 «A Q © 



OJ 



— . — i o 






3 
O 

a 



o 
oo 

8! 



o °^ 

8 3 



On «n rsi Q 

NO ON <*"> "O 

-^ -J d -^ 



O rn 
oo NO 



X 

u 



X 

u 



o 

I* 

60 



O 

e3> 



e 

eg 

z 



a. 

3 
O 
OO 



o 

OO 



HI 

1 8 « 

£ a S 



CX o 

3 w 2 

is o e 

z < o 



381 

tec 
.2 o o 

U U U 



^3 

•S 

8 



o 

X 

u 



o 
o 
u 



X X z 

zz^ 
u u S 






X 

z 



X 

z 

u 
< 



z 

z^z 

u S u 



~r^ x 

uuu u 



NO NO 






553 



554 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 





X 




o 




u 




53 




U 


-« 


U 


en 


< 


i* 




tv 




•*-> 




o 




E 




os 


X 


b 


u 




< 


c 




# o 








*■** 




o 




03 


u 


b 


II 


*- 


u 






& 




s 




o 




«- 




a 


X 


-<t 


u 



■a 



o 

a 



o 
u 



o 
u 



DC 

o 
u 
< 



o 



a 



8 



u 

I 

u 



On O ^h <N 



O 
© 



w-> ^ v© © 



2 § 



OO © 



co 
I 



~* co w> 

CO Tt O 

On On r- 



SO © 



sO O 



«2 On 1^ 
-h vO iO 

| - so 



X 

V X q 

U O « 

< U X 



On 



«o co <n 
«n «n CN 

I I I 



8 



3 * 



fN 


00 


co 


<N 


_ 


SO 


«n 


OO 


fN 


<N 


SO 


"<t 



I I 



v> «n 


sS On 


5 


co 


cn r- 


oo f~ C 
co <o 5 


? 8 


8 


co , 


i s 


K 1 


1 



s 



9 5 8 2 

co m *-< I 



X x _? 

o oo s _ z z y 
<uououz<uuu 



THERMODYNAMIC RELATIONSHIPS FOR MULTICOMPONENT MIXTURES 555 



"2 

a 
•S 
c 

8 



(5 



U 
U 
< 



u 

X 

u 



z 
u 
u 



as 

Z 

U 
< 



X 

z 



X 

z 
u 



o 
o 
u 



o 



~*<Nr0Tfr«ov©r^00oo~-< 



2 Z3 2 2 "* ^ ^ r^ oo 



On On so O O 

$ 8 8 2 8 g 

x I x -xxxxxiiO 



Tf wo 
Q ON 
vJ5 vo 



<N oq p oq vo ^t 
s*i ftj ^ <"> ^ oo 
JN vq «n ro g wo 



V© CO »-H 

Q 5 ^ 

NO no fM 



oq wo 
On od 



00 CO 

x xxxxxxxl 

G - © o 

^ R ° 2 

VO O On 

x xxxxxxT ^ 

S o g 

ro O 

xlxxxxxx X 



o o 
d q 



xlxxxxxxx 



O <N fN 

8 wo r-.' 

— < oo 

OO WO Tf 



~-« On r»- 

<N On on 

<N rf r^ 

rf co —t 



x^^xx x xxx 



00 CO 

no wo" 

NO OO 



X J 



X X x X X 



X X X X # 



X X X X 



<N O no 

i**" d 3-* 

co oo © 

NO <N 



^ O CO 
ON © <*' 

«o -^ r- 







wo 




NO 

<N 


o 






"t 




i 




X 


X 




X 


1 






<N 


^ 






o 




8* 


© 
oo 




o 


8 


X 


i 


7 


X 




1 



x X x X X X X 



I x X x X X X X 



V??UffioO^OO 






o 



556 FUNDAMENTALS OF MULTICOMPONENT DISTILLATION 

NOTATION 

A total work function; energy units 

A t partial molar value; A t = (dA/dn^p^^., energy units per mole 

A residual work function; defined by Eq. (14-69) 

B u second virial coefficient for pure component i, volume per mole 

B u cross virial coefficient for components i and j, volume per mole 

/ the fugacity; defined by Eq. (14-26), atm 

f\,f\ fugacities of pure component i in the vapor and liquid states, 

respectively at the temperature T and total pressure P of the 
mixture, atm 
f\,f\ fugacities of component i in vapor and liquid phase mixtures, 

respectively; evaluated at the temperature, pressure, and composi- 
tions of the respective phases, atm 
f\ tP . fugacity of pure component i in the vapor state; evaluated at its 

vapor pressure at the temperature T (Note/^ P . =/?>,.) 
ff L fugacity of pure component i in the liquid state; evaluated at the 

temperature T and pressure P , atm 
f i0) (T r ) a function of reduced temperature; see Eq. (14-121) 

/ (1) (T r ) a function of reduced temperature; see Eq. (14-122) 

/ (2) (T r ) a function of the reduced temperature and the reduced dipole 

moment; see Eq. (14-124) 
g free energy per mole, energy units per mole 

G total free energy, energy units 

Gi partial molar free energy; defined below Eq. (14-16), energy units 

per mole 
h enthalpy per mole, energy units per mole 

H total enthalpy, energy units 

Hi partial molar enthalpy; defined by Eq. (14-59), energy units 

per mole 
H t virtual value of the partial molar free energy; defined by 

Eq. (14-65) 
K t vapor-liquid distribution coefficient, K t = >>,•/*,•; defined by 

Eqs. (14-36) and (14-37) 
K\ ideal solution K value, K\ =f[lf V i (In the remaining chapters of 

this book, the ideal solution K value is denoted by #,.) 
m, mass of component i in a mixture, mass units 

M mass composition parameter; defined by Eq. (14-104) 

n total number of moles; n { = moles of component i 

p partial pressure of component i, p, = Py t , atm 

P total pressure, atm 

Pi vapor pressure of pure component i at the temperature T, atm 

P r reduced pressure, P r = P/P c , where P c is the critical pressure 

P k convergence pressure, atm 

jR gas constant in consistent units 
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S 



T 
T r 

u 
U 

V 
V 

Vi 



entropy per mole, energy units per degree Kelvin (or Rankine) per 

mole 

total entropy, energy units per degree Kelvin (or Rankine) 

partial molar entropy; defined by Eq. (14-60); energy units per 

mole per degree Kelvin (or Rankine) 

temperature, °F 

absolute temperature, in degrees Kelvin or Rankine 

reduced temperature, 7 r =7/7 c , where T c is the critical 

temperature 

internal energy per mole, energy units per mole 

total internal energy, energy units 

molar volume, volume units per mole 

reduced molar volume; v r = v/v CJ where v c is the critical volume 

total volume, volume units 

partial molar volume of component /'; defined below Eq. (14-25) 

mole fractions of component / in the liquid and vapor phases, 

respectively 



Greek Letters 

v I 



P 



ft 
to 



activity coefficients of component i in the vapor and liquid phases, 
respectively 

solubility parameter in Hildebrand's equation for the activity 
coefficient; see Eq. (14-115) 

average value of the solubility parameter; defined by Eq. (14-116) 
chemical potential; defined by Eq. (14-26), energy units per mole 
reduced dipole moment; defined by Eq. (14-127) 
molar density, moles per unit volume 

fugacity coefficient for pure component i in the liquid state at the 
pressure P and temperature 7; tf =f[/P (This liquid fugacity 
coefficient is commonly denoted by v, in the literature.) 
fugacity coefficient for pure component i in the vapor state at the 
pressure P and temperature T; <f>Y =fVjP 
fugacity coefficient for pure component /, evaluated at its satura- 
tion pressure P, at the temperature 7; 0? =fY '/p. = n m 
ft/(P Xi ) = yW ' Pi JUPJ ' 

f?/(Pyi) = y?<t>? 

an enthalpy departure function; defined by Eq. (14-67) 



Subscripts 

/, ;, k, /, m, n counting integers 



Superscripts 

L 
V 



liquid state 
vapor state 
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PROBLEMS 

14-1 Use the path shown in Fig. 14-2 for pure components to develop the expressions for the 
thermodynamic expressions given in Table 14-1 and for the functions, I/, G, and /i. 
14-2 Use the path shown in Fig. 14-3 for mixtures to develop the expressions for the thermodynamic 
expressions given in Table 14-1 and for the functions U, G, and //,. 

14-3 Repeat Prob. 14-1 for the path shown in Fig. 14-4 and the expressions given in Table 14-2 for 
pure components. 

14-4 Repeat Prob. 14-2 for the path shown in Fig. 14-5 and the expressions given in Table 14-2 for 
mixtures. 

14-5 Use the definition given by Eq. (14-77) for the residual work content to obtain the thermodyna- 
mic expressions for pure components given in Table 14-3 as well as those for (/, G, and /i. 
14-6 Repeat Prob. 14-5 for mixtures. 

14-7 Develop the relationships given by Eqs. (14-61) and (14-62). 
14-8 Develop the relationships given by Eqs (14-63) and (14-64) for ideal solutions. 
14-9 Obtain the expression given in Table 14-4 for the residual work content A for the BWR 
equation of state. 

14-10 Repeat Prob. 14-9 by obtaining the expression given in Table 14-5 for the Redlich-Kwong 
equation of state. 

14-11 Use the expressions of Table 14-5 which are needed to obtain the expressions for h — h° and 
ln//P which are given in Table 14-3 for pure components which obey the Redlich-Kwong equation 
of state. 

14-12 Use the expressions of Table 14-3 which are needed to obtain the expressions for O and 
ln/f/Py, which are given in Table 14-5 for mixtures which obey the Redlich-Kwong equation of 
state. 

14-13 By use of the relationship given by Eq. (14-153) and the Wilson excess free energy function 
given in Table 14-12, obtain the corresponding expression given in this table for In yf\ 
14-14 The UNIFAC method may be used to find the activity coefficient for n-propanol 
(component 1) in the presence of n-heptane (component 2) at 333 K by using the equations given in 
the text in the order in which the answers to the intermediate steps are listed. The mole fraction of 
n-propanol is x t =0.1 and the mole fraction of n-heptane is x 2 = 0.9. 

(a) Verify the following information by use of Table 14-13. 
n-propanol (i = 1) contains the following groups 

1CH 3 group: k=\A v l41 = l R lA = 0.9011 

Q lA = 0.848 
1CH 2 group: k = IB v lB = 1 R lB = 0.6744 

<2ib = 0.540 
1COH group: k = 5 v 5 t = 1 R s = 1.2044 

Qs = 1.124 
n-heptane (i — 2) 
2CH 3 groups: = \A v lA 2 = 2 R lA = 0.9011 

Q lA = 0.848 
5CH 2 groups: k = IB v 1B 2 = 5 R lB = 0.6744 

Qib = 0.540 

(b) Use the expressions given below Eq. (14-161) to show that 
/-!= 2.7799 ^ = 2.512 r 2 = 5.1742 q 2 = 4.295 
a>! = 0.05633 2 = 0.9437 X = 0.0597 2 = 0.9403 l t = -0.4404 

(c) Use the results found above to show that Eq. (14-161) gives 

lnrf= -0.1163 
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(d) To compute the activity coefficients {r ki } for group k in pure component i by use of 
Eq. (14-165), first observe that groups CH 3 = \A t CH 2 = IB belong to group 1 and COH belongs to 
group 5, and then use Table 14-14 

*!. s = 931.2 K 
a 5>1 = 169.7 K 
and show that 

*P U = 0.06103 
¥ 5 , t = 0.6007 

(e) In the calculation of r,„, , for pure /i-propanol (i = 1), observe that three groups are 
involved: 1CH 3 , 1CH 2 , and 1COH. Then show that 

*ia. i = V3 X lB =l/3 X COH>l = l/3 
Next use the expression beneath Eq. (14-164) to show that for component 1, /i-propanol 
®ia. i = 0.3376 e ifl , = 0.2150 5 , = 0.4475 

(f) Use the results found in part (e) to show that by use of Eq. (14-165), the following result is 
obtained for pure n-propanol 

,n r,^, =0.3962 

(g) Repeat part (/) and show that for pure w-propanol 

In r 1Bil =0.2523 
In r s ' j = 0.2523 
(h) To compute r lA for the mixture, first show that for the mixture 

X lA = 0.2879 
X lB = 0.6970 
* 5 = 0.01515 
(i) Then for the mixture, show that 

Q lA = 0.3829 e iB = 0.5904 5 = 0.02671 
(j) For the mixture, use Eq. (14-164) to show that 

In r lA = 0.006776 
In r ifl = 0.004315 
In T 5 = 2.867 
(k) Use the above results to show that for component 1, Eq. (14-163) gives 

In vf = 1.783 
Then show that the UNIQUAC equation gives 

In y t = 1.6667 y l = 5.29 
(The experimental value found by Van Ness et al. 69 was y l = 5.38.) 
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CHAPTER 

FIFTEEN 

SELECTED TOPICS IN MATRIX OPERATIONS 

AND NUMERICAL METHODS FOR 

SOLVING MULTIVARIABLE PROBLEMS 



In this chapter, topics in matrix operation and numerical methods for solving 
multivariate problems are presented and examined. In Sec. 15-1, the use of 
linked lists in the storage of large sparse matrices is presented, and the scaling of 
matrices is presented in Sec. 15-2. The presentation and examination of selected 
numerical methods are presented in Sec. 15-3. 



15-1 STORAGE OF LARGE SPARSE MATRICES 

Large sparse matrices such as those encountered in Chap. 5 are commonly 
stored in computers in packed form, a term used to mean that only the nonzero 
elements are stored. Storage in packed form is almost essential because of the 
large amount of internal computer storage which would be required to store all 
of the zero elements. 

In order to avoid the storage of the zeros and to locate the nonzero elements 
in storage, the use of linked lists has become popular. 7 The following information 
must be available for this type of storage: the address of the first nonzero 
element of a given row, the value of the element, the column location of the 
element, and the location of the next element of the row. Packed storage through 
the use of a linked list will be illustrated by the storage of an original matrix and 
the matrix as modified by each row operation of an LU factorization. 

Consider first the storage of the matrix A, 



A = 
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0] 
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2 
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(15-1) 
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and let IPV = vector storing pivot order during factorization 

RIP = vector pointing to storage location of first nonzero element in a 

row 
VE = vector of the nonzero elements of A as well as a predetermined 
number of zeros for the storage of numbers resulting from fill 
anticipated from subsequent row operations 
CI = vector containing the column numbers in which the elements of A 
appear 
NSL = vector containing the location of the next nonzero element of the 
row 
NASL = points to the next empty location in VE 

The storage of the matrix given by Eq. (15-1) is shown in Fig. 15-1. That the 
linked list shown constitutes the storage of matrix A is readily demonstrated as 
follows. The element 1 of IPV and the corresponding element 1 of RIP means 
that the first nonzero element of row 1 is stored in location 4. Go to location 4, 
and observe that the elements 1 of VE, 1 of CI, and* 7 of NSL mean that the 
value of the first nonzero element of row 1 is 1, it is a member of column 1, and 
the next nonzero element of row 1 is in location 7. Go to location 7, and observe 
that the elements 3 of VE, 2 of CI, and 12 of NSL mean that the next nonzero 
element of row 1 is 3, it is a member of column 2, and the next nonzero element of 
row 1 is in location 12. Go to location 12, and observe that the elements 1 of VE, 
3 of CI and - 1 of NSL mean that the next nonzero element of row 1 has the 
value of 1, it is a member of column 3, and the - 1 is used to signify that this is 
the last nonzero element of row 1. Thus, return to IPV and take the next element 
2 which corresponds to row 2. The corresponding element 2 of RIP means that 
the first nonzero element of row 2 is in location 18. Repeat the sequence of steps 
described above for rows 2, 3, and 4. The NASL = 10 is the location of the next 
empty location. The NSL = 13 of location 10 points to the next potential empty 
location. After location 10 has been filled, NASL is reset to 13, the next empty 
location. This procedure is repeated as the storage is filled and an analogous 
procedure is used as the storage is emptied. 

The steps in the LU factorization of A by use of row operations as 
demonstrated in Chap. 4 follow together with the vector containing the pivot 
row information. First, the original matrix with its corresponding IPV vector is 

IPV 
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= A (15-2) 



Select row 2 as the first pivot row, and use it to eliminate the other elements 
from column 1. The resulting matrix with the negative of the multipliers stored 
in parentheses in the place of the corresponding zero elements and the corre- 
sponding IPV vector follow. 
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IPV 
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-8/6 2 9 



= At 



- first pivot row and 
6 is the pivot element 



The elements of IPV vector denote the reordering of the rows of A in the 
transformed matrix. Row 2 of A is now the new row 1 and row 1 of A is now 
new row 2 of the transformed matrix. Rows 3 and 4 of A are also rows 3 and 4 of 
the transformed matrix. 

Next row 3 of A is selected as the second pivot row, and the corresponding 
row operations are performed to give 

IPV 
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first pivot row 

second pivot row and 
5 is the pivot element 



-48/30 



3 

294/30 

The elements of IPV mean that row 2 of the original matrix A is row 1 of the 
transformed matrix, row 3 of matrix A is row 2 of the transformed matrix, row 1 
of A is row 3 of the transformed in a matrix, and row 4 of A is also row 4 of the 
transformed matrix. 

Next row 4 of A is picked as the third pivot row, and the associated row 
operations yield 

IPV 
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(1/6) (16/30) (1/2) -195/30 

6 2 
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(4/6) (-8/30) 2 294/30 



. first pivot row 



= A, 



- second pivot row 

- third pivot row and 

2 is the pivot element 



The IPV vector contains the information that rows 2, 3, 4, and 1 of A are rows 1, 
2, 3, and 4 of the transformed matrix. 

The three transformed matrices A l9 A 2 , and A 3 are stored as linked lists in 
Fig. 15-2. To verify the fact that the linked list in Fig. 15-2 contains the elements 
of the transformed matrices A l9 A 2 , and A 3 , an analysis analogous to that used 
to confirm the fact that the linked list in Fig. 15-2 contains the elements of A 
[Eq. (15-1)] may be performed. By comparison of Figs. 15-1 and 15-2, the fill 
resulting from the row operations is readily determined. The above formulation 
of a linked list storage procedure follows closely that used by Gallun. 4 
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15-2 SCALING OF MATRICES 

Two of the many possible methods for scaling matrices are presented, which are 
called (1) variable scaling and row scaling and (2) column scaling and row scaling. 
The first of these consists of scaling the variables and functions. This type of 
scaling is frequently effected in the formulation of a problem by making suitable 
choices of the variables and functions. In terms of matrix operations, it consists 
of variable scaling followed by row scaling. This well-known procedure was used 
by Burdett 3 in the analysis of a system of 17 evaporators. 

In the second method, row scaling is preceded by column scaling. Neither of 
these scaling procedures yields an optimum solution to the scaling problem as 
pointed out by Tewarson 7 who also provides several references to more ad- 
vanced scaling methods. 



Variable Scaling and Row Scaling 

This procedure is developed for the case where the problem is to be solved by 
use of the Newton-Raphson method. For the general case of n independent 
equations in n unknowns, n equations are obtained upon application of the 
Newton-Raphson method. The equations so obtained may be represented by the 
following matrix equation 

B k AX k =-f k (15-3) 

where B k is the square jacobian matrix of order n and AX k and f k are conform- 
able column vectors 



Also, 





'Ml Ml ... Ml 






dx t dx 2 dx n 




*(x k ) = 


_% Ml Ml 
_dxi dx 2 dx n - 




AX k =[Ax x Ax 2 ••• AxJ 7 " Axj- 


AX k = X k+1 — X k X k =[x lk x 2k 




h = [flk flk '" fnk] 





x j,k+l 



x nk ] T 



The notation B(X k ) is used to emphasize that the jacobian matrix B k is to be 
evaluated at X = X k . 

Let R k be a diagonal matrix whose elements r u are just greater than the 
absolute value of the corresponding elements of X k , that is, 

'n > |*u| r 22 > |x 2k |,...,r nll > |x nk | (15-4) 
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[Except for the restriction that r„ must never be set up equal to zero, the 
inequality given by Eq. (15-4) need not be adhered to precisely in practice.] The 
elements of R k should be close, however, in absolute value to the corresponding 
elements of X k . Equation (15-3) may be restated in terms of the matrix R k in 
the following manner 

D k AY t =-f* (15-5) 

where 

AY k = R k *AX k (15-6) 

D k = B k R k (15-7) 

After the multiplication implied by Eq. (15-7) has been carried out, form the 
diagonal matrix M k whose elements m u are selected such that for each row 

m u = maximum of \d ij \ over all elements of row i (15-8) 

Premultiplication of each side of Eq. (15-5) by M^ 1 yields 

(M fc " 1 D fc )AY fc =-(M fc - 1 f fc ) (15-9) 

Next, compute the values of the elements of E k and F k , which are defined as 
follows 

E^M^D* F^M^f, (15-10) 

Then 

AY^-E^F, (15-11) 

Column Scaling and Row Scaling 

A jacobian matrix may be scaled by first dividing each column by that element 
of the row which is largest in absolute value. Let D k denote the diagonal matrix 
which contains the reciprocals of the elements of the respective columns which 
are largest in absolute value, and let {a } denote the elements of J k . The elements 
{ dij) of D k are as follows 

d lx = l/[maximum \a n \ of column 1 of matrix J k ] 

^22 = l/[maximum | a i2 | of column 2 of matrix J k ] , . 

d nn = l/[maximum | a in \ of column n of matrix J k ] 

The column scaling is represented by 

(J k D k )(D k " 1 AX k )=-f k (15-13) 

Next row scaling is performed on the matrix J k D k . Let E k denote the 
diagonal matrix which contains the reciprocals of the elements of the respective 
rows which are largest in absolute value, and let {6 } denote the elements of 
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J k D k . The elements {e u } of M k are as follows 

e n = l/[maximum |6 U | of row 1 of matrix J k D k ] 
e 22 = l/[maximum |fc 2i | of row 2 of matrix J k D k ] 



(15-14) 



e m = l/[maximum \b nj \ of row n of matrix J k D k ] 
The row scaling is represented by 

(E k J k D k )(D k " 1 AX k )=-E k f k (15-15) 

Thus 

AX k = -D k (E k J k D k ) *E k f k (15-16) 



15-3 NUMERICAL METHODS FOR 
SOLVING MULTIVARIABLE PROBLEMS 

Three well-known numerical methods for solving multivariable problems are 
presented as well as their convergence characteristics. The methods considered 
are direct iteration, the Newton-Raphson method, and Broyden's method. 

Solution of Multivariable Problems by Use of 
the Method of Direct Iteration 

Any iterative procedure in which the calculated values of the variables are used 
without alteration to make the next trial calculation is referred to herein as 
direct iteration. 

A variety of names are used in the literature to describe calculational 
procedures for solving sets of linear and nonlinear algebraic equations such as 
iteration, successive iteration, and successive substitution. 

Let it be required to find the desired solution to a nonlinear set of algebraic 
equations, which may be represented as follows 

/i(*i, * 2 ,...,x n ) = 

/ 2 (*i, x 2 ,...,x„) = 

(15-17) 

f H (x l9 x 2 ,...,x fl ) = 
Let the trial vector for the /cth trial be denoted by 

X k = [Xi k X 2 k "' X nkl 

For convenience let each function of Eq. (15-17) be represented by 

/i(X) = (i=l,2,...,n) (15-18) 
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f (X) = [MX) / 2 (X) • • • W)Y (15-19) 

Then in matrix notation, Eq. (15-17) may be represented 

f (X) = (15-20) 

Now, let the solution set of values of the variables of Eq. (15-17) be denoted by 
a, where 

• = [ fll a 2 - fl J' (15-21) 

The equations employed in the iterative procedure may be obtained by expres- 
sing each of the equations given by Eq. (15-17) in terms of the variables in a 
manner such that one expression is obtained for each x, , namely, 

Xi = Fi(X) (i= 1, 2, ...,n) (15-22) 

It should be observed that the functions F,(X) may be formed from any suitable 
combination of the functions /j(X). That is, F, may be any function for which 
F,(X) approaches a, as X approaches a for each i from i = 1 through i = n. 

In the Jacobi method of iteration, a new set X fc of values of the variables is 
computed on the basis of an assumed set X k _ t as follows 

x^Ffa-J (i=l,2,...,n) (15-23) 

The set X k so obtained is used to compute the next set in a similar manner. 

Now let R denote the set of all vectors X whose elements satisfy the condi- 
tion \xj — dj\ < h (j = 1, 2, ..., n) for which 

dFfiL) 



I 



dxj 



</i<l (*=1,2,...,k) (15-24) 



for each i. If the starting vector X is an element of R, then 

HmX N = a (15-25) 



N-+ao 



A method for initiating the proof of this proposition is given in Prob. 15-6. 

In the procedure which is analogous to the Gauss-Seidel solution of linear 
algebraic equations, the most recent value of each variable is used at each point 
in the calculational procedure. The Gauss-Seidel type of iteration differs from 
the Jacobi type of iteration in that instead of computing each element of X fc on 
the basis of an assumed vector X k - U as indicated by Eq. (15-23), the following 
procedure is employed 

X lk == F l \X lth ^ l9 X 2 ,fc_i, *3,*-l> •••> X n-1,*> X n,k-l) 

x 2k = F 2 (x lk , X 2tk -i, x 3fc _ 1 , ..., X n - ltk - l9 X„,*-i) 

*3* = F 3 (x lk , X 2k , X 3>Jk _ 1 , ..., *„_ !,*_!, X„ t fc-i) (15-26) 

x nk = F n (X lk , X 2k9 X 3k , ..., X H - ltk , X^fc-i) 
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When the conditions given by Eqs. (15-24) and (15-25) are satisfied, convergence 
of the Gauss-Seidel method can be assured; see Prob. 15-7. 

Another sufficient condition for the convergence of the Jacobi method of 
iteration follows. Let R be the set of all starting vectors X for which the largest 
Hilbert norm of any matrix B generated by the iterative process has the property 
that 



||5|| Ill = v / ^< 1 



(15-27) 



where 



B = 



'dF l 


d Ji 


d l± 


dx x 


dx 2 


dx„ 


dF 2 


d Ii 


d l± 


ax, 


dx 2 


dx n 


dF. 


?*• 


dj\ 


dx t 


dx 2 


dx„ 



The norm ||B|| IU is defined in App. A. 

The Newton-Raphson method for the solution of n equations in n unknowns 
takes the form given by Eq. (15-3). In the application of this method, it is 
recommended that the convergence characteristics be checked by solving a wide 
variety for examples. The use of different initial sets of values for the variables 
should also be investigated. Also, if only positive roots of the functions are 
desired, provisions should be made for an alternative selection of variables for 
the next trial when one or more negative values are computed by an inter- 
mediate trial. 

In carrying out the following analysis, it is convenient to make use of the 
Newton-Raphson equations stated in the form given by Eq. (15-3). Also, the 
notation B(X fc ) is used to emphasize the fact that the jacobian matrix B k is to be 
evaluated at X k . 

Let the solution set of the independent variables be represented by the 
column vector a 



As the name of this set of values of the variables implies 

/X«) = (i=l,2,...,/i) 
or 

f( a ) = 



(15-28) 



(15-29) 



In the analysis that follows, it is shown that if X is any starting vector 
which is "close enough " [explained below Eq. (15-43)] to the solution vector a, 
if the elements of f (X ) and B(X ) are continuous, and if the determinant of 
B(X ) is nonzero ( | B(X ) | f= 0), then the Newton-Raphson procedure converges 
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to the solution set a. The general approach used in the construction of the proof 
follows that of Carnahan et al. 1 

To initiate this analysis, it is supposed that the elements of f and B are 
continuous over all starting vectors X and all vectors X k generated therefrom by 
use of the Newton-Raphson method. It is further supposed that the determinant 
|B| ^OforallX andX fc . 

Since \B(X k )\ # 0, the inverse B^X*) exists. Then Eq. (15-3) may be 
solved for AX fc to give 

AX*=-B-'(X fc )f(X t ) (15-30) 

This equation may be restated in the following form by use of the result given by 
Eq. (15-29) 

AX* = B-^X*)[f( a )-f(X k )] (15-31) 

The difference [f(a) - f(X fc )] of the two column vectors may be replaced by its 
equivalent as given by the mean value theorem of differential calculus for multivari- 
able functions (Theorem A-7), since the continuity requirements of the theorem 
are satisfied by suppositions stated above. Then, each element i of [f(X fc ) - f(a)] 
may be stated as follows 

/iPW -/,(«) = t ^ (x u - aj) (1=1,2,..., n) (15-32) 

The elements of ^ consist of <x t + ik (x lk - a,), <x 2 + p ik (x 2k - <x 2 \ ..., 
a n + Pik(*»k - a„), where < fi ik < 1. Thus 

f(X fc )-f( a )=B(^)E t (15-33) 

The notation B($ ik ) is used to imply that the first row of functions in B is to be 
evaluated at § 1Jk , the second row at $ 2k , and finally the nth row at % nk . The 
column vector E k has as its elements the error of each variable at the end of the 
/cth trial, that is, 

E fc = X fc - a (15-34) 

Now observe that 

E *+i = X fc+1 - a = X fc - a + AX* = E k + AX* (15-35) 

Use of Eqs. (15-31) and (15-33) permits Eq. (15-35) to be restated as follows 

E k+l =B- l QL k }D k E k (15-36) 

where D fc is defined by 

D fc = B(X k )-B& k ) 

Equation (15-36) is seen to be a recurrence formula which gives the error vector 
at the end of the k 4- 1st iteration in terms of the error vector for the /cth 
iteration. By repeated substitution of the vector E k into the expression for E* +1 , 
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it is readily shown that the error vector at the end of the first N + 1 iterations is 
given by 

E„ +I = B-WD.B-MXn-OD,-,, ..., B- 1 (X )D E (15-37) 

Let IIB-ML and IIDIL denote the largest values of ||B _ l ( x i)llm and l D illui» 
respectively, over all / from 1 through N. Application of vector and matrix 
norms (presented in App. A) to Eq. (15-37) yields 

||E N+1 || 1II <[||B-'|| lll |D|| lli r +1 ||E || 1II (15-38) 

The Hilbert norms of matrices D and B" 1 are given by 

11011.,. = 7*7 (15-39) 

where A t is the largest eigenvalue of D 7 !) and <5, is the largest eigenvalue of 
(B-'HT 1 . Thus 

||E, + 1 ||<<[x/^Air l ||Eo||n, 05-41) 

Hence, it is evident that if 

yVv7<l 05-42) 



then 



lim||E N+1 | 1 „ = (15-43) 



N-+O0 



A starting vector X is said to b e "clos e enough" to « if the Newton-Raphson 
iterations lead to a value of y/sj^ < 1, where 8 t and A t are defined by 
Eqs (15-39) and (15-40). Let R be the set of all starting vectors X for which the 
maximum Hilbert norms of B' 1 and D over all iterations by the Newton- 
Raphson method satisfy the condition given by Eq. (15-42). Observe that the 
solution vector a is an element of R, since D(a) = 0. 

From the definition of the vectors X of R, observe that each vector of the 
sequence X t , X 2 , ..., X t , X* +1 , ... generated by the Newton-Raphson method 
on the basis of any X of R is also a member of R. 

Since it has not shown that the set of R contains any elements other than the 
solution vector a, it will now be shown that under certain conditions, the set R 
contains infinitely many starting vectors. Let S be the set of all starting vectors X 
and all vectors X k generated therefrom (by use of the Newton-Raphson method) 
for which the corresponding Hilbert norms of D are less than unity. Since this 
condition is satisfied by each element of R, then each element of R is an element 
of S and R is a subset of (belongs to) S. No other restriction was placed on the 
value of the Hilbert norm of B" J (boundedness of this norm is assured, however, 
by the continuity conditions imposed on the elements of B and the condition 
that \B\ * 0). The condition given by Eq. (15-42) is not necessarily satisfied by 
each element of S, and consequently S may contain elements which do not 
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belong to R. It will now be shown that if the elements of f(X) and B(X) are 
continuous over all X of 5 and if | B(X) | i= over all X of 5, then there exists an 
infinite subset P of S which is also a subset of R. 

Since |B(X)| # 0, it follows that B" '(X) exists and the Hilbert norm of B" ! 
is bounded. Let y/S lib denote the least upper bound of the Hilbert norm of 
B~ l ; that is, for any X of S 

\\B' l 0L)\\ m <y/Kl 

From the definition of D fc , element; of row i of this matrix is given by 

dfi(\ k ) 3/ife-J 
dXj dXj 

This difference may be made arbitrarily small by choosing the starting vector X 
sufficiently close to the solution vector a. Since, by Theorem A- 1-2, the largest 
eigenvalue of a real, nonsingular, symmetric matrix can never exceed the largest 
sum of the absolute value of the elements of any row (or column) of DT), it 
follows that A t may be made arbitrarily small by choosing the elements of X 
suitably close to the elements of a. Thus, there exist infinit ely m any starting 
vectors X P of S such that the corresponding Hilbert norm *JA UP satisfies the 
following inequality 

Let the set of all su ch vec tors be denoted by P. Since the Hilbert norm y/S UP 
corresponding to >jA ljP is the largest one generated by the Newton-Raphson 
method when X P is used as a starting vector, it follows that 

*i.pAi.P^*i.*A liP <l (15-44) 

Since each vector X P of the set P satisfies the inequality given by Eq. (15-44) it is 
also an element of R. Since each element of P is an element of R, it follows that 
P is subset of R. 



The Broyden Modification of the Newton-Raphson Method 

There follows the development of a class of methods proposed by Broyden 2 for 
the purpose of overcoming some of the disadvantages of the Newton-Raphson 
method. One serious disadvantage of the Newton-Raphson method is the time 
required to evaluate all of the elements of the jacobian matrix B fc . Even if the 
functions f x are sufficiently simple for their partial derivatives to be obtained 
analytically, the amount of labor required to evaluate all n 2 of these may be 
excessive. If the partial derivatives of the yj's are approximated numerically, the 
amount of labor required constitutes a serious disadvantage. 

The second disadvantage of the Newton-Raphson method is that it may not 
converge unless the initial estimate of the solution is sufficiently good. 
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Despite the disadvantages of the Newton-Raphson method, it is easy to 
apply, has a sound theoretical basis, and for many problems its convergence is 
rapid. Furthermore, according to Broyden, 2 competitors such as those based 
upon the minimization of some norm of the vector f by the steepest descent, or 
some similar method, tend to converge slowly in some instances, although a new 
method recently described by Kizner 6 may ultimately prove satisfactory. 

In the class of methods proposed by Broyden, the partial derivatives dfjdxj 
in the jacobian matrix are evaluated only once. In each successive trial the 
elements of the inverse of the jacobian matrix are corrected by use of computed 
values of the functions f t . Throughout the development which follows, it is 
supposed that the functions f t are real variable functions of real variables and 
that the functions are continuous and differentiable. If the jacobian matrix B k in 
the Newton-Raphson equation [Eq. (15-3)] is nonsingular, then B k l exists and 

X k+1 = X k -B-f k (15-45) 

where AX k = X k + 1 — X k . 

Let P k be defined as follows 

P k =-A k f k (15-46) 

where A k is some approximation of B k . Then a simple modification of the 
Newton-Raphson method consists of 

X k+1 = X k + s k P k (15-47) 

where s k is a scalar which is picked as described below. 
Now let the vector X be defined by 

X = X k + sP k (15-48) 

where s is arbitrary. Each function/; may now be regarded^ a function of the 
single variable s. Since the partial derivatives dfjdxj are assumed to exist, each 
derivative with respect to s is given by 

#L y ^L d ^l (i=l f 2,. ..,n) (15-49) 

ds ,~i dXj ds 

It will now be shown that an approximation to the derivatives given by 
Eq. (15-49) may be used to improve the approximate matrix A k . By use of the 
relationship obtained by differentiating the members of Eq. (15-47) with respect 
to s, dX/ds = P k , it is possible to restate Eq. (15-49) in the following form 

^- f =BP k (15-50) 

Thus, if an accurate estimate of di/ds were available, it could be used with 
Eq. (15-50) to estimate a condition that any approximation to the jacobian 
matrix must satisfy. Suppose, however, that the partial derivatives are evaluated 
numerically. Since the value of the jacobian matrix at the point X k+1 is desired, 
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the derivative df/ds at the point X k+l may be evaluated numerically. The numeri- 
cal approximation of the derivative df/ds may be computed as follows 

d/i _ Wk + s k p k ) -y;[x fc + (s k - 6)pj (1551) 

ds r. 

or in simpler notation 

_4f i:l . fi(Sk-£)-fi.k+i 

ds ~ n 

Thus, the complete set of derivatives may be represented as follows 

((s k -s)^f k+l -ef s (15-52) 

Elimination of df/ds from Eqs. (15-50) and (15-52) yields 

f* + i -f(* -<*) = <* BP k (15-53) 

In the class of methods proposed by Broyden, the improved approximation A k + 1 
of A k is selected such that the following equation is satisfied 

h + i-Hs k -s k ) = E k A k+l P k (15-54) 

Next, let the square matrix H fc of order n be defined by 

H k =-A k * (15-55) 

and the column vector Y k of order n by 

Y fc = f* +1 -f( 5fc -£ k ) (15-56) 

When stated in terms of these matrices, Eqs. (15-46) and (15-54) become 

P k = H fc f fc (15-57) 

H k+1 Y k =-£ k P k (15-58) 

respectively. Also, Eqs. (15-54) and (15-56) may be combined to give 

Y k = s k A k+1 P k (15-59) 

which relates the change Y k in the vector function to a change of X in the 
direction P k . In the procedure called "Method 1" by Broyden, A k+1 is chosen 
so that the change in f predicted by A k+1 in a direction Q k orthogonal to P k is 
the same as would be predicted by A k , that is, 

A k+1 Q k =A k Q k QfP k = (15-60) 

When these two relationships are combined with Eq. (15-59), the following for- 
mula for A k+1 is obtained (see Prob. 15-2) 

A t+1 = A t + (Y '- e *y* )P ' (15-61) 

8 k*k r fc 
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In the solution of problems by use of a computer, it is preferable to store H fc 
rather than A k . To obtain H k+1 from \ k+u Householder's formula is used. If A 
is a nonsingular matrix and X and Y are vectors, all of order n, and if (A + XY 7 ) 
is nonsingular, then Householder's formula 

. A^XY'A" 1 
(A + XYT^A-^ 1 + Y . fA , lx 

applies. When this formula is applied to Eq. (15-61), one obtains 

(8 k P k +H k Y k )P k 'H k 



Hfc+i = H k 



P* H k Y k 



(15-62) 



(see Prob. 15-3). 

In the application of these relationships, e k is set equal to s k , which amounts 
to using a full step size to approximate the total derivative; see Eq. (15-51). The 
numerical value of s k is picked such that convergence is promoted; that is, for 
the /cth trial, s k is picked such that the euclidean norm (see App. A) of f k + ^ is less 
than the euclidean norm of f k , that is, 

1 1/2 



E/ffc) 



1/2 



Z /?(**- 1) 



(15-63) 



The first value of s k (denoted by the second subscript) is taken as unity 

5fc, i = 1 

If this value of s k satisfies Eq. (15-63), it is used; otherwise, a second value is 
computed by use of the following formula which was developed by Broyden 

(1 + 6rjY' 2 - 1 



*k, 2 



where 



3^7 



Z/?(i) 

1 = 1 



(15-64) 



1 = 1 

As pointed out by Broyden, other methods for picking s k may be used. For 
example, s k may be picked such that the euclidean norm of f is minimized. 

The steps of a calculational procedure proposed by Broyden are presented in 
Chap. 4. 
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PROBLEMS 



15-1 Broyden's derivation of Eq. (15-64) is initiated as follows. Let <f>(x) denote the square of the 
euclidean norm, and let the ideal quadratic of this norm be defined as one which has the properties 
that </>,(!) = and 4> q {\) = 0. 

(a) Show that the ideal quadratic has the following representation 

<t> q (x) = (\-2x + x 2 )<j>(0) 

(b) In practice, the square of the euclidean norm at x = 1 is very rarely equal to zero. If the 
deviation of the square of the norm from zero at x = 1 is due to the contribution of a single cubic 
term, show that the ideal cubic approximation of <j> has the following representation 

<Mx) = (l-2x + x 2 M0) + x 3 4>(l) 

(c) By setting d<f>Jdx = and solving for the positive root lying between zero and unity, show 
that the expression given by Eq. (15-64) is obtained. 

15-2 This problem consists of a suggested outline for the development of the relationship given by 
Eq. (15-61). In this suggested development, the trial subscript k which appears in Eqs. (15-57) 
through (15-60) is dropped. Let the given trial vector P k of order n which appears in the text be 
denoted by P,. Now pick n - 1 other vectors, P 2 , P 3 , ..., P„, which are mutually orthogonal and 
orthogonal to P^ that is, 

PfP, = if i±j 

PfPj^O if /=; 

[Note that the vector Q k which appears in Eq. (15-60) may be selected from the set P 2 , .. 
(a) Let the matrix formed bv these column vectors be denoted by 



(A) 



C = [P, P 2 -P„] = 
and let D denote the matrix formed by the transpose of each column vector 



P,i 
'it 



'i» 
Pi. 



D=[P* P T 2 ••• P„T = 



P,i 

I'll 



Pi. Pi, 



(B) 



(C) 



Show that 



DC = 



P[P, 
PIP 2 



PIP. 



(D) 



(b) Let the diagonal matrix on the right-hand side of Eq. (D) be denoted by [PfPj and its 
inverse by [1/P/"PJ, that is, 



[ 1 



! PW 



1 
P[p t 

o 



o 

l 



(E) 



1 
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Show that 



C ' = 







\ P ' 1 




P[P 1 


1 
P[P, 


D = 


PI 
P[P 2 




P« 






prp 



(F) 



(c) Next, let Eq. (15-58) and the first expression of Eq. (15-55) be restated in the following 
respective forms 

BP 1 = * < G > 



0>2) 



(H) 



where A and B are nonsmgular square matrices of order n and Y is a compatible column vector. 
(Note B corresponds to A k+ P A to A k , Y to Y t and e to £ k in the text.) Show that 



BC = A 



A*Y 



P2P3 



and that 



B = A 



A *Y 



P 2 Pa 



By partitioning the multiplication implied by this expression, show that 

Pi "■ 



B: 



eP^i 



+ A[P 2 P 3 PJ 



PJP2 

p: 
p:p. 



a) 



(d) Begin with the relationship 
and show that 



I = CC" 



A=^£+A[P 2 P 3 P.] 



PIP2 
PI 



pTp 

L* » »« 



(J) 



(.) By use of the results given by Eqs. (I) and (1\ obtain the desired formula, Eq. (15-61). 
15-3 Begin with Eq. (15-61) and show that when Householder's formula is applied one obtams the 
result given by Eq. (15-63). 
Hint: 

b - e k P[P k 

Y fc -£ fc A t P fc 

b 



X- 
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Then Eq. (15-49) becomes 

A k+i = A * + xp * r 
Observe that 

A t \\ = [A i+ XPn- (A) 

and that the right-hand side of the expression may be evaluated by use of Householder's formula. 
15-4 (a) Solve the following set of equations by use of the Newton-Raphson method. For the 
starting vector, take x k = y k = z k = 0. 

/\(x, y, z) = x + Ay + z + 1 
/ 2 (x, y, z) = 2x + 3y + 2z + 2 
/ 3 (x, y, z) = 3x + lOy + 4z - 7 

Answer: x = - 1 1, y = 0, z = 10 

(b) Explain why only one trial is required to obtain the solution. 
15-5 Find the positive roots of the following equations by use of the Newton-Raphson method. For 
the starting vector, take x k = 2, y k = 3 

f i (x,y) = x 2 -y 2 -2 

/ 2 (x,y) = 2x 2 -3y 2 + 6 

Answer: x = ^/\2, y = N /l0 
15-^ Prove the proposition whose statement is given by Eq. (15-24) and (15-25). 
Hints: 

(1) First observe that 

x lk - a, = F.(X k _ ,) - F,(a) (1 < i < n) (A) 

(2) Next make use of ffo? mean value theorem of differential calculus for multivariable functions 
(A-6), namely, 

*. -« . - i ^M (*m- . - «i) < i s .• < R ) (b) 

where 

tl.*-l-Ki.l.i-l«l.2.*-l-^i-J T 

^u-i = fl J + ft.»-iK»-i-fli) 

where 

0<A.*-,<1 

15-7 Show that the conditions given by Eqs. (15-24) and (15-25) are sufficient to assure convergence 

for the Gauss-Seidel method of iteration. 

Hint: 

Make use of the fact that the calculations of x lk may be represented by Eq. (B) of Prob. 15-6. 
Since X t _ t is assumed to belong to K, £ 1Jk _ , belongs to R. 
15-8 When Eq. (B) of Prob. 15-6 is stated in matrix notation, one obtains 

Ei-B^.E^., (A) 

where B is defined below Eq. (15-27), and 

E k = X t -« (B) 
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Show that if the conditions given by Eq. (15-27) are satisfied, then convergence can be assured for 

the Jacobi method of iteration. 

15-9 Show that if the F.'s are linear, a necessary and sufficient condition for convergence is that each 

eigenvalue of B is less than unity. 

Hints: 

(1) By repeated substitution, show that Eqs. (A) and (B) of Prob. 15-8 give 

E„=BX (A) 

(2) If B is a nonsingular matrix of order n with n distinct eigenvalues, then 

Q 1 BQ = A 

where A is the diagonal matrix which has as its elements the n eigenvalues of B. 
15-10 The real symmetric matrix H is defined by 

H = A T A 

where A is real, nonsingular, and of order n. Show that the eigenvalues of H are all real. 
15-11 Show that all of the roots of the real symmetric matrix H (defined in Prob. 15-10) are positive. 
15-12 If the eigenvalues of H (defined in Prob. 15-10) are all distinct, then the eigenvectors corre- 
sponding to eigenvalues are mutually orthogonal. 
15-13 Show that the vectors forming an orthonormal system are linearly independent. 
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APPENDIX 

A 

MATRIX NORMS AND THEOREMS 



In Sec. A-l, an abbreviated treatment of matrix and vector norms is presented, 
and in Sec. A-2, mathematical theorems used in the text are presented. 



A-l MATRIX AND VECTOR NORMS 

A brief presentation of certain matrix relationships which are useful in the 
analysis of a series of matrices follows. More extensive treatments of matrices are 
available; see for example Refs. 1, 2, 4, 5, 6, and 8. For a treatment of the general 
subject of matrices, see Amundson, 1 and for a brief summary of some of the 
properties, see Ref. 7. 

In the following development, it is supposed that the reader is familiar with 
the matrix operations of addition, subtraction, multiplication, and inversion. 
When any of these operations are indicated, it is of course supposed that the 
matrices involved are conformable in the operations indicated. Also, it should be 
noted that any matrix other than a column or row matrix is considered to be a 
square matrix. 

Unless otherwise noted, it is supposed throughout the following develop- 
ments that the elements of each matrix are real numbers. A square matrix A of 
order n is represented as follows: 



A = 



All «12 

a 2i a 22 



01n 
«2» 



.0*1 <*n2 '" <*nn 

A square matrix is said to be symmetric if a Vi = a jt . 



(A-l) 



583 



584 FUNDAMENTALS OF MULTI COMPONENT DISTILLATION 



A column matrix or column vector of order n has the following meaning. 



X = 



(A-2) 



The transpose of A, denoted by A', is formed by exchanging the correspond- 
ing rows and columns of A, that is, 



A r = 



011 «21 

a l2 a 22 



a„i 
0*2 



«1« «2n 



a ni 



(A-3) 



If A is symmetric, then A 7 = A. 

The transpose of the column vector X is seen to be the following row matrix 
or row vector 

X r =[jc, x 2 ••• xj (A-4) 

Throughout the following development, a vector will always be represented by a 
column vector, and the transpose of a vector will always be represented by a row 
vector. The transpose of a product of two matrices (which are conformable in 
multiplication) is equal to the product of the transposes taken in reverse order 

(AB) T =B r A T (A-5) 

The validity of this relationship is readily demonstrated by use of two square 
matrices of order 2. Multiplication of A by B gives 



AB = 



a xl a 12 
a 21 a 22 



bu b l2 
b 2l b 22 



(a 11 b ll + a 12 b 2l ) (a n b l2 + a l2 b 22 ) 
(a 2l b 11 +a 22 b 2l ) (a 21 b l2 + a 22 b 22 ) 



(AB)' r = C r = 



Then from Eq. (A-3), the transpose of C is given by 

(a n b ll + a l2 b 2l ) (a 2l b n + a 22 b 2l ) 
(a n b 12 + a l2 b 22 ) (a 2l b l2 + a 22 b 22 ) 

The right-hand side of Eq. (A-5) has the following representation 

which upon multiplication yields the transpose of C [Eq. (A-7)], 

B' A r = C 



= C (A-6) 



(A-7) 



«12 «22 



(A-8) 



(A-9) 



Since (AB) 7 " = C T and B r A r = C T , it follows that (AB) r = B r A 7 , [Eq. (A-5)]. 
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The determinant of A is commonly denoted by | A| or det A. If | A| = 0, 
the matrix A is said to be singular; and if | A| =^0, the matrix A is said to be 
nonsingular. One rule for the multiplication of two determinants of the same 
order is the same rule as that for the multiplication of two square matrices of the 
same order. Thus 

|A||B| = |C| (A-10) 

and since the elements of C are identically the same as those of the matrix 
product AB, it follows that 

|AB| = |A||B| (A-ll) 

Thus, the determinant of the product of two matrices is equal to the product of 
their determinants. 

The vector product X'X is seen to be a scalar, namely, 

XX = txf (A-12) 

i=l 

and the square root of this scalar is called the euclidean norm of an n- 
dimensional vector space, as discussed in a subsequent section. If each element of 
the vector X is divided by k (k 2 = jcf 4- x 2 2 + ••• + .v„ 2 ), then the vector X is said 
to have been normalized. That is, let 

Y = lx (A-13) 

where the elements of Y are related to those of X by 

y>= , /V (A-14) 

(£*■) 

Thus, it follows that the normalized vector Y has the property that 

Y'Y = 1 (A-15) 

For any two vectors X and Y of the same order, the products X r Y and YH 
are equal to the same scalar 

X r Y= txM-YTX (A-16) 

i=l 

Two vectors X and Y are said to be orthogonal if 

X r Y = (A-17) 

For example, the vectors X t and X 2 are seen to be orthogonal. 

~2 
X{X 2 = [1-2 1] 1 =0 
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The corresponding normalized vectors Y x and Y 2 are also orthogonal 

Y[Y 2 = [l/3 -2/3 2/3] 



l/x/5 



= 



and 



Y[Y 1 = [l/3 -2/3 2/3] 



YJY 2 = [2/^/5 1/^/50] 



1/3 
-2/3 
L2/3 J 

l/x/5 




= 1 



Orthogonal vectors Yj and Y 2 which have been normalized are said to be 
orthonormal. A system of vectors is said to be orthonormal if the normalized 
vectors of the system are mutually orthogonal. 

If the elements x, of X are complex and X is a column vector that contains 
the corresponding complex conjugates x, of x„ then the product X 7 * is a real 
valued scalar 



X^= £*,*,= IN 2 



(A-18) 



where | x { | = the modulus or absolut e value of the complex number. For 
example if x, = a, + ;&, then |x,| = y/af + ft 2 , where a, and ft are real num- 
bers, and; is the complex unit with property; 2 = - 1. 

For real matrices, the product X r AX is also a scalar, whose value is given by 



X r AX= X I*i«<i*j 



(A-19) 



The matrix A is said to be positive definite if X r AX > for all conformable 
vectors X ^ 0. If X r AX > for all conformable vectors X ± 0, then A is said to 
be positive semidefinite. 

The vectors X u X 2 , ..., X„ (all of the same order) are said to be linearly 
independent if and only if the one set of scalars c l9 c 2 , ..., c n that satisfies the 
equation 

cA + c 2 X 2 + c 3 X 3 + • • • + c n X n = (A-20) 

is the set c x = c 2 = • = c„ = 0. An example of a set of independent vectors is 
the set of unit vectors for three-dimensional space 



Ei = 



f 




0" 










E 2 = 


1 


E 3 = 















1 
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Note that if a set of vectors is linearly independent, no one vector of the set can 
be formed from a linear combination of the remaining vectors of the set. A set of 
vectors is said to be linearly dependent if there exists some set of scalars c l9 
c 2 , . . . , c n not all zero that satisfy Eq. (A-20). 

The following well-known theorem, which is stated without proof, is needed 
in subsequent developments. 

Theorem A-l-1 If A is a square matrix of order n and X is a conformable 
column vector, the equations AX = have a nontrivial solution if and only 
if |A| =0. 

Any solution X =£ is called a nontrivial solution of the equations AX = 0. Note 
that any solution X is not unique because kX (where k is any nonzero scalar) is 
also a solution. 

The eigenvalues of the matrix A are the scalars k that make 

| A — AI | =0 (A-21) 

The development leading to this definition follows. Consider the matrix equation 

AX = ^X 

Then 

(A - >II)X = (A-22) 

By Theorem A-l-1 there exists a nontrivial solution of Eq. (A-22) if and only if 
| A — AI | =0. 

For each eigenvalue X t that makes | A - A,I | = 0, there exists a correspond- 
ing eigenvector (not unique) given by 

AX, = A,X, (A-23) 

Properties of the Real Symmetric Matrix H = A r A 
(A is Real, Nonsingular, and of Order n) 

Since A is real, then the transpose A r is real, and consequently H is real. Since 
|A| #0 and |A r | * 0, it follows from Eq. (A-ll) that |H| * 0. Thus, H is 
nonsingular. That the matrix H is symmetric follows immediately 

H r = (PJA) T = AJ(fijy = A r A = H 

If A is real and nonsingular, then for any arbitrary real vector X + 0, H is 
positive definite. The truth of this statement is established as follows 

X 7 HX = X r A r AX = (AX) r (AX) (A-24) 

Since A is nonsingular, it follows from Theorem A-l-1 that AX + 0. Thus, AX is 
equal to some nonzero vector Y, and Eq. (A-24) reduces to 

X^X = Y 7 * > (A-25) 

Consequently, H is positive definite. 
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It can be shown that the eigenvalues of the real symmetric matrix 
H(H = A 7 A, where A is real and nonsingular) are real and positive. Also, if the 
eigenvalues of H are all distinct, then the eigenvectors corresponding to the 
different eigenvalues are mutually orthogonal. 

A system of mutually orthogonal vectors is readily converted to an ortho- 
normal system by dividing each vector of the system by the square root of the 
sum of the squares of its elements [(X'X) 1/2 ]. It can be shown that the vectors 
forming an orthonormal system are linearly independent. Thus, if the n 
eigenvalues of the real symmetric matrix H are all distinct, there exist n ortho- 
normal and linearly independent eigenvectors. This result may be generalized 
because it can be shown that to each eigenvalue of a real symmetric matrix there 
corresponds as many linearly independent orthonormal eigenvectors as the mul- 
tiplicity of the eigenvalue; see for example Hadley. 6 That is, if an eigenvalue is 
repeated k times, there exists k linearly independent eigenvectors corresponding 
to this repeated eigenvalue. Thus, for the n eigenvalues A t > X 2 > A 3 > 
• • * > K > of the real symmetric matrix H, there exists n orthonormal and 
linearly independent eigenvectors. 



Norms of Vectors and Matrices 

In the investigation of the characteristics of series of vectors and matrices, the 
concept of norms of vectors and matrices proves to be quite useful. The norm of 
a vector X of order n is a nonnegative number ||X|| satisfying the following 
conditions: 

1. ||X|| > for X ± and ||0|| = 0. 

2. j|cX|| = \c\ ||X|| for any numerical multiplier c. 

3. ||X + Y|| < ||X|| + ||Y|| (the triangle inequality). 

The most common norms that satisfy these three conditions are as follows: 

I. The maximum norm ||X||, = max f |x,|, which means that the norm is equal 
to the absolute value of that element x f whose absolute value is equal to or 
greater than that of any other element of X. 
II. The absolute norm |jX||„ = £?=i \x t \. 
III. The euclidean norm ||X|| UI = (% ml Kf) 1/2 . 

The euclidean norm is seen to be the length of the vector X. For X real 

(n Vl/2 

Ix?) (A-26) 

The Euclidean norm is used exclusively in the analysis presented in the text. 
Furthermore, since the elements of the vectors and matrices corresponding to 
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the processes considered in the text are real, it is supposed throughout the follow- 
ing development that all of the numbers are real. 

It will now be shown that the euclidean norm satisfies conditions 1, 2, and 3. 
For X j= 0, it is evident that 



»x«.u=( ( !>?) 



1/2 

>0 



If X = 0, then (£? =1 2 ) 1/2 = 0, and condition 1 is satisfied. The euclidean norm 
of cX is given by 



«B.= 



|wj I/2 =l C l(| t ^) 



and condition 2 is satisfied. To show that the euclidean norm satisfies the 
triangle inequality, one may commence with the Schwarz inequality 

J>?) (itf) >£*,* (A-27) 

Multiplication of both sides of Eq. (A-27) by 2, followed by the addition of 
2j= i *i and £? = x j/ 2 to both sides yields an expression which is readily reduced 
to give 

' " 1 1/2 / n vl/2 in \l/2 

J>< + *) 2 ] £(5>?) + (5>?) (A-28) 

This result is recognized as the triangle inequality for the euclidean norm. 

In an analogous manner, the norm of a square matrix A is defined as a 
nonnegative number ||A|| satisfying the following conditions: 

1. || A|| > if A ^ and ||0|| = 0. 

2. ||cA|| = \c 1 1| A || for any numerical multiplier c. 

3. ||A + B||<||A|| + ||B||. 

4. ||AB||<||A||||B||. 

Since the matrix A and the vector X generally appear together as AX, it is found 
desirable from the standpoint of application to pick norms in pairs such that the 
following inequality is satisfied 

||AX||<||A||||X|| (A-29) 

The norm of a matrix is said to be compatible with a given vector norm provided 
Eq. (A-29) is satisfied for any matrix A and any conformable vector X. The 
following procedure is employed for the construction of the matrix norm such 
that it is compatible with a given vector norm. First, observe that the lengths of 
all vectors in any n-dimensional vector space span the set of all real numbers, 
and that the process of normalization of each vector throws the lengths of all 
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vectors into a space containing the single element unity. The norm of the matrix 
A is taken to be the maximum of the norms of the vector AX, where X is picked 
from the set of all vectors having a norm of unity. That is 

||A|| = max ||AX|| (A-30) 

HX|| = 1 

First it will be shown that for any real nonsingular matrix A of order n, there 
exists a particular vector X t such that flXj | = 1 and flAXt || = ||A||. The matrix 
norm so constructed is said to be subordinate to the given vector norm. Then it 
will be shown that the matrix norm so constructed satisfies the four conditions 
required of a matrix norm as well as the compatibility relationship. Only the 
matrix norm subordinate to the euclidean vector norm ||X||„, given by 
Eq. (A-26) is considered. Now consider the vector AX, whose vector norm as 
given by Eq. (A-26), is 

||AX|| 2 IU = (AX) r AX = X r A r AX = XTK (A-31) 

Since A is real and nonsingular, it follows from the previous section that H is 
real, nonsingular, symmetric, and has eigenvalues which may be ordered as 
follows 

Aj >k 2 > ••• >A„>0 
Let the corresponding orthonormal system of eigenvectors be denoted by 

X l5 X 2 , ..-, x„ 

Since these eigenvectors are linearly independent, any arbitrary vector X with a 
euclidean norm of unity may be stated as a linear combination of this orthonor- 
mal set of eigenvectors 

X = c 1 X 1 + c 2 X 2 + --- + c fl X n (A-32) 

Since the norm of X is unity, it follows that 

||X|j 2 „=X^ = c? + c 2 2 + - + c 2 = l 

The factors X 7 and HX in Eq. (A-31) are given by 

X 7 " = Cl X[ + c 2 X 2 +••• + £„ Xj 
and 

HX = c^A + c 2 k 2 \ 2 + ••• + c n k n \ n 

Since the eigenvectors X lf X 2 , ..., X„ are orthonormal, it follows that Eq. (A-31) 
reduces to 

||AX||f„ = XTIX = X x c\ + X 2 c\ + - + A„c 2 



MATRIX NORMS AND THEOREMS 591 

The maximum value of ||AX||,„ occurs when X = X t . For this case 

||AX 1 ||i I =X^KX 1 = A I XlX 1 = A 1 
Thus, the norm of the matrix A is given by 

||A|| MI = max HAX.IU-A (A-33) 

l|Xl||=l 

The matrix norm ||A|| m = JT[, where k x is the largest eigenvalue of H = A 7 A, 
which is commonly referred to as the Hilbert or spectral norm of matrix A. 

Now it will be shown that the Hilbert matrix norm and the euclidean vector 
norm satisfy the four requirements as well as the compatibility relationship. To 
show that the first condition is satisfied, let A be any real nonsingular, nonzero 
matrix (A ^ 0). Then there exists a vector X such that ||X|| m = 1 and such that 
the euclidean norm of the vector AX is a maximum and nonzero. Moreover, the 
particular vector X that satisfies these conditions is the eigenvector X x corre- 
sponding to the largest eigenvalue X v That is 

||A|| 1II =||AX 1 || III = yi;>0 
If A = 0, then certainly there exists a vector X such that 

||A|| m = max ||0X|| ni = 

l|X|| = l 

and consequently condition 1 is satisfied. To show that condition 2 is satisfied, 
let c be any real number multiplier of the real nonsingular matrix A. By 
definition of the euclidean vector norm, it follows that 

||cAX|| m = [c 2 (AX)'(AXr 2 = |c|[(AX)'(AXr 2 

= k|||AX|| m 

Since there exists an X having a euclidean norm of unity for which the euclidean 
vector norm of AX is a maximum, it follows that 

||cA|| m = max \c\ ||AX|| m = |c|||A|| m 

HX|| = 1 

and thus condition 2 is satisfied. To verify the compatibility condition, let Y be 
any real nonzero vector and let X denote the vector obtained by normalization 
of Y. That is 

x= Wi 

Now let A be any real nonsingular matrix of the same order as Y. Then from the 
properties of the vector norm, it follows that 

||AY|| II1 =||AX(||Y||)|| 1II =||Y||,, I ||AX|| 1II 

Since the vector norm of AX is equal to or less than the vector norm of AX t (the 
Hilbert norm of A = ||A|| m = \\AX l \\ m = s ft^\ it follows that 

||AY|| III <||A|| III ||Y|| III 
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To verify the third condition, consider first any two square matrices A and B 
which are real and nonsingular. Now pick a vector X such that ||X || m = 1 and 
such that the vector norm || (A + B)X || ,„ is a maximum. Then the triangle 
inequality (condition 3 for vector norms) may be used to show that 

||A + B|| m = max ||(A + BjX || m < ||AX ||„, + ||BX ||,„ 

UXoll = i 

^llAlliii+llBl,,, 

and thus the third condition is satisfied. 

To show that the condition 4 is satisfied, let A and B be any two real 
nonsingular matrices of the same order. Let X denote a vector with a euclidean 
norm of unity for which the vector norm ||ABX || m takes on its maximum value. 
Then 

||AB|| m = max || ABXo|| ra = ||A(BX )|| m 

II x ll = i 

But l|A(BX )|| ni < ||A|| in ||»Xo||.i. < UAllmlBlIu, 

Thus ||AB|| in <||A|| m ||B|| m 



An Upper Bound of the Largest Eigenvalue of 
the Real, Symmetric Matrix H 

Since the Hilbert norm of the matrix H (H = A r A, where A is real and nonsingu- 
lar) is equal to y/k~ u a method is needed for approximating k l9 the largest 
eigenvalue of H. One approximation of k t is given by Gerschgorin's theorem 
(see Smith 9 ). For the special case of the symmetric matrix H, Gerschgorin's 
theorem may be stated as follows: 

Theorem A-l-2 The largest eigenvalue k x of the real symmetric matrix H 
(H = A r A, where A is real and nonsingular) is equal to or less than the 
largest sum of absolute values of the elements of H along any row (or 
column), that is, 

A^max £|fc y | (A-34) 

i ;=i 

where k x is the largest eigenvalue of H. 

Proof Let X x be the eigenvector with elements (x l9 x 2 , . . • , x n ) correspond- 
ing to the eigenvalue k v Let x s denote that element of Xj that has the largest 
absolute value. The matrix equation 

HXj = AjXj 
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may be displayed as follows 

h li x l + h l2 x 2 + ••• + h ln x n = A^j 

^21^1 + /l 2 2*2 + ••• + h 2n X„ = k x X 2 



^1*1 + ^»2^2 + *•• + h nn x„ = X x X n 
Division of each member of the wth equation by x s gives 

''HS) + Mf) + " + MS) 

Since by selection 



(3* 



1 (i=l,2,...,n) (A-35) 



it follows that 



*i< IM + IM +-+ |*»| (A-36) 

Since H is symmetric, it follows that the sum of the absolute values of the 
elements of row s is equal to the sum of the absolute values of the elements 
of column s. If the sum of the absolute values of the elements of some other 
row is greater than the sum for row 5, then this sum is also greater than k v 
Thus, to find an upper bound of X l9 one needs only to locate that row having 
the largest sum of absolute values of its elements. 



A-2 THEOREMS 

Although the following definitions and theorems are to be found in most texts 
dealing with functional analysis, they are repeated here for the convenience of 
the reader. 

Definition A-2-1 Continuity off(x) at x The function of f(x) is said to be 
continuous at the point x if, for every positive number e, there exists a S E 
depending upon e such that for all x of the domain for which 

|*-*o|<<5* 
then 

|/(*)-/(*0)|<6 

Definition A-2-2 Continuity off(x) in an interval A function which is contin- 
uous at each point in an interval is said to be continuous in the interval. 
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Theorem A-2-1 If the function f(x) is continuous in the interval a < x < b 
and f(a) § k $f(b), then there exists a number c in the interval a<c<b 
such that 

Theorem A-2-2 Mean value theorem of differential calculus If the function 
f(x) is continuous in the interval a < x < b and differentiate at every point 
of the interval a < x < b, then there exists at least one value { such that 

f(b)=f(a) + (b-a)f'[a + a*>-<>)] 
where < £ < 1. 

Theorem A-2-3 Mean value theorem of integral calculus If the function /(x) 
is continuous in the interval a < x < b, then 

\ b f(x)dx=f(0(b-a) 

where a <£ <b. 

Theorem A-2-4 Taylor's theorem If the functions f(x\ f'(x\ ...,/ (,,) (x) are 
continuous for each x in the interval a < x < b, and/ (n+1) (x) exists for each 
x in the interval a < x < b, then there exists a £ in the interval a < x < b 
such that 

f(a + h) =/(«) + hf(a) + j^ 2 \a) + ^/<» + - + £/«(«) + R. 

where h = b- a, and the remainder R n is given by the formula 

R » = Jn^. fin+1)(i) ^ a< ^ <b) 

Theorem A-2-5 Weirstrass M test Let f x {x) +f 2 (x) + ••• +f n (x) + • •• be a 
series of functions of x defined in the interval a < x < b. If there exists a 
convergent series of positive constants 

M 1 +M 2 + --- + M II + --- 
such that 

|y;.(x)| <M { (for alii) 

for all x in the open interval a < x < b, then the series of functions is 
uniformly and absolutely convergent for a < x < b. 

Definition A-2-3 A function f(x u x 2 , . . . , x n ) of n variables x l9 x 2 , . . . , *n is 
said to be homogeneous of degree m if the function is multiplied by A m when 
the arguments x l9 x 2 , . . . , x„ are replaced by Ax x , Ax 2 , . . . , Ax„ , respectively. 
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That is, if/(xj, x 2 , ..., x„) is homogeneous of degree m, then 
f(Xx u Xx 2 , ..., Xx n ) = X m f(x u x 2 , ..., x„) 

Theorem A-2-6 Euler's theorem If the function f(x lt x 2 , .., x n ) is homo- 
geneous of degree m and has continuous first partial derivatives, then 

d f d f d f 

^W^ X2 dT 2 ^ m '' + x 'K'^ {XuX29 ''' 9Xm) 

Theorem A-2-7 Mean value theorem of differential calculus for multivariable 
functions Let/(x, y, z) be continuous and have continuous first partial deriva- 
tives in a domain D. Furthermore, let (x , y ,z ) and (x + h, y + k, z + /) 
be points in D such that the line segment joining these points lies in D. Then 

/(*o + *, yo + K *o + I) ~ f{x , y , z ) = h/ x + */+ i-fz 

where each partial is evaluated at the point 

(x + a/i, y + a/c, z + a/) < a < 1 
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APPENDIX 



B 



EQUILIBRIUM AND ENTHALPY DATA 



Table B-l Equilibrium datat 

P = 300 lb/in 2 abs, (KJT) m = a u + a 2i T + a 3| .r 2 + a 4l -T 3 (T in °R) 



Component 


a { x 10 2 


a 2 x 10 5 


a 3 x 10 8 


a A x 10 12 


CH 4 


32.718139 


-9.6951405 


6.9229334 


-47.361298 


C 2 H 4 


-5.177995 


62.124576 


-37.562082 


8.0145501 


C 2 H 6 


-9.8400210 


67.545943 


-37.459290 


-9.0732459 


C,H 6 


-25.098770 


102.39287 


-75.221710 


153.84709 


C 3 H 8 


-14.512474 


53.638924 


-5.3051604 


- 173.58329 


<-C 4 H, 


-10.104481 


21.400418 


38.564266 


-353.65419 


<-QH 10 


-18.967651 


61.239667 


-17.891649 


-90.855512 


n-C 4 H 10 


-14.181715 


36.866353 


16.521412 


-248.23843 


i-C 5 H 12 


-7.5488400 


3.2623631 


58.507340 


-414.92323 


n-C 5 H 12 


-7.5435390 


2.0584231 


59.138344 


-413.12409 


"- C 6 H 14 


1.1506919 


-33.885839 


97.795401 


-542.35941 


n-C 7 H 16 


5.5692758 


-50.705967 


112.17338 


-574.89350 


n-C 8 H 18 


7.1714400 


-52.608530 


103.72034 


-496.46551 


400 


2.5278960 


-17.311330 


33.502879 


- 126.25039 


500 


3.3123291 


- 16.652384 


24.310911 


-64.148982 



t Taken from S. T. Hadden: " Vapor- Liquid Equilibria in Hydrocarbon System," Chem. 
Eng.Prog., 44:37(1948). 
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Table B-2 Enthalpy datat 

P = 300 lb/in 2 abs; (J,,) 1 ' 2 = c u + c 2i T + c 3l 7 2 (7 in °R); 
(tf,) 1 2 = <-„ + t' 2l 7 + * 3l . 7 2 (Tin °R), Btu/lb mol 
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Component 


<"l 


c 2 x 10 


c 2 x 10 4 


*i 


e 2 x 10 4 


e 3 x 10 6 


CH 4 


-17.899210 


1.7395763 


-3.7596114 


44.445874 


501.04559 


7.3207219 


C 2 H 4 


-7.2915000 


1.5411962 


-1.6088376 


56.79638 


615.93154 


2.4088730 


C 2 H 6 


-8.4857000 


1.6286636 


-1.9498601 


61.334520 


588.75430 


11.948654 


C 3 H 6 


- 12.427900 


1.8834652 


-2.4839140 


71.828480 


658.55130 


11.299585 


C 3 H 8 


- 14.500060 


1.9802223 


-2.9048837 


81.795910 


389.81919 


36.470900 


i-C 4 H 8 


- 16.553450 


2.161865 


-3.1476209 


139.17444 


-822.39488 


120.39298 


<-C 4 H 10 


- 16.5534050 


2.1618650 


-3.1476209 


147.65414 


-1185.2942 


152.87778 


n-C 4 H 10 


-20.298110 


2.3005743 


-3.8663417 


152.66798 


-1153.4842 


146.64125 


/-C 5 H 12 


-23.356460 


2.5017453 


-4.3917897 


130.96679 


- 197.98604 


82.549947 


n-C 5 H 12 


-24.371540 


2.5636200 


-4.6499694 


128.90152 


2.0509603 


64.501496 


h-C 6 H 10 


-23.870410 


2.6768089 


-4.4197793 


85.834950 


1522.3917 


-34.018595 


«-C 7 H 16 


-25.314530 


2.8246389 


-4.5418718 


94.682620 


1479.5387 


-19.105299 


w-C 8 H 18 


-22.235050 


2.8478429 


-3.8850819 


106.32806 


1328.3949 


1.6230737 


400 


-203.32192 


6.3932857 


-21.611909 


72.328160 


1893.3822 


-59.003314 


500 


1.9205300 


3.0179232 


-2.2183809 


138.49658 


1497.8171 


18.641269 


t Based on 


data taken from J. B. 


Maxwell: Data 


Book on Hydrocarbons, D. 


Van Nostrand 



Company, New York, 1955 



Table B-3 Equilibrium datat 



I. Vapor Pressures: Constants for the Antoine equation 






In P 


(mmHg) = A - 


B 








C + T (K) 




Component 




A 


B 


C 


Toluene 




16.01365 


3096.516 


-53.6680 


Ethylbenzene 




16.01951 


3279.456 


-59.9440 


Styrene 




16.01933 


3328.571 


-63.7200 


Isopropylbenzene 




15.97224 


3363.593 


-65.3730 


1 -methyl-3-ethylbenzene 


16.15452 


3521.067 


-64.6410 


a-methylstyrene 




13.88532 


2216.659 


-132.9380 


cis- 1-propylbenzene 




15.22500 


3056.589 


-95.6551 



t Selected Values of Properties of Hydrocarbon and Related Compounds, 
American Research Project 44, Thermodynamics Research Center, Chemical 
Engineering Division, Texas Engineering Experiment Station. 
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Table B-4 Enthalpy datat 



II. Vapor Enthalpies: Curve fit constants for the enthalpy function 



H-H° 



= A + BT+CT 2 + DT 3 



where H is the enthalpy in the standard state of a perfect gas at the temperature T (K) in cal per gm 
mole, and Hq is the enthalpy of the perfect gas at K. 



Component 


A 


B 




c 


D 


Toluene 


- 1.658389 


0.7856237 x 10" 




-0.1114677 x 10~ 3 


0.9747316 x 10" 7 


Ethylbenzene 


7.417126 


0.2327917 x 10" 


i 


0.515253 x 10" 4 


-0.3961877 x 10" 7 


Styrene 


18.09991 


-0.6840097 x 10" 


i 


0.28509830 x 10" 3 


-0.2388318 x 10" 6 


Isopropyl- 
benzene 


21.29170 


-0.8031827 x 10" 


i 


0.3468338 x 10" 3 


-0.2915282 x 10" 6 


1-methyl- 
3-ethylbenzene 


14.81064 


-0.1858342 x 10" 




0.1802130 x 10" 3 


-0.1501775 x 10" 6 


a-methyl- 
styrene 


149.5145 


- 1.079530 




0.2885290 x 10" 2 


-0.2408575 x 10" 5 


ris- 1-propyl- 
benzene 


149.5145 


- 1.079530 




0.2885290 x 10" 2 


-0.2408575 x 10" 5 


III. Liquid Enthalpies: 














h - H° = H - 


m 


-X 




By use of the Clausius-Clapeyron equation 












dlnP 


X 







dP RT 2 

and the Antoine equation of part I, the following expression is obtained for the latent heat of 
vaporization X 



X = RT 2 



B 



(C + T) 2 



t Selected Values of Properties of Hydrocarbon and Related Compounds, Thermodynamics Research 
Center, Chemical Engineering Division, Texas Engineering Experiment Division. 
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Table B-7 Equilibrium datat 

P = 50 lb/in 2 abs; (KJT) 1 ' 1 = a x + a 2 T + a 3 T 2 + a A T 3 (T in °R). 



Component 


a, x 10 


a 2 x 10 3 


a 3 x 10 6 


a 4 x 10 9 


CH 4 


5.097584 


0.2407971 


-0.5376841 


0.2354444 


C 2 H 6 


-7.578061 


3.602315 


-3.955079 


1.456571 


^3^8 


-0.1246870 


4.932274 


-5.430016 


2.036879 


«-C 4 H 10 


-6.460362 


2.319527 


-2.058817 


0.6341839 


n-C 5 H 12 


-8.381815 


2.952740 


-2.949674 


1.053882 


n " C 6 H 14 


-2.634813 


-0.5820756 


0.0990418 


-0.2293738 


M " C 7 H 16 


-0.4456271 


0.2688671 


1.065180 


-0.5817661 


500 


9.139924 


-3.573887 


4.539999 


-1.810713 



t Based on data taken from Equilibrium Ratio Data Book, published by Natural 
Gasoline Association of America, 421 Kennedy Building, Tulsa, Oklahoma (1957). 



t Taken from F. E. Hess, Ph.D. Dissertation, Texas A&M University, 1977. For steam, i =* 35, 
the data were taken from Hadden and Grayson, "New Charts for Hydrocarbon Vapor-Liquid 
Equilibria," Hydrocarbon Process^ 40(9): 207 (1961). 

§ Water for all stages except the condenser-accumulator. 

U For the pure water in the condenser, K { = PJP. The vapor pressure data were taken from 
API Research Project 44, Selected Values of Properties of Hydrocarbon and Related Compounds, 
Thermodynamics Research Center, Chemical Engineering Division, Texas Engineering Experiment 
Station. 
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Table B-8 Vapor-liquid equilibrium data for the pseudo components in the pipestill 
example J 

(Ki/T) 113 = a u + a 2i T + a 3i T 2 + a Ai T 3 ; T = temperature in °F/400; 
Range 100°F < Temp. °F < 700°F 



Componenl 


t a u x 10 4 


a 2i x 10 4 


a 3i x 10 3 


a 4 , x 10 3 


1 


84,942.239 


- 19,887.558 


-738.57033 


439.25069 


2 


37,663.443 


45,078.397 


-5,433.5339 


1,605.0239 


3 


22,981.107 


37,241.402 


-3,296.8558 


861.6139 


4 


14,534.533 


27,932.276 


- 1,454.6345 


236.77591 


5 


7,554.5532 


29,336.869 


-1,316.8658 


184.44471 


6 


3,962.6526 


26,418.903 


-932.23369 


97.713149 


7 


2,309.7991 


22,918.657 


-718.28079 


98.482722 


8 


2,040.0548 


19,313.782 


-321.45931 


-19.950431 


9 


2,158.6454 


12,104.426 


496.89309 


-281.05582 


10 


2,032.9867 


9,064.7138 


794.28601 


-364.73093 


11 


1,924.5697 


6,357.7303 


1,026.3977 


-421.25578 


12 


1,741.0456 


2,028.4179 


1,335.7317 


-483.56342 


13 


1,578.0995 


788.79938 


1,376.6444 


-476.85528 


14 


1,427.6863 


-226.54712 


1,387.0991 


-461.36825 


15 


1,414.31 


-1,744.1716 


1,473.7543 


-474.69622 


16 


1,154.433 


- 1,595.3605 


1,347.2038 


-415.66348 


17 


994.05834 


-2,229.3182 


1,329.3031 


-396.72015 


18 


922.63432 


-2,649.8906 


1,277.2033 


-365.17737 


19 


833.49285 


-2,464.3903 


1,206.3332 


-335.30425 


20 


829.69445 


-3,034.0565 


1,177.8056 


-313.66712 


21 


733.63979 


-2,951.5385 


1,071.923 


-267.74846 


22 


702.12854 


-3,294.9733 


990.60792 


-229.31727 


23 


628.16242 


-3,213.7041 


865.85971 


- 179.49571 


24 


598.69948 


-3,284.5679 


777.50048 


- 143.821 


25 


561.07935 


-3,212.9363 


658.30091 


- 101.77001 


26 


406.66694 


-2,385.7242 


438.28074 


-30.639625 


27 


315.52522 


-1,594.1901 


225.65800 


30.828092 


28 


92.231454 


-377.8281 


153.61966 


88.445616 


29 


-58.394251 


637.07327 


-- 148.87792 


129.47591 


30 


-244.44226 


1,620.172 


-264.5609 


143.78666 


31 


78.385574 


-336.40966 


14.851827 


27.154798 


32 


28.736876 


-110.61544 


3.4640033 


1.0991692 


33 


-20.244529 


151.27163 


-26.103035 


14.875848 


34 


1.4685537 


6.3780247 


-2.2125512 


2.8874915 


35J 


51,841.823 


834.21498 


- 1,070.65 


278.80417 


For water in 


the condenser-accumulatorl! 








«n 


= 0.1384708 a 2i = 


= 11.25389 






«3. 


= -38.06869 a Ai = 


62.49521 




Valid for 68.02°F < Temp. °F < 


122.05°F 
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Table B-9 Vapor enthalpies for the pipestill 
examplef 

(//,./10 5 ) 1 / 2 = c ll . + c 2l .T4-c 3| .T 2 

T = temperature °F/400; 

Hi = vapor enthalpy, Btu/lb mol; 



Component 


c u x 10 


c 2i x 10 2 


c 3l . x 10 5 


1 


2.1988716 


7.4948894 


-6.778551 


2 


2.9833282 


7.6319279 


821.31019 


3 


3.4742411 


9.8454002 


715.69776 


4 


3.9110834 


11.631621 


665.87499 


5 


4.3247089 


13.029787 


732.4235 


6 


4.7046199 


13.958863 


908.22069 


7 


4.9473952 


14.312364 


1006.8035 


8 


5.0650597 


14.528556 


1050.5139 


9 


5.2397923 


14.928689 


1108.9134 


10 


5.3571892 


15.290289 


1141.2631 


11 


5.4736208 


15.674217 


1171.2766 


12 


5.7001889 


16.349937 


1235.8147 


13 


5.8109603 


16.6436 


1269.5199 


14 


5.9235975 


17.001623 


1300.351 


15 


6.0358735 


17.35331 


1330.9679 


16 


6.1487622 


17.715556 


1361.9732 


17 


6.26219 


18.09599 


1391.0851 


18 


6.3771977 


18.515026 


1417.6289 


19 


6.4341315 


18.703899 


1431.0889 


20 


6.5506671 


19.132183 


1463.9682 


21 


6.6689498 


19.609297 


1492.5246 


22 


6.8485831 


20.369453 


1530375 


23 


7.0300771 


21.133566 


1571.4875 


24 


7.2136842 


21.902457 


1613.4967 


25 


7.4612264 


22.948864 


1666.4161 


26 


7.8086943 


24.458663 


1744.3925 


27 


8.2921778 


26.847078 


1841.4273 


28 


8.7716315 


29.193879 


1936.6453 


29 


9.2331601 


31.936614 


2016.6142 


30 


9.7683089 


35.84527 


2096.5584 


31 


10.152315 


39.383389 


2124.0245 


32 


10.172237 


41.523173 


2020.2658 


33 


10.132643 


44.949763 


839.92281 


34 


10.132643 


44.949763 


839.92281 


35 


4.0730043 


8.4736299 


-1886.8246 



t Taken from F. E. Hess, Ph.D. Dissertation, Texas A&M 
University, 1977. For steam, i = 35, the data were taken from the 
steam tables given by J. M. Smith and H. C. Van Ness, Introduc- 
tion to Chemical Engineering Thermodynamics, McGraw-Hill Book 
Company, New York (1959). 
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Table B-10 Liquid enthalpies for the pipestill 
example! 

(Ht/lO'y^bu + bnT + buT 2 ; 

T = temperature °F/400; 

h t = liquid enthalpy, Btu/lb mol 



Component 


b u x 10 2 


b 2i x 10 


b 3i x 10 2 


1 


16.852671 


1.3185405 


-1.7392434 


2 


18.921665 


1.7881551 


-1.9871128 


3 


22.863145 


1.8596551 


-1.1429565 


4 


24.269822 


2.4522686 


-2.7301188 


5 


26.53429 


2.6857005 


-2.8230318 


6 


28.625662 


2.6705425 


-1.7891758 


7 


29.788779 


2.787255 


- 1.8455584 


8 


30.366562 


2.8459005 


- 1.8739535 


9 


31.266992 


2.936742 


-1.9161221 


10 


31.932373 


3.0035441 


- 1.9494004 


11 


32.603256 


3.0712096 


- 1.9828791 


12 


33.837528 


3.1969409 


-2.0393011 


13 


34.403084 


3.2551934 


-2.0627634 


14 


35.018279 


3.3186895 


-2.0907043 


15 


35.6222662 


3.381028 


-2.1167825 


16 


36.232888 


3.4443953 


-2.1439566 


17 


36.852055 


3.508743 


-2.1707096 


18 


37.502862 


3.5759313 


-2.1988534 


19 


37.806915 


3.6075768 


-2.2108511 


20 


38.467918 


3.6764037 


-2.2400138 


21 


39.16724 


3.74865 


-2.27022 


22 


40.243367 


3.8605474 


-2.3181668 


23 


41.318941 


3.9732338 


-2.3661674 


24 


42.396584 


4.08584 


-2.4080059 


25 


43.830823 


4.237531 


-2.466202 


26 


45.856446 


4.4531328 


-2.5451993 


27 


48.822658 


4.7701528 


-2.6528091 


28 


51.64276 


5.0796201 


-2.7508439 


29 


54.586766 


5.4092751 


-2.8452967 


30 


58.221254 


5.8343151 


-2.9275716 


31 


60.846498 


6.173097 


-2.9394836 


32 


60.990181 


6.2911368 


-2.9264184 


33 


62.130268 


6.2461345 


-2.5728939 


34 


62.130268 


6.2461345 


-2.5728939 


35 


5.0942051 


2.4548845 


-6.7540262 



t Taken from F. E. Hess, Ph.D. Dissertation, Texas A&M 
University, 1977. For steam, i = 35, the data were taken from 
the steam tables given by J. M. Smith and H. C. Van Ness, 
Introduction to Chemical Engineering Thermodynamics] 
McGraw-Hill Book Company, New York (1959). 
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Table B-13 Antoine constantst 



logjoP.^/l, 



U + t] 



(P, in mmHg, T in °C) 



Component 



B, x 1(T 



C, x 10" 



Methanol 


7.87863 


1.47311 


2.3000 


Acetone 


7.02447 


1.16000 


2.24000 


Ethanol 


8.04494 


1.55430 


2.22650 


Water 


7.96681 


1.66821 


2.28000 


Methyl acetate 


7.20211 


1.232830 


2.28000 


Benzene 


6.90565 


1.211033 


2.20790 


Chloroform 


6.90328 


1.163030 


2.27400 


Methylcyclohexane 


6.826890 


1.276864 


2.21630 


Toluene 


6.953340 


1.343943 


2.19377 


Phenol 


8.232267 


2.251778 


2.39831 



t Taken from M. J. Holmes and J. Van Winkle, " Predictions 
of Ternary Vapor-Liquid Equilibria in Miscible Systems from 
Binary Data," Ind. Eng. Chem., 62(1): 21 (1970). 



Table B-14 Molar volume constantst 

a, = a { + b { T + cj 2 (a f in cc/g mol T in °R) 



Component 



Methyl alcohol 

Acetone 

Ethanol 

Water 

Methyl acetate 

Benzene 

Chloroform 



0.6451094 x 10 2 
0.5686523 x 10 2 
0.5370027 x 10 2 
0.2288676 x 10 2 
0.1359977 x 10 3 
0.7084254 x 10 2 
0.6106564 x 10 2 



-0.1095359 
0.468039 x 10" 2 

-0.1728176 x 10" 

-0.2023121 x 10" 

-0.2594739 
0.8357935 x 10" 
0.1681204 x 10" 



0.1195526 x 10" 
0.5094978 x 10" 
0.4938200 x 10" 
0.2115899 x 10" 
0.2845980 x 10" 
0.4894158 x 10" 
0.3676007 x 10" 



t Taken from M. J. Holmes and M. Van Winkle, " Predictions of Ternary Vapor- 
Liquid Equilibria in Miscible Systems from Binary Data," Ind. Eng. Chem., 62(1): 21 
(1970). 
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Table B-16 Wilson parameters! 

X u - X u (cal/g mol) 

1 2 3 4 

Component (methanol) (acetone) (ethanol) (water) 



1 

(methanol) 

2 

(acetone) 

3 

(ethanol) 

4 

(water) 



0.0 0.66408 x 10 3 

-0.21495 x 10 3 0.0 
0.51139 x 10 3 0.41896 x 10 3 



0.59844 x 10 3 0.20530 x 10 3 
0.38170 x 10 2 0.43964 x 10 3 
0.0 0.38230 x 10 3 



0.48216 x 10 3 0.140549 x 10 3 0.95549 x 10 3 0.0 



t Taken from M. J. Holmes and M. Van Winkle, " Predictions of Ternary Vapor-Liquid 
Equilibria in Miscible Systems from Binary Data," Ind. Eng. Chem., 62(1): 21 (1970). 



Table B-17 Physical constants! 







P c 


v < 






V 




Component 


T c K 


atm 


cm 3 /g mol 


(O 


0) H 


Debye 


1 


Methanol 


513.2 


78.5 


118.0 


0.557 


0.105 


1.66 


1.21 


Acetone 


508.7 


46.6 


213.5 


0.309 


0.187 


2.88 


0.00 


Ethanol 


516.0 


63.0 


161.3 


0.637 


0.152 


1.69 


1.10 


Water 


647.4 


218.3 


55.2 


0.344 


0.010 


1.83 


0.00 


Methyl acetate 


506.9 


46.3 


228.0 


0.326 


0.215 


1.72 


0.62 


Benzene 


562.0 


48.6 


260.1 


0.211 








Chloroform 


536.6 


54.0 


276.0 


0.214 


0.187 


1.02 


0.28 



T e = critical temperature 
P c = critical pressure 
v e = critical volume 
Q) = acentric factor 



vj h = acentric factor of the homograph of the component 
ft = dipole moment 
tj - self-interaction parameter 



t Taken from J. M. Prausnitz. C. A. Eckert, R. V. Orye, and J. P. O. O'Connell, Computer 
Calculations for Multicomponem V apor- Liquid Equilibria, Prentice- Hall, Englewood Cliffs, N.J. (1967). 
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Table B-18 Equilibrium and enthalpy relationships used in the solution of 
Examples 5-1 and 5-2f 

1. Equilibrium relationship 

The form of the equilibrium relationship used herein 

y!7ry,- = yf-/l*i (i) 

may be restated in the form of Eq. (4) on p. 5 of Prausnitz, et al.t 

4>iyiP = yi\f? L (2) 

which may be restated in the following form for plate j 

y»**Pj = ?*!****• (3) 

where ^'=fflP% 

P S ji = saturation pressure of component i at the temperature of the mixture 

yji = v Ji/H-i v ji 

When these definitions are substituted into Prausnitz's equation 18 of Chap. 4, Eq. (4) is ob- 
tained for the calculation of y ;i , namely, 



where 



A ki = -f exp 



<exp 



i^ki A-kk) 



1-1 

* = 1 1 



I 'j»A„ 



I'* 



(4) 



RT; 



The Antoine equation is used to calculate Pj, and <f>^ was computed by use of the equations given 
below which were taken from RSTATE of Prausnitz, et al. Although ^ should be differentiated 
with respect to temperature in the Newton-Raphson procedure, it was found that this step could be 
eliminated with the saving of considerable computational effort in the solution of Examples 5-1 and 
5-2. 

The following equations were used to compute <£? L 

0j=exp/! +(Dif 2 

f x = -3.5021358 + 7,(5.6085595 + T r [-3.076574 + 7,(0.57335015)]} 

f 2 = -3.7690418 + 7,(4.3538729 + 7,(0.3166137 + T r (0.12666184 + 7,(- 1.1662283 

+ 7,(- 0.10665730 + 7,(0.12147436 + 7,(0.18927037 + 7,(0.14936906 + T r (0.024364816 
+ 7,( -0.068603516 -I- 7,(-0.015172164 + T r (0.0 12089 114)))))))))))) 
T r = Tj/T ci 

co i = acentric factor; see Table B-17 
^ = ^exp[-<Pj ( /(RT ; )] (6) 

where R = 1.987 cal/gm mol K. 
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Table B-18 (continued) 



The vapor phase fugacity coefficient 4> n was calculated exactly as described in Chap. 3, in 
Prausnitz et al., and Eqs. (10) through (23) were used directly. 



2. Enthalpy deviations 



The enthalpy H, of pure component i is related to its fugacity/, by the well known thermodynamic 
relationship given in Eq. (7). The fugacity can be related to an equation of state through Eq. (8). The 
equation of state used in the Prausnitz monograph is given by Eq. (9) where Z has the usual meaning 
as defined by Eq. (10). 






(7) 



"(H(¥)* 

Z = 1 + B/v ( 9 ) 

Z = Pv/RT ( 10 ) 

Equations (9) and (10) can be used to integrate Eq. (8) and the result substituted into Eq. (7) gives 
Eq. (11). Equation (12) is the result of eliminating v between Eqs. (9) and (10). 

*-«f-H 2 -y(jf), (n) 



^ 1 + N /iT4BP/xr (12) 

Z ~ 2 



in 



In the calculation of <^. a mixture virial B is calculated using mixing rules described 
Chap. 3 of the monograph. If B is substituted into Eqs. (11) and (12), the result is the virtual value 
of the partial molar enthalpy. Q. Rigorous application of the Almost Band Algorithm requires that 
the derivative of ft be calculated with respect to temperature for use in the convergence procedure. 
This was not done in the solution of Examples 5-1 and 5-2. 



t J. M. Prausnitz, C. A. Eckert, R. V. Orye, and J. P. O'Connell, Computer Calculations for 
Multicomponent Vapor-Liquid Equilibria, Prentice-Hall, Englewood Cliffs, N.J. (1967). 
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Table B-19 Vapor-liquid equilibrium data 



Vi = y . /C 4 A, 






1. K values t 




Component 


Vapor-liquid equilibrium ratio 



Acetic acid K , = 0.001 t < 74.45°C 

(1) K, = 2.25 x 10 2 f- 1.666 / > 74.45°C 

Ethanol log 10 K 2 = -2.3 x 10 3 /T + 6.58825, T in K 

(2) 
Water log 10 K 3 = -2.3 x 10 3 /T + 6.48351, T in K 

(3) 
Ethyl acetate log lo K 4 = -2.3 x lO^/T + 6.74151, T in K 

(4) 



2. Activity coefficients* 



lOg 10 Vl = <V*2 + A 2 X l + ^3*4 + ^4*2*3 + ^5*2*4 + ^6*3*4 

+ A 1 X l X 2 + AgX l X 3 + A g X t X 4 + ^10*1*2*3 + / *11 :V 2 X 3- X 4 

+ / ^12 X 3- X 4- X 1 + ^13 X 4 X 1- V 2 + A \A X 2 X i + / *15 X 2^4 + A \h X i X A 





Acetic acid 


Ethanol 


Water 


Ethyl acetate 


>4i 


(1) 


(2) 


(3) 


(4) 


1 


-0.554296 


0.581778 


0.688636 


-0.0601361 


2 


-0.324357 


0.209245 


0.0243031 


0.229575 


3 


-0.103685 


-0.257329 


0.375534 


1.86575 


4 


-0.705455 


-0.562636 


1.27548 


0.355191 


5 


-2.01335 


-0.314853 


1.77863 


0.468416 


6 


-2.25362 


0.451732 


0.696279 


1.5110 


7 


0.837926 


-0.115411 


0.936722 


-0.0599682 


8 


0.523760 


0.069531 


0.449357 


0.0673994 


9 


0.434061 


0.0740529 


0.717790 


-3.15997 


10 


-0.534056 


0.187010 


1.44979 


0.941858 


11 


-3.25231 


-0.369985 


-2.11099 


- 1.92225 


12 


5.90329 


-0.082339 


0.746905 


-0.755731 


13 


3.35400 


-0.409472 


1.12914 


1.03791 


14 


0.197296 


1.09247 


0.120436 


0.365254 


15 


-0.452660 


0.192416 


-1.64268 


-1.36587 


16 


0.014715 


-0.172565 


0.330018 


-2.13818 



The remaining activity coefficients are obtained by rotating the subscripts on the x's as follows: 

1-2-3-4-1 



t M. Hirata and H. Komatsu, " Vapor- Liquid Equilibrium Relations Accompanied with Chemi- 
cal Reaction," Kagaku Kogaku Abr. Ed., 5(1): 143 (1967). 

1 1. Suzuki, H. Komatsu, and M. Hirata, " Formulation and Prediction of Quaternary Vapor- 
Liquid Equilibria Accompanied by Esterification," J. Chem. Eng. Jpn. y 4(3): 26 (1971). 
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Table B-20 Enthalpies of perfect gases and latent heats of vaporization! 



1. Enthalpy data for the perfect gas state 



Component H° = A//° 298t , + J T 298 c° p dT (cal/g mol) 



Acetic acid H° = - 106.607.89 + 1.156T + 3.0435 x 10" 2 T 2 - 1.3956 x 10" 5 T 3 

+ 2.955 x 10" 9 7 4 
Ethanol H° = -58855.738 + 2.153T + 2.5565 x 10 2 7 2 - 6.68 x KT 6 7 3 

+ 8.2 x 10- n 7 4 
Water H° = 60135.845 + 7.7017 + 2.2975 x 10" 4 7 2 + 8.4 x 10" 7 7 3 

-2.15 x 10 10 7 4 
Ethyl acetate H° = - 110238.9 + 1.7287 + 4.86257 2 - 1.665 x 10" 5 7 3 

+ 1.729 x 10" 9 7 4 , where 7 is in degrees Kelvin 



2. Latent heats of vaporization + 



A,- at normal boiling point Normal boiling T c 

Component (cal/g mol) point temperature Critical temperature 

Acetic acid 5600 391.1 594.4 

Ethanol 9260 351.5 516.2 

Water 9717 373.2 647.3 

Ethyl acetate 7700 350.3 523.2 



(1 _ T \ - 38 



t Selected Values of Properties of Hydrocarbon and Related Compounds, Thermodynamics 
Research Center, Chemical Engineering Division, Texas Engineering Experiment Station. 

| R. C. Reid and T. K. Sherwood, The Properties of Gases and Liquids, McGraw-Hill Book 
Company, New York, 1977. 



J D. S. Viswanath and Gowd-Den Su, "Generalized Thermodynamic Properties of Real Gases," 
AIChEJ., 11(2): 202 (1965). 

§ H. J. Arnikar, T. S. Rao, and A. A. Bodne, "A Gas Chromatographic Study of the Kinetics of 
Uncatalysed Esterification of Acetic Acid by Ethanol," J. Chromatogr., 47:265 (1970). 
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Table B-21 Vapor and liquid enthalpies 



The vapor and liquid enthalpies were calculated by use of the following values of the virtual values of 
the partial molar enthalpies 

//, = H° + Q 

'»£ = H t - A,.(T) 
where Q = -RT 2 (d \nj/dT) r M 

The following expression based on the BWR equation of state was used for computing Q 



Q = (B RT - 2A - 4C /7> + ^Ll^y + 



6a<xp 5 

5 



cp 



I l-cxp(-yp 2 ) / 1 t I 

|3 yp2 -+(-2 + yP 1 )«p(-yp 2 ) 



7 I y,; 



where P is in lb/in 2 abs, 7 is in °R, and p is the molar density. 

The following coefficients were used for the pure components. 



1. Coefficients for the BWR equation for state J 



eoetncie 


nt Acetic acid 


Ethanol 


Ethyl acetate 


Water 


Bo 


1.04651 


0.81653 


1.39142 


0.29786 


*0 


3,804.33 


26,001.91 


4.452 x 10 4 


1.178 x 10 4 


Q 


3.83 x 10 10 


1.97 x 10 10 


3.47 x 10 10 


1.40 x 10 10 


b 


6.96508 


4.31489 


12.31281 


0.5643 


a 


94,930.17 


51,071.14 


14,7709.5 


8,368.41 


c 


1.593 x 10 11 


6.46 x 10 10 


1.92 x 10" 


1.66 x 10 10 


oia 


6.2865 x 10 5 


1.6491 x 10 5 


2.991 x 10 6 


1.2778 x 10 3 


7 


11.2486 


6.9685 


19.885 


0.91127 



2. Mixing rules 



1 = 1 

c.-jtjv.cj} 2 ) 2 



« = ( i w,«," j ) 



-=(i>a" 3 ) 3 



-(l.N,r!' 2 f 



3. Rate of reaction data§ 



For the reaction: 



CH 3 COOH + C 2 H 5 OH «p=± C 2 H 5 COOH + H 2 or A + B 7-^— » C + D 
k k- 

r jA = k jA C A C B — k jA C C C D 

k jA = 29,000 exp (-7150/7) liters/g mol min 

k' jA = 7,380 exp ( - 7 1 50/7) liters/g mol min 

where 7 is in degrees Kelvin. 
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Table B-22 Enthalpies of perfect gases and latent heats of vaporization 



1. Vapor enthalpiest 


Component 


H- = H° f29Bml + J 7 298 c° p dT cal/g mol 




Monoethanol- 
amine 
Water 

Carbon 

dioxide 
Amine 

carbamate 
Methane 


H° = -51,670 + 2.224T + 3.594 x HT 2 7 2 - 1.447 x 10" 5 7 3 
H° = -60,135.8 + 7.701T + 2.2975 x HT 4 7 2 + 8.4033 x 10" 
- 2.1475 x 10- lo T 4 

H° = -96,130 + 4.7287 + 8.77 x 10- 3 T 2 - 4.460 x 10 6 7 3 

H° = -229,500 + 20.267 + 6.14 x 10' 2 7 2 - 1.41 x KT 5 7 3 
H°= -19,840 + 4.5987 + 6.225 x 10 3 T 2 + 9.533 x 10 7 T 3 


+ 2.78 x 10" 9 T 4 

f 1.024 x 10" 9 T 4 

- 1.29 x 10" 9 T 4 
-6.758 x 10" ^T 4 


2. Latent heats of vaporization J 


Component 


A, at normal boiling point T^. 
(cal/g mol) ( K ) 


(K) 


Monoethanolamine 12,000 443 - 5 
Water 9,717 373.2 
Carbon dioxide 4,100 194-7 
Amine carbamate 17,162 350.13 
Methane 1,955 HI- 7 


614 

647.3 

304.2 

417.3 

190.6 



where 7 BP = normal boiling point temperature 
T c = critical temperature 

At any temperature 7, the latent heat X t may be approximate by use of 
where 7 r = 7/7 f 



vO.38 



3. Liquid enthalpies 

The liquid enthalpies were obtained by use of the vapor enthalpies and the latent heats of vaporiza- 
tion as follows 

fi t = H. - A,.(T) 



t R. C. Reid, J. M. Prausnitz. and T. K. Sherwood, The Properties of Gases and Liquids, McGraw 
ill Book Company, New ^ 
t R. C. Reid and T. K. 
Company, New York, 1966. 



Hill Book Company, New York. 1977. 

t R. C. Reid and T. K. Sherwood, The Properties of Gases and Liquids, McGraw-Hill book 



EQUILIBRIUM AND ENTHALPY DATA 617 



Table B-23 Vapor liquid equilibrium data a rate data 



1. Vapor pressurest 



Component 

Monoethanolamine 
Water 

Carbon dioxide 
Amine carbamate 
Methane 



Vapor pressure P (mmHg) 

P = exp [17.8174 - 3988.33/(7 - 86.93)] 
P = exp [18.3036 - 3816.44/(7 - 46.13)] 
P = exp (11.1661 +0.0153597) 
P = exp [17.766 - 3980/(7 - 95)] 
P = exp (14.2005 + 0.0104867) 
where 7 is in degrees Kelvin 



2. Rate of reaction dataj 



C0 2 + 2HOC 2 H 4 NH 2 



-> HOC 2 H 4 NH 3 + + HOC 2 H 4 NHCOCT 



A + 2B 



-> C + fi 



log 10 ^= 10.99 -2152/7 
where 7 is in degrees Kelvin and r j4 is in lb mol/(h ft 3 ) and k jA is in ft 3 /(lb-moles h). 

t J. E. Davies and J. J. McKetta, "Solubility of Methane in Water," Pet. Refiner, 39(3):205 (1960). 

t G. Houghton, A. M. McLean, and P. D. Ritchie, " Compressibility, Fugacity, and Water- 
Solubility Carbon Dioxide in the Region 0-36 atm and 0-100°C," Chem. Eng. 5c/., 6: 132 (1957). 

X H. Hikita, S. Asai, H. Ishikawa, and M. Honda, "The Kinetics of Reactions of Carbon Dioxide 
with Monethanolamine, Diethanolamine, and Triethanolamine by a Rapid Mixing Method," Chem. 
Eng. J. (printed in the Netherlands), 13:7 (1977). 



Table B-24 Equilibrium dataf 

P = 400 lb/in 2 abs; (K,/7) 1/3 = a u + a 2i T + a 3| .7 2 + a 4l 7 3 (7 in °R) 



Component 


a, x 10 


a 2 x 10 3 


a 3 x 10 6 


a A x 10 9 


CH 4 


-3.2551482 


2.3553786 


-3.1371170 


1.3397973 


C 2 H 6 


-2.7947232 


1.4124232 


- 1.4582948 


0.50974162 


CaHg 


-2.7980091 


1.1811943 


- 1.0935041 


0.35180421 


<-C 4 H 10 


2.3209137 


0.87122379 


-0.66100972 


0.1667774 


n-C 4 H 10 


-2.3203344 


0.83753226 


-0.61774360 


0.15243376 


i-C 5 H 12 


-0.6981454 


0.099962037 


0.39689556 


-0.29076073 


n_C 5 H , 2 


0.37103008 


-0.36257004 


0.99113800 


-0.54441110 


500 


1.9642644 


-0.81121972 


1.0586630 


-0.39478662 



t Taken from Equilibrium Ratio Data Book, published by National Gasoline Association 
of American, 421 Kennedy Building, Tulsa, Oklahoma (1957). 
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Lewis-Randall rule, 501 

Lewis and Whitman, additivity of resistances, 

447 
Line integral, 493 
Linear equations, 53, 54, 82, 83 
Linearly independent vectors, 586 
Linked lists for storage of sparse matrices, 

563-567 
Liquid backup in downcomer, 417-419 
Liquid gradient, 418, 419, 423 
LU factorization, 134-138 
Lyderson-Greenkorn-Watson correlation, 535 

Margules correlation, 543 

Martin equation of state, 515, 524 

Material balances, 6, 19, 26, 30, 32, 33, 46, 51-55, 

89,90, 125, 181,277 
Matrix norms, 583-592 
Maxwell relationship, 493 
Mean value theorem of differential calculus, 594 
Mean value theorem of integral calculus, 594 
Minimum reflux, 29, 365-414 
Minimum stages, 28-30, 33, 34, 328-333 
Minimum vapor velocity, 430, 431 
Modified Murphree plate efficiency (see 

Efficiency) 
Modified theta method, 351 
Monoethanolamine, 291 
Murphree plate efficiency (see Efficiency) 

Naphtali-Sandholm algorithm, 180 

Newton's method, 12 

Newton-Raphson method, 97, 98, 568, 572-575 
Almost Band Algorithm, 178-215 
N Newton-Raphson method, 342-346 
2N Newton-Raphson method, 121-173 

Noncondensable components, 545 

NRTL equation, 547 

Number of transfer units, 450 

Optimization, 333-335 
Optimum economic design, 315-319 
Optimum feed plate location, 320-325 
Orthogonal vectors, 585 
Orthonormal vectors, 586 

Packed columns, 470-486 
Packing, types of, 471 
Partial condenser, 41, 42, 52 
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Path functions, 493 

Penetration model, 443, 444 

Peng-Robinson equation of state, 519, 522, 523 

Perfect gas, 504, 505 

Perforated trays, 416-432 

Phase rule, 498 

Physical equilibrium, 7, 8, 10, 1 1 

Pinch equations, 371 

Pipestill, 

Plate efficiency (see Efficiency) 

Plate spacing, 419 

Point functions, 493 

Polar compounds, 217-223, 539-543 

Positive definite matrix, 586 

Positive semidefinite matrix, 586 

Pressure drop, 418-428, 473 

q line, 27 

Quadratic convergence, 144 

Raoult's law, 6 

Raschig ring, 47 1 

Reboiled absorber, 128 

Reboiler, 5 

Reboiler duty, 46, 47, 59 

Rectifying section, 25 

Rectifying section operating line, 26 

Redlich-Kister, 543 

Redlich-Kwong equation of state, 515-518 

Reflux ratio, 6 

Relative volatility, 15-17 

Residual work function. 506. 510, 513, 517 

Retrograde condensation. 529 

Scaling of matrices, 
Column scaling and row scaling, 569, 570 
Variable scaling and row scaling, 568, 569 
Scatchard-Hamer correlation, 543 
Schmidt number, 474 
Schubert's modification of Broyden's method, 

201-204 
Search variables, 302. 303-308, 313 
Second law of thermodynamics, 493 
Second virial coefficient. 523, 541 
Separation specifications. 46. 49, 80-85, 256, 

270,300,301,310.311 
Sherwood function, 426 
Sidestreams; 88-97, 161 163 
Sidestripper, 162, 163 
Sieve trays, 2, 415-432 
Single-stage process, 17-24 
Soave-Redlich-Kwong equation of state, 518, 

520, 521 
Solvent, 217-228 
Sparse matrices, 195-206 



Stage efficiencies (see Efficiencies) 

Stagnant-film model, 444 

Standard state, 504-510, 544-546 

Steam distillation, 362-363 

Stripping section, 25, 26 

Stripping section operating line, 26 

Stripping factor, 50 

Styrene, 107-109 

Subcooled feed, 64, 65 

Sugie-Lu equation of state, 524 

Superheated feed, 64, 65 

Surface tension, 429 

Symmetric matrices, 583, 584 

System modular method, 161-167, 231 

Thermodynamics, 492-557 

Theta methods, 45-119, 231-237, 280-286, 

250-273, 341-342 
Thiele-Geddes method 
Thomas algorithm, 53, 54 
Total condenser, 25 
Total reboil, 339 
Total reflux, 28-34, 48, 52 
Transfer units, 450, 452, 454 
Tray efficiency (see Efficiencies) 
Tray spacing, 425 
Tridiagonal matrices, 53 
Trim heat exchanger, 268-271 
Turbulent boundary layer model, 445 
Two liquid phases in accumulator, 228 

Underwood equations for minimum reflux, 410 
UNIFAC, 550-556, 558, 559 
UNIQUAC, 548 

Valve trays, 416, 432-434 

Van Laar equations, 543 

Vapor-liquid equilibrium, 6, 488 

Vaporization efficiency (see Efficiencies) 

Vector norms, 583-592 

Virial equation of state, 519, 523 

Weber number, 429 
Weeping, 430-432 
Weir, 417, 419 

Wilke-Chang correlation, 467 
Wilson equation, 547 
Winn K nomograph, 535 
Wohl equations, 543 

xy diagrams, 26-30, 464 

Z factors (see Compressibility factor) 
Zone of constant composition at minimum 
reflux, 29, 367-371 



